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iV  PREFACE. 

number  and  the  elegance  of  their  Examples,  which  have 
•  ;.  :.    .. c.i    wlih  little  scruple  or  acknowledgement  by 

tiucceoding  authors  :  but  rich  and  various  as  are  the  stores 
which  they  contain,  they  cannot  be  considered  such,  as  to 
render  the  present  Work  unnecessary ;  for  not  to  mention 
their  bulk  and  rarity,  and  the  numerous  additions  to  the 
science  made  since  their  publication  by  Lagrange  and  other 
analysts,  they  cdntain  much  that  is  unnecessary,  at  least,  t6 
a  student,  and  much  that  is  capable  of  being  exhibited  in 
a  better  form. 

Whatever  has  been  borrowed  from  other  r  authors,  has 
been  generally  acknowledged,  and  a  very  slight  inspection  of 
this  work  would  shew  the  great  extent  of  our  obligations  > 
we  say  generally,  for  we  have  omitted,  for  the  most  part,  any 
reference  to  examples  taken  from  the  great  work  of  Lacroix, 
and  in  some  other  cases  when  the  authors  from  whom  they 
were  taken,  were  not  considered  worth  consulting :  our 
object  being  to  enable  the  student  to  refer  to  the  original 
authors,  whenever  he  may  find  any  difficulty  in  the  solution 
of  a  problem,  or  may  be  anxious  to  obtain  more  complete 
information  on  the  subject  of  it. 

There  are  several  portions  of  this  Work,  particularly  of 
the  first  part  of  it,  which  upon  more  mature  consideration, 
we  should  wish  to  see  omitted  or  abridged,  as  useless  or 
redundant ;  we  refer  more  particularly  to  the  examples  conr 
nected  with  Maclaurin's  theorem,  and  the  developement  of 
functions. 

The  integrals  have  been  taken  almost  entirely  from  the 
htegraltefelni  or  Tabks  of  Integral  Formula ^  of  Meyer  Hirsch, 
t>f  Berlin,  a  work  remarkable  for  its   extent,  accuracy,  and 
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elegance.  The  utility  of  this  portion  of  the  "Work,  might 
have  been  materially  increased,  if  some  notice  of  the  method 
as  well  as  the  formulae  of  solution,  had  accompanied  each 
class  of  integrals. 

The  same  anxiety  for  compression,  induced  us  to  omit 
all  notice  of  the  important  subject  of  Definite  Integrals  ;  if 
ever  this  Work  should  be  honoured  by  a  second  edition,  we 
hope  to  be  able  to  supply  these  defects,  which  we  cannot  but 
consider  as  very  considerable. 

There  is  one  subject,  for  the  omission  of  which  we  need 
make  no  apology,  as  the  Work  has  already  been  performed  by 
a  gentleman  incomparably  better  calculated  to  do  justice  to  it, 
than  ourselves  ;  we  mean  the  Calculus  of  Variations :  as  the 
learned  and  interesting  treatise  of  Professor  Woodhouse 
upon  this  subject,  which  has  long  been  before  the  Public, 
is  accompanied  by  a  collection  of  excellent  examples,  it 
would  have  been  useless  as  well  as  impertinent  in  us,  to  have 
attempted  to  add  to  their  number. 
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PART  I. 


ON  THE  DIFFERENTIATION  OF  ALGEBRAICAL 
FUNCTIONS  OF  ONE  VARIABLE. 

Art.  10.  (1).  Let  u^aa^'¥b3!^^c36^e  :  iu  differen- 
tial, or  duss3ax^dx'\'2bxdx+fidx. 

Art.  11-17.    (2).    Let  «=:a:  (1+*).      . 
^tfs(l+2x)  dx. 

(3).    Let  «=x*(a  +  x)*. 

dusz^Sa-^Sx)  (a+x)  x*  dx. 

(4>    Let  «=(tf+x>*  (jb+xy. 

(5).    Let  » = (1  +x*)»  (1  +  xf. 

du^  }4+6;*  +  10x*](l+r^Ml+x)»Jx. 

\ 

(6).    Let  t* = X  (1  +x)  (1  +  X*).         . 

dff^s  I  l+Sx+Sx^  +  ^x*  }  d^x. 

(7).    Let  « = (tf +x)  (*  +  X)  (c+x). 

dum  {<ii  +  <if+^r  +  2(a+H^)x+3x«  }  ix. 


3 

(8).     Let  »=(«^  J?)  (S^x)  (4  -  X). 

« 

(9).     Let  « = J?*  {a+xy^  (b  -  j:/. 
(10).    Let  « =(fl  +  i  2«f  (fl'+y  j?»^)^. 

(11).    Let  uz^Ha  +  bafy  {a'-^Va^  (a"+«"«»")^. 

+  (mn  +  r^n')J'by3f+''-^  +  (mn  +  m"n")i^bb"x'  +  '^'-^ 
+<<«')/ +  «"«")i*'i"«»'  +  *'-i  +  imn  +  m'n'  +  m"  n") 
**'*"*»+"'+""-!  I   X  (*  +  *«*)'"-i(fl'  +  i'a»')-'-i 


<. 


*      \ 


*  The  diiFerentiation  of  conipllcaled  functions  is  sometimes 
rendered  much  easier  by  means  of  the  following  theorems* 

(1),    Let  «=:»'*,  where  »=/(j?)  :  we  readily  find 

/ 

(2).'    Let  tt=v^ .  ^2  *  ^3  *  *  ■  "  ^»  *  ^^  ^^^^  ^^^>  ^6  have 
du^u  i — --i '-{ i+  &c.  +  — 2- J. 

tfy  JM  tf)  tf^ 

(3).     Let  u  =  .1  *,  ^^  *  *f  '  •  '  ^.*  :  in  this  case  also,  we  find 

<dv^    ,    dv^   ,    .       t   dv^     dv\       dv\     ^         dv'^l     j^ 

C.i'i  ^2  I'll         2^1  1^2  «?«  3 

These  theorems  were  first   given    by   Maclaurin    in   his 
Fluxions,  Arts.  715.. and  717. 
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.w   • 


(12). 


Let 


dM  =  — 


adx 


'*>  • 


(IS). 


(14). 


(15). 


(16). 


(17). 


(18). 


Let  u  zz 


a  • 


du 


Let  u  = 


du  ;= 


(«-x)»' 
Sadx 

X 


Let  w  = 


du  zz 


l+x 
dx 

X 

(1-Xg)£fj: 
(1+^*)*      • 


Let  u  zz 


du  = 


^a+x 


Let  u  = 


du  = 


Let  li  = 


du  zz 


b+x 
{b''d)dx 

4xdx 
{l-x^f 

a* 


(l+ar)»'* 


(19).-       lif:«  =  <-i±£^. 

(1— a:)* 


''«=(r3f(7+-)''' 


(«0).  Let«=:J?±J^. 

du  = 

(21X  Let  «  =    .^tf — 


(22). 


Let  tt  =  -5 — -pi. 


(2S).  Let  w  =:  ^. 

du  r: =-. 

(24).  Let  u  =  (tf+x)i. 


if  tt  s 


.       2  (ii+x)i  • 


2(l-x)** 


(26).  Let  u  =  («47*x+i8:«^)». 

,  idx+Qcwdx 

Leibnitz.  Eput,  ad  Oldenburg.  Jun.  21,  1677. 

(47).  Let  tt  =  (a— 6±i+r xf)f . 

d    _    3 { Scx—b \ dx 
~  Sxi{a—bxi+cai^' 

(28).  Let  »  =  (1+x)  V  (1  -x). 

^        (l-3z)rf£ 
2%/(l-*) 

(29).  Let  «  =  {l-x)^(\+x^. 

^         -(2x«-£+l)rf5 

(SO).  Let  «  =  v^  ( 1  -  x)  v^  (1  +x»). 

2v/(l-x)V(H-*»)* 

■ 

.    _,     X  d  X 
au  dr *  - 


(32),  Let  tt  =      * 


(l^x)i- 


^  (2-£)££ 

a(l-x)J 
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(SS).*      tsk  u  = 


(S5). 


dx 


(1  -jr»)t 
(S4).  Let  M  = 


^u  = 


Let  «  =  S4ii±4.  ■ 
au  s= 


(l-x)v^(l-jr»)- 


(36).  Let«  =  ^^^'-^'>. 


X 


au  ss _, 

1^       2a^xdx 
an  ^  — -— . , 


(S8).  £ct  w  = 


a:  +  v^(fl«-x«)' 


multiplying  numcratotaiidJewmwator  by  J  ^— v^(a»-x*)  p. 


(39).    Let  u 


x  +  x/(l+ar*y 


(40).  Lett.^v;;;'^^;-^ 

v^(l+x*)  +  x 


<?« 


-24fx 


V^(l+ap*){v^(l+x»)+a'}«* 


(41).    Let^^V^;^-^^>-^^f-"> 


du  ss 


—  <2x 


<2r 


x*v^(1-j:2)        :r«  ' 


(42).    Let  «  =  ^qi±^)±i^^ . 

^(l+x*)- V(l-a:^) 


{2u  s 


(43).     Let  w  =r 


(tf  +  ^j  +  f  J^)^ 
(y  +  i^x  +  ^'x«)r 


(44).     Letu«./5^U*±£|.       ^^'^"^'Xr'^ 

(a  _T)f  (6_r)»  ^  (a+x)  v/  (*  +  y)  * 


i 


8 


<«)•  «-• = 5^  v/ (5t5)- 


6v/(l-J?')v/{^-\/(l-^)|(**  +  ^)^ 
(47).     Let  w  =  v^  I  J^-\/(^-\/(l  -A*))  }  • 

*  (48).*  Let  ttas^  I  x  +  v^  J  x  + v^  {  X+&C.  in  infinitum  |  . 

dec 


du  =  ± 


(49).*  Let  u  s= 


2^(.  +  ^) 

X^ 


1+-^ 


^« 


X* 


1  +  &c.  in  infinitum. 


T  .         X  dx 

du  =i± 


v/(."-:) 


.        _  *  See  Wood's  Algebra,  Arts,  374,  375, 

•     .  *  ■  *     ■   ■  ■  .  ■ 


■  if 


9 


I  -s/(l-x)    *  X       j 


On  successive  Differentiations. 

Art.  18.    (1).    Let  ti  =  a  a^. 
The  differential  coefficients  are^ 

-r-  =  3  tf  r* ;   -— -  =   S  .  2  a  a: ,    7-,  =  3  .  2  .  1  .  iv. 
(2).     Let  «  =  *+^  (^— «)* 

ax 

-_  =  /I  («-  1)  f  (T-tf)«-*  J 
&c.  =  &c. 


d  x^ 


=  n  (n  -  1)  . .  .  .  S  .  2 .  1 .  ^r. 


(3).     Let  w  =  i»  ^+^1  ^+^  **+^3  J:+/i4. 
-=—  =  4iij:^+3i4a:*+2ix,j:+tf,; 

B 


10 


d^ 


u 


dofi 


=  4f  .  3  ax^+S  .  2  a^ x+Q  •  1  •  a^  i 


=:  4  .3  .  9iax+S  •  2  .  1  .tf^; 


4.3.2.  I. a. 


(4).    Let  w  =  i 


da:* 


07 

] 

2  .    1 


3.2.1 


— ft' 


=  &c. 


=  (~iy 


n  (n-1)  . .  . .  3  .  g  .  1 


(5).    Let  u  = 


iffi 


,% 


a^  +  3fl' 


d^u 

d^« 
dl^ 

d^u 
Jxi 


__    9,a^x 

{a^  +  x^f 
g4a^jr— g4fl^jr^ 

24  ifi-'240 1^  J^+120/i^  or* 


^Mi^iatelB^Ai^ 
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f 

&c.  =  &c. 

Euler.     ListiMiones  Calculi  D^erentialis.    Par8  I.  Cap.  V. 
Art.  177. 

(6).  Let  uss(a+b x+c  x^/  :  to  find  an  exprtfssioh  for 
d*u 

Assume    ' 

p  ^a-^'bx^cofli   and  p'  '=Lb  ^^cxi 

it  Is  obvious  (Art.21  andNoteB)  that  j-^  i  is  the  coefficient 

of   — ,  in  the  developement  of 

{p  -{-  pf  dx  +  cdafl  I ': 
consequently 

n(n—  l)(n  —  2)(n  —  8)        <*/»«    , 
1  .  2  .  (r  —  »  +  1)  (r  —  »  +  2)  ' '/'' 

J  .2.3(r-n+  J)  (r-n+2)  (r-n+S)  •  "^  +  ««.  J  ••"  W' 

This  expression  may  be  put  under  a  more  convenient 
form,  in  which  p  will  only  appear  as  a  factor  common  to 
all  its  terms. 

Assume 

izi4tac'-'l^^^pc'-ff^:   . 

this  assumption  gives  us 

ip+p^dx+cdx^y^ 


13 

The  developement  of  this  expression  will  give  us, 

1^=2  r  (2  r-  l)....(2r-«  +  1)(^)>—  [  1  + 

r      «(n— 1)     _£_     r(r— 1)      w(»— l)(w— g)(«-3)        <* 
T  *  2.r(2r-  1)  /«       1.2       2r(.2r-  l)C2r— 2)(2r-3)  '/^ 

r(r-l)(r-2)        «(«-!): («-5)  «^    .  &c  ^   rA^ 

^       1.2.8        •2r(ir-l)......(2r-5)'7^'^***'"y   ^^ 

This  series  will  terminate  after  — f-1  or  -      ..  terms, 

2  2 

according  as  n  is  an  even  or  an  odd  number. 

If  2  r  be  a  positive  whole  number  less  than  n,  and  of 
the  form  2m+\,  the  formula  just  given  becomes  = -j 
and  is  therefore  not  applicable  to  the  determination  of  the 
expression  for  -r^,  utrithout  some  previous  modification 

(Art.  5£)k     In  thi8>ea8e^  we  shall  find,  when  2r=2/»+l> 
<f«_(--ry.n(n-l> (m+Q)  (9,  m+l)  (^  tn-l) S  .  1 

dj^  £«  +  «  +  ! 

I— 2w— 2)(i»— 2w  — S)      e 


2.2.(«i+2)         y« 


^(«— 2 ««— 2)  (w— 2 ««  — 3) («—, 2  OT— 5)      ^ 

■*■  2« .  « .  S  .  (»J+2)  (««+3)  ■  p4 

(«— gi«— 2)(n-2>»-3) (W-2BI-7)    J^.^    \ 

2« .  2  .  3  .  4  .  (i«  +  2)  (»»^3)  («+4)       ■/«"•■        >       ^'^^ 
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This  senes  will  ^rmmate  after or  

terms,  according  as  n  is  an  even  or  an  odd  number. 

The  formulae  (a)  and  {H^,  were  first  given  by  Lagrange 
in  the  Memohres  cU  FAcadimU  de  Berlin  for  1772. 

(7).    Let  w=(a-f3x)'":  by  the  formula  (a),  we  get 
^=r(r-l) (r-w+1)  ft"  {a+bxy-\         (1). 

Also,  by  the  second  fonnula  {b),  we  find 

|^»2r(2r-I)......(2r-^n+l)(^)%+*xy— 

Vi-I      «(«—!)    ■»•(*•- 1>        n(H-l)(»~2)(n-8) 
I       l*2r(2r-l)      .1.2     *  2r(2r- ])(2r-2)(2r-3) 

-  &c.  I  (2). 
From  these  two  results,  k  appears  that 

At 

f       r       »(w— 1)       r(r^l)        /i  (n— 1)  (n— 2)  (n~.3) 
1        1  '  SrCSr-'l)        1.2'  2r(2r-l)(2r— 2)(2r— 3) 

—  &c.  I  (3). 

If  n=r,  we  have 

^,_gn(2n-  1). . .  .(n+1)  $.        n  (w>- 1) 
""       1.2.3 n        X       1.2(2  n—I> 

n(n— l)(n-2)(n— 8)  w(ii--l)  ...-. (n-5) 

1.2.2«.(2«-l)(2n-S)"l.2.3.23.(2n-l)(2n~S)(2i>-5) 


+  &C 


•}  (4> 


H 

Since 

^  1.2  1.2.3        ^ 


2ind 


1.2.3.    ,.n         ""  V    1.2    / 

the  last  result  may  be  put  #ader  the  following  curious 
fornij 

1 .  a        1.2.3 

n(»— 1)        ,       n(»-l)(»— 2)(»— 3) 
!""■: — "    .^ rr  +  ^ 


1 .  2 .  (2  w-  1)       1 .  2 .  2« .  (2  «- 1)  (2  n— 3) 

nin^l)^^..^(n^B)    .^^      ^^^ 

1  . 2  .  3  .  2^ .  (2  n-  1)  (2  w— 3)  (2n— 5)  ^ 

(8).     Let  u=(cx^y:  by  the  formula  (j),  we  find 

Jif  =  r(r- 1). ...  (r-n+ 1)2- r^x^*-—!  1 + 
n(n-l)       1    ,    w(n-l)(n-2)(»-S)       1    ^ 

r  •  Ts "«  *: — t: — ; ~t r~rT  •  *"^  + 


^Aai^i^^ 


l(r-n+l)    22     1.2.(r-n+l)r-.n+2)    24 

n(«-i)  ....  (n-5)  1  ^       > 

1.2.3.  (r-»+l).(r-»  +  2)  *  «8+««-^         W' 
Also,  by  the  formula  (i),  we  have 
g~=2r  (2  r-1)  . . .  .'(2r-«+ 1)  r' *»'-«.       (2/. 


/ 


K 
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Consequendj,  by  equating  these  two  results,  we  get 

2r(2r-l)....(2r-n+l)=r(r-l)....(r-n+l)2»}  1  + 

.n(n-l)       1         n(n-i)(n-2)(w-3)'      1_    j^   7  ,3. 
l(r— n+l)*P     1.2.(r— n+l)(r-n  +  2)*2*         •  ^  ^ '• 

If  we  make  rzzttf  we  get 

2n(2n-l) (n+i)    ,.»(«- 1)     1    , 

1 . 2  . . . .  n  .  2"  1*         2«  ^ 

n.Cn^lXn-aXw— S)     1  ^n(n-i) in-5)    1    •  ^ 

'•-H-<-i^)'H'"T.'i'r''A^- 

(9>    Let  uss  ;  by  formula  (6),  we  obtain 

J*ii__l  .2 ^'^fi_i,^    n(n— 1)  , 

dj!»         (l-:i«)"  +  *      I       5'  1. «.««■*" 

1  .  8    n(n^l)(n—g)(n-"3)     1.3.5     n(n— 1) (n— 5) 

2.4*       1.2.3.4f.<i*  2.4f.6*1.2-S.4.5,6.a^ 


£« 


1         n(n~l)(n--g)(w-3)^g^^7 


Euler.  Iw/.  Cak.  Diff.  Pars.  L  Cap.  V.  Art.  177, 
where  this  expression  is  found  by  induction :  Lagrange, 
Mhnoires  de  FAcad.  de  Berlin.  1772:  Lacroix^  Traitidu 
Cakul.  Diff.  it  Intig.   Chap.  I.   Art.  37. 


\ 
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(10).    Let  uaz^(,l+x^) :  by  formula  W,  we  g^t 


ifu    (-1) 


*.»(n-l) g.  1  >3:^^*y  ,_  (n>-g)(n^3) 

.^^)(»-3)(w-4)(n-5)    (n-2)(ii-3)..^»-7)  .  o^^  > 

In  this  case,  tz  must  not  be  less  than  2. 

(11).    liCt  «=?(!- jr*)"t^^   by  the  same  formula,   we 
find 


it'u  _  (-^O^-i.nCw-l) -4.5.3.1.x--* 


{ 


1+ 


23(1— x^)*— T 

(n-.6)(^-7)        (n-6)  (n^7)  (n--S)  (n-^Q)  .   g^^    I 
2  .  2  .  4 .  a:^  2«  .  2  .  3  .  4  .  5  «4  '  > 

In  this  case,  n  must  not  be  less  than  €• 

(i«).    Let  a«(2ir— j^)*:  in  a  similar  manner,  we 

get 

^w    <-!)».  ».(n-l)......  3^3^  1{1--^)^  C|    , 

J?^ ' ■ 2«(Ux^)'*-J i     "^ 

<»-4)(»^5)     ,  (^-4)  (n->^)<«-^) (W--7)    ,    g^^> 
2.2.3(l-x)2  2«.2.3.3.4(1~j:)4  3 

In  this  case,  n  must  not  be  less  than  4.  The  ex- 
pressions for  the  other  values  of  n  may  be  found  by  formula 
(a)  or  («). 

(IS).    Let  uas-.j    X  ;  byfo;:9nula  (*),  we  obtwn 

£^  -.  (~l)*'>2.3  ...... (n+Qj:*  C,      n(n-l) 


•   •■ 
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2.3.4.^.2*  2  .3  ....  7  .x«     ,  3 

(See  Example  5). 

(14).    Let  uss 3-5.:  by  fonnula  (6),  we  find 

d^u  _  (>-iy.3.4 (n«fg)(fl  +  2x)'*y      , 

%  -  \)/     a     y    8.5    n(n— l)(n— 2)(n— 3)  /    ^y     \* 
.4  Ntf+2x/      2.4'         3.4.5.6  Vj+2x7 

.   3.5.7     w(n-l)....(n>-5)  /     g     y     «      7 
2.4.6*    3.4.5.6.7.8   Vfl+2x/  •> 

(15).    Let  t£=;  :  in  this  case 

1  —X 

—  >  and  consequently -r — ssg  , ; — i-- — t, : 

therefore,  by  formula  (^), 

d^u  ^2.2.8 « 


(16).    Let  tt  e 


v/(l-x«) 


Since 


we  have 


du  ^        1 

dx  ""(l-x«)t' 


^_i  1 

c 
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and  therefore,  by  formula  (6), 

d^u  _S  .4>  ....  (n-l-l)jr^-^  (,^8     (n->l)(n--2) 
JF"  ^  (l-:r«)«-»-4  (.        2  '      3  . 4  .  a;2 

3.5    (n~l)  (n-g)  (n-3)  (n^4)  ,  ^^    7 
3.4*  3  .  4.  5  .6x*  '5 

Assume 

/■ 

bp 

by  a  process  somewhat  similar  to  that  employed  in  deducing 
formula  {a)^  we  shall  get 


.it'u  _  r  (r- 1) (r— n+1)  ^/ 


{'- 


«  -  .  ^'('•'+0  W(W-I)  2 


^  +  — ^ — —^  • .  \  ,     " —  e* 


1       (r-w+1)  1.2        (r~n+l)(r— w  +  2) 

1.2.3  (r-w  +1)  (r-n+2)  (r— w+3)  J     ^ 

This  series  evidently  terminates  after  (n  + 1)  terms. 

This  formula  may  likewise  be  put  under  the  following 
form: 

d^u  _  (-l)»  +  i/y+l)  ....  {/^n-DV^p'  C  -  _ 
r  n  l.r(r-l)  «(«-!)  1 


1     r'+«-l     e        1.2        (r'+«-l)(r'+«-2)     *« 

r(r-l)(r-Q)  .n{n-l){n-9)  \_  ^ 

1.2.3  (f+«-l)(»^  +  «-2)(r+«-3)'  ^  ^«-*"5W- 
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If  r  be   a  positive   whole    number    less   than   n,    the 
formula  (d)  will  become 

<f^_(-l)*-"/g(/i-l)....(/g-r+l)/(r +  1) (r+zg-r-O^'-y-^ 

C         T*(«~r+1)  1.2     '      («-r+l)(«-r  +  2) 

_r(r~l)(r-2)     (r^  +  /g -r)(r +«-r+l)  (y^  +  /i~r  +  g)      « 
1.2.3        •         («-r+l)(«-r+2)(«-r+3) 


+  &C 


• }  (/). 


This  series  will  terminate  after  (r+1)  terms. 

(18).    Let  u  =  \/ ( -J  :  by  formula  (rf),  we  get 

/f  i<_(-l)'*  +  i.l  .1  .3...<2/i-3)f  ^  n  /l+:r\ 

1.3  «(/g-l)  /1±£\^_ 

1.2*  (2«— 3)(2«-5)'  \1-^/ 

1  >  8  .  5  /i(/i-i)(^-2)  /l+x\3  7 

1.2.3'  (2«--3)(2/i-5)(2«-7)'  Vl-^/   ■*"^^'3 

(19).    Let  u  =  £1^ :  by  formula  (d),  we  find 

(1  — j:)t 

rf*tf_(~iy.l.l.3,...(2ii-5)^  j^      5  n  /-l+3:\ 

i/jT*'^    2"(l+T)*-f(l-a:)i     i        1  '  (2w-5)  *  Vl-a:/ 

,5.7  w(n-l)  /l+a?\g 

1.2*  (2w-5)(2w-7)'  \l-jr/ 

1.2.3     (2w-5)(2w-.7>(2n-9)     Vl~^/  3 


^ 


same  formula  will  give  us 

iy^_(— ly.  1.8 (2n-l)^  n  {'1±E\ 

"•"1.2    (2/1— l)(t2«-3)     Vl-x/ 

1.3.5  n(n-\)(n-9)  /I  +a:\3 

1.2.3*  (2»-l)(2w-3)(2 


(21).    Let  u  :=' £:  by  fonnula  (/),  we  find 

(1-^r 

<f*u_w(n--l)(7i--^2)  .4  .  5..  ..n  C  j  .  3     n+1     /l+3r\ 

.3.2     (n+l)(»  +  2)     /l+a?\2^ 
1.2     (w-2)(n~l)     \l--a:/ 


f  l)(n+2)(n  +  3)     /J^\*7 
(w-2)(»-l)n      •  Vl-j:/  V 


.3.2.1     (n+1)  (n+2)  (n  +  3) 
1.2.3* " 


In  this  case  n  must  not  be  less  than  4. 

(22).    Let  u  ss  -i--I — i-  :  by  the  same  formula,  we 
^  (3+4a:)io       ^ 

get 

<f"  it_(--l)»w(yi~l)(n--2)(w-3)  10. 11.... (n  +  5)  3^  4*--* 
<^a?»""  (3+4ar)''  +  « 

l  3     (w-3)     V3  +  4j;/ 

g     /4\2     (n  +  6)(n  +  7)     /2  +  Sx\^ 
•  \3/   ■  (n-3)(n-2)  '  \3  +  4x/ 
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/4\3  (n  +  6)(n  +  7)(n  +  8)  /2  -f  3  x\^ 
'    VS/  '  (w-3)(n-.2)(?i— 1)/  V3  +  4^>' 

/4\4  (yi+6)  (w+7)  (n+S)  jn+d)     /2  +  3^\*7 
\5/  •  (w-3)(n~2)(»-l)n   '  VS  +  4J:/  3 

It  is  evident  that  n  must  not  be  less  than  5^ 

It  is  possible  to  construct  formulas  for  the  n^  differential 
coefficients  of  functions  much  more  complicated  than  any  we 
have  yet  given :  of  this  kind  are  the  functions 

(a  +  bx-^cx^y        ,     (a+b  x+c  x^+d  x^Y 

The  preceding  examples,  however,  are  sufficient  for  the 
exercise  of  the  student,  and  it  is  unnecessary  to  embarrass 
him  with  the  investigation  and  application  of  the  formulae 
corresponding  to  these  cases,  which  are  of  great  extent  and 
very  little  simplicity. 

Art.  19.  The  theorem  which  is  deduced  in  this  article, 
was  first  given  by  Maclaurin  in  his  Fluxions^  Art.  751 :  it  is 
of  considerable  use  in  the  developement  of  functions,  though 
it  does  not  always  enable  us  to  discover  the  general  term  of 
the  resulting  series.  The  reader  will  find  other  examples 
under  Arts.  36.  and  37. 

(1).    Let  u  ^{aA^x^-,    In  this  case 
XJ^:=zt?^  I/i=3a«,  t72=3.2/i,  (73=3.2.1.,   1/4=0,  8ic. 

Consequently 


«=a3+S««-  +  S.2iL+3.2.l. 


a^ 


1.2  1.2.S 

> 

(2).    Let  te  =  (1  +  ^)i^ :    In  this  case 
8cc.  therefore 
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^'"       2*1     2«'l.2     23'  1.2.3""  2*    '1.2.3.4"*" 
"^S~  •  1  ^.  2  .  3  .  4  .  S  ~  ^' 

(8).    Let  M  =  - — -  :  the  same  process  gives  us 

m 

w=l  +  ^  +  1.2.;i+1.2.3.— ^  +  1.2.3.4.     ^ 


1  1.2  1.2.3  1.2.3.4 

+  &C. 

(4).    Let  u=:(a+bx+cx^)i^  by  means  of  the  formulae 
given  under  the  preceding  articles,  we  get 

^=^*l^  +  2l-i       F7^  •  172  ■*■— 257^3 TJ73 

_S(4^aC'-'b^)(ifac-Bb^)  x^  , 

""  2*  .  tf  *  '1.2.3.4 

5.3.*(4flr-^)(12«r-7A2)  ^5  -J 

2'  ^5  1.2.3.4.5  > 

the  general  term  being 

_  (-iy.n(n~l) 2.1  .fe''-^(4flg-^g) 

5  (n-2)(n--3)     (4flr-feg)    , 

r"" — 27^-  p —  + 

(n-  2)  (l^— 3)  (ii-4)  (7i-5)     (4_^£~*T  _ 
2*. 2*.  3*  '  ^4 

(n-2)(n>--3)....(n-7)    (if£-**)'.c,     >        y^ 

2'. 2*. 8*. 4*  :  ?S        +^^- Ji,2.3...«- 

It  is  evident  that  n  must  not  be  less  than  2. 
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(S).     Let  «  =  (a*  +  a*x  -  a;«)i  : 

Newton.    Epistola  ad  Oldenburg.  Jan.  26,  1676. 

1     X       4        a:*    .  4.9         x^         4.9.14         j:* 


5*1     5*a'l.2     5'a*'l.£.3       5*a^     '  1.2.3,4 

^4  .9  .  14  .  19-1  .2.3  .4  .  5  .  5^  o:^  . 

■*■ '~5^ 1.2.3.4.5  ""  ^''• 

the  general  term  being 

-  (  -  l)«-if  1  .4  ....  (5 w  -  6)  - 

^2—^.1.4 (5«-26)n(n-l)(w-2)(w-3)5*  + 

^^'"f^^^"'^\l.4....(5n~46)n(yi--l)  ....(«-7)58- 

^""^^>i"-;«>^"-^^>.1.4...(S«-66)«(«-l)...(«-ll)5i» 
1*2.3 

+  &C.  I  X —^ 

3      5*^-1.  1.2 n 

Newton.  *^  Df   Analyst  per  Mquationes   numero   termimrum 
infinitasr     1669. 

«=l+(fl  +  A)-fL+8.(3*2  +  2tfi-.fl2) i^         + 

1.2  1 .2 .3 .4 


4 
S  .%  .  3(5P  +  3*2tf-.i^2+^) 


:t« 


1.2.3.4.5.6 
7  .5  .3  .  3(5  .7**  +  5  -4*^^-2  .3  .  ^^i^  4-4^^3  _  5^) 

1.2.3.4.5.6.7.8^ 
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the  general  term  being 

=  <  I  •S....(2«--l)*»  +  i  .3 (2  n-8)n. !.*«-*  ijr— 

1.3 (2 n-5)w(n-l).i-li.  *»-*«*  + 

1.2 

1.3  ....  (2n-7)n(n-l)(w-2).i-lll^6«-»fl*-&c. 
...+(- 1)*  l.w.l.3,..(2n-5)*fl'^i+(- 1)*  +  ^  fl*  1.3,.,(2n-  3)  I 


jf*» 


2* .  1  .  2 n 


(7).    Let  «  =  Y ^ :  by  means  of  Exam,  20,  Art.  l7, 

we  get 

M=l+7  j+56-^  +  378— ii-+3096 ^ + 

1  .2  1.2.3         ^    1.2 .3.4 

27720 ^ +  271440 ^ -.  +  &c. 

1.2.3.4.5  1.2.3.4.5.6 

the  general  term  being 

=  4.5 w  {  n  (n  —  1)  (n  -  2)  +  3  (w  +  i)  n  (n  -  i)  + 

3(w  +  2)Xw+l)n  +  (n  +  3)(n  +  2)(n  +  l)}  . 

(8).    Let  u  =  -— 3- :  it  is  evident  that  the  theorem 

we  are  now  exemplifying,  is. not  directly  applicable  to  the 
developement  of  this  function,  since  u  becomes  infinite,  when 
«=:0 :  a  very  simple  artifice,  however,  will  remove  this 
difficulty.    Assume 
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lexpand  %  in  the  ordinary  manner^  and  we  shall  get 

Use:  — i—  =s  S  1  +  -  •  -  +  — s—  .  + 

(9).     JLet  tt  =  -^- :  in  this  case,  u  being  multi^ 

plied  by  jp,  we  get 

1  +JC     , 
^  (I  -  ;r)i« 

if  we  develope  u^y  as  in  the  preceding  examples,  we  find 
ttfc!^  =  i  +  11  +  130  .  -^  +  1650  .      ^  ^  + 

22440 ^  4-  &c. 

1.2.3.4^ 

the  general  term  being 


10.  11 (»  +  8)(2f*  +  9)  . 


l*<W*C>««a«7il 


/     ■ 


(lO).    Let  u  be  an  implicit  function  of  x,  determined  by 
the  equation 

M*  —  X  w  —  «  =  0  :' 
we  shall  readily  find 

14=0,  t7,=  ±.^l^,  8cc. 

4'  dTT    ' 

and  therefore 

^    J      .la:^       1  :r«_l«.3  x*         ^ 

^  2     1        4v/fl      1.2      4«.fll     1.2.3.4 

D 
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43^1-     '  1.2. 3. '4.  5.6"*"        44^.^        *1.2.3 S 

±  &c. 

This  double  series  expresses  the  two  valuer  of  w,  which 
are  contained  in  the  given  quadratic  equation. 

This  ho\irever  is  not  the  only  form  in  which  this  develope- 
ment  may  be  effected  :  by  considering  u  as  a  function  of  a, 
we  shall  find 

.la  1.2      a^       .     1  . 3 .  2^         ^ 


o:     1  jr^    *  1.2  x^  1  .2.3 

'^^^   ^^    ^'     .  1.3.5.23  i^ 


:%    '-'■     (^  a?7  .1.2.3.4 

or 


+  &c. 


/    K%    -' 


%  1     ^i    .    1  .2       a^  1.S.22         fl'        ,       " 

M  =  —    -   .     -     ^ 5-  .    ;;    — . +   &C. 

t  X     \  x^       1.2  •    x^  1.2.3 

The  first  series  results  from  considering  Uq  as  equal  to  x^ 
and  the  second  from  considering  Uq  as  equal  to  0,  it  being 
evidently  susceptible  of  both  those  values. 

(11).  Let  u  be  an  implicit  function  of  x^  determined  by 
the  equation 

y?  "  xu  —  I  =:  0- 
In  this  case,  we  find 

[^0=1,  U^-i,  1/8=0,  t/3=^,  c;,=L-i,  &c. 


and  therefore 


The  other  two  values  of  u,  are 


w,=  a  +  -_~_+  — &c.  (2>. 

3  a        P        3'  a 


and 

where  «  =  "'^  +  V^(^^>  and  a^  ^  -  l-y/C"  g\Vhich 

are  two  cube  roots  of  unity. 

If  the  equation  which  determined  u  had  been 

M^  —  ir  w  —  a  =0, 

we  should  find 

3^  "^  34^  "^  ?^^ 


w  =:  fl4  +  — nr  —  2rrr  +  "T~t  ""  ^^* 


a  series  which  evidently  admits  of  three  values^  arising  Irom 
th6  successive  substitution  of  the  three  cube  roots  of  a. 

This  theorem,  however,  is  not  very  readily  applicable  to 
the  developement  of  implicit  functions,  and  its  use  for  that 
purpose  is  entirely  superseded  by  the  more  general  theorem 
of  Lagrange :  we  have  given  the  two  preceding  examples 
merely  as  introductory  to  those  which  will  be  given  in  illus- 
tration of  the  theorem  to  which  we  have  just  alluded.  See 
Note  E.  and  Examples  to  it. 

Art.  21,22.  The  series,  which  is  the  subject  of  these 
Articles,  wab  first  given  by  Brook  Taylor  in  his  Method  of 
Increments  J  published  in  1715:  he  does  not  appear  to  have 
been  aware  of  its  importance,  but  dismisses  it  without  remark 
in  a  Corollary  to  the  Proposition  from  which  it  is  deduced. 
The  use  of  this  theorem  in  the  developement  of  functions 
is  nearly  superseded  by  the  theorem  we  have  just  been  con- 
sidering, and  by  other  methods  of  greater  generality :  we  shall 
put  down  however  a  few  examples  of  its  application,  in  addi- 
tion to  the  one  which  is  given  by  our  author,  particularly  as 
they  sometimes  lead  to  curious  results :  the  student  is  re-  ^ 
f erred  to  Art.  37.  f(>r  other  instances  involving  transcendental 
functions. 
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(1).     Let  uzz^a-^-xf:  in  this  case 

-J—  =  w  (dP  +  xf^\  T-5  =  n  (n  -  1)  (flf  H-  ary    S 
dx  dx^ 

^  =  w  (w  -  1)  (n-  2)(fl  +  ar)«--*,  &€. 

and  therefore 

+  n(n-l)(»-2)(flr  +  ar)'— * — *^ — +  &c. 
If  we  make  h  =  —  x,  we  shall  get 


X        1     \«+;r/         1.2        Vdi+ar/ 
1.2.S        •  \7+x)    +  *^*'*  5 

or  .      ' 

^  t         1      Vfl  +  a:/         1  .2       Vtf  +  x/ 

1.2.3  V/J+ar/  5 

By  a  similar  process^  we  shall  find 
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% 

If  Ve  put  ^  in  the  place  of  «,  and  —  in  the  place  of  it, 
we  shall  find 

or  making  x  negative 

.       1  .2.S.iw3  V^'"  — :r/  5         .         ^ 

These  series  converge  with  great  rapidity  when  ^  is  very 
large  compared  with  x^  and  consequently  furnish  formulae 
sufficiently  convenient  for  computing  the  roots  of  numbers. 

Thus,  suppose  it  was  required  to  extract  the  square  root 
of  50  :  in  this  case  a=7,  37=  1,  and  therefore 

v/(50)  =  7  {  1  +  i  .  J-  +  ?  .  ~  +  ^Lii .  -1.  +  &c.  V; 

^  t         2     50     8     50^     8  .  6     50^  i 

collecting  together  the  four  first  terms,  we  find 

v/ (50)  =  7.  07 10675, 

which  is  accurate  to  6  places  of  decimals. 

Again,  suppose  it  was  required  to  extract  the  cube  root 
of  750 :  we  shall  find 

^  =  9,   and  j:  =  21 : 


90 

consequently 

'>('»»)=9{■+^(S)*F4-,•(^)'+ 


.1.2.3      \750^  ,  > 


S3 

die  addition   of   the  four   first  terms  of  this   series  gives 

^(750)  =  9  .  085592S911,  nearly, 
a  result,  which  is  accurate  to  6  places  of  decimals. 

This  subject,  however,  is  foreign  to  our  present  design, 
and  we  have  merely  mentioned  the  preceding  method  of  ap- 
proximating to  the  roots  of  numbers  as  an  incidental  use  of 
the  series  which  we  had  investigated.  The  reader  will  find 
other  and  more  convenient  formulae  for*"  this  purpose,  in 
Euler*s  Institutiones  Calc,  Djjffirentialis,  Pars.  II,  Arts.  237, 
238  and  240. 

The  preceding  formulas  were  deduced  irom  the  general 
series  of  Taylor,  by  making  A=  —  a: :  as  it  will  be  frequently 
very  convenient  to  make  this  hypothesis,  it  may  be  worth 
while  to  remark  the  form  which  that  series  assumes  in  con- 
sequence of  it.     Since 

•^  dx     I     ds^     1.2     dx^     1.2.3 

+  &C.  (a). 

if  we  make  A  =  —  a:,  we  shall  get 

dx     1       dx^      1.2 

dI5  •  77273  +  ^^-  </^)- 
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(2).    Let  u=:^{a  +  bx  +  cx^\:  by  formula  (/3),  and 
those  given  under  Art.  18^  we  shall  get 

y  J  i     It     I      SI       1  (b  +  2cx)x 

1  (^-4tff)x^  3  {i^'^4!ac)(^i+9,cx)x^ 

1 .2.2^  '  {  a+b  x+c  x^  ^     1.2.3.23-     {^+^^+,^2| 


5 

T 


__  3(^— 4/gf)  {  4ac'"5  b^-lG  ex  {b-cx)  \  x^  _ 
1  .2.3.4.24{^  +  iar  +  rx2  J  4* 

Multiplying  the  whole  equation. by 

\/  {  a  +  b  x-^cx^  ] 

7^~ * 

we  shall  get 

/fill      «i         1    ^     .  *^         1  (*^— 4fflr)j:* 

^  ^  ^        ^      y/flfi         2      1.2.2*    {  flf+6  J7+C jr«  J 

1  .2,3.23  (^+*x  +  rx2)2  ^*  5 

Euler  Inst.  Calc  Biff.  Pars.  II.   Art.  77. 

1  -n 

(3).    Let  w  =    /(y_^\  •  ^y  naeans  of  Ex.  9,  Art.  18, 

and  formula  03),  we  get 

v/(l— ^*)=l s  +  T1 5^  •  r-s  "^ 

^  ^         ^  1— x*         (1— a?2)2      1  .2 

S(2^+83r)        3^         3(8a:^+24j:H3)  J^         _  g^.^ 

(l_-a^)3     'i.s.S  (1^x2)4         •1.2.3.4"" 

The  student  will  find  other  exemplifications  of  this  formula 
under  Arts*  36  and  37. 
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On  the  Differentiation  of  Transcendental 

Functions. 

Abt.  30,  3i.     (J).    Let  M=log.  |  jr  +  v/(x2— I)  J. 

dx 


du  as 


(..)    Let„  =  log.{i±^4(lz:£!)}. 


xv/(i-x^y 


(S).    Let  M  =  log.  {  X  v/  (-  l)+v/  0  -•^) } 


die  s= 


V(J^^~1)' 


(4).     Let  w  =  log.  {  X  V  (-^1)-  V  (1— x^) } 

dx 


\    '   .  citt  = 


.  / 


n/(^*-1) 


(5).     Let  w  =  log.  {  v/  (1+'^^)+  n/  ( I  -  A^) }  . 
J         dx  dx 


X  X  ^  (I'-X^)' 


(6).    Let«  =  log.|i±£| 

9,dx 


du  zs 


1-^x2 


33 


a).    Let«==log5V<^'+^)-n 


du=:  2rfx 


wW+^' 


^s/{t*-\)-\ 


rftt  as    —3 ;; 3 . 

(ic«-2)v/(x«-l) 

(9).    Let«-log?L!Viiz:i!>i. 

'^  t.x-v^(l-a:«)5 

,    _  -^dx 

"~(«x«-l)v/(i-x«)* 

(10).   Let  M=-^ .  log  \--L.-x^(fi)+^(p+bx+cx*}]. 
^"  =    /,     ■   /  , K-    (Art.  162).       ' 

duzz     ,  .  , ,  ^  K   9*    (NoteJK). 

(12).     Let  u-x^a'. 

du  =:  x"""*tf'dr  {  X  log  «  + w  V* 

(13).    Let  w  =  €»(j:~i). 
du  zz  €*  X  dx- 
Euler.    /«//.  Calc  Diff*  ^Pars  I.  Art.  190. 
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(14).    Let  w  =  €'  (x«  -  2^  +  2). 
du  rz  e'  x^  dx»         Id. 

(15).    Let  M  =  €'(jf3-3jn2+6x— 6). 
duzi  ^ jfl dx.         Id' 


(16). 

Let  u 

1    +X 

du 

e'X  dx 

(17> 

Let  u 
du 

e'X 

€*  dx 

(Art.  m\ 


(l-ir)« 

(18).     Let  u  zz  X  log  X. 

du  =:  dx  {  log  a:+  1  {  . 
Euler.     Inst.  Calc.  Diff.  Pars  L  Art.  185. 

(19).    Let  w  =  JT""  log  X  -  f-. 

m 

duzzmjf^~'^  log  X  .dx.     Id. 

(20).     Let  uzzoc^  (log  x)". 

di^  =:  a:*""-i(log  xY"^  {  m  log  a:+n  }  d  x.    Id, 

(21).    Letu=J^^^g^-^'^^g^4-^> 
^  4  8  82 

du  zz  x^  dx  (log  !•)*. 

(22).    Let  w  =  log  log  x  =  log  ^x. 

J  dx 

du  :Si  — ' . 

X  log  X 
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(^3).    Let  u  =  log*  JT. 

J  dx 

""  X  log  X  .  log^  X  .  log^  X  .  log*  X  * 

(24).    Let  w  =  JT  log^  X. 

<2x 


duzz  dx  log*  X  + 


log  X 
(25).    Let  w  =  €*  log  X. 

d  w  ==  €*  i/x  <  -  +  log  X  > 
(26).    Let  w  =  €  ^^  '. 


(27). 

Let  w  =  x*«»^«'. 

rfw  =  (n+l)a?*~*6'^  'dx. 

(28). 

Let  w  =  -- — - . 
«*  +  ! 

J         2€*  dx 

(29). 

Let  «  =  log  {^^}  • 

(SO).    Let  w  =  €  , 

du  ^  €  €' dx. 
Art.  S2,  33.    (31).    Let  t«  =  sin  2  x. 
(2tf  =  2co8  £x(2x. 
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(32).     Let  u  =  (sin  xf. 

du  =  n  (sin  j:)*""^  cos  xdx. 

\     (3S).    Let  usKcosx  sin  2  x. 

du  as  (cos  X  cos  2x4"  COS  3  JTjdx. 

(34.).    Let  u  =  (tan  ar)». 

J         w(tan  ar)"--i  djT 
(cos  x)* 

(35).     Let  t«  =  log  sin  a;, 
itf  II  =  cot  x.dx. 

(36,.U,..fcg^(i±|if). 

<2 tf  S3  — , — .    (Art.  208) 
cos  X 

.    <,7>    l«..IogV(4i^). 

£?  w  =  — r^  .     (Art.  208). 
sm  X 

/o«\      T  i.    -      ^        sin  a* .  cosx 
(38).     Let  u=:  -:' r^, 

^  2  2 

Ju  s  (sin  j:)'cf  jr. 


.'" 


/«rv\     T  X  sm  n  X 

(39).    Let  u  =  — ; — r- 
^  (sm  x) 


n     • 


,         — n  sin  (n-'l)  X  ,dx 

du  ^  «-. ^ 1  , 

(sinxy  +  » 


(40).    Let  u  = 


(cos  x)* 

,         ncos(n'~l)xdx 
(cos  xf  +  * 


/■ 


ST 

(41).    Letwrsc*^'. 

du  ss  «•*«•  cossdx.     ' 

(42).    Let  tf  s  log  {  cos  x  +  ^(—  1) .  sin  x  } 
Juss  +  ifaPv^(— 1) 

(43).    Let  fi  ss  log  {  cos  :r—  is/  (  —  1)  sin  x  |  • 
Jus  —  da:  ^(—1), 

(44).    LetuslogT  +  v'^"^;^"^!, 
^    *  ^  il  -  ^(—1) tan  a;  5 

duss2dx  »y  (—1). 


a 


(45).    Let  M  =  log{  1  -  V  (l-€    25T)|. 

a€    ^'  cos  xd  j:- 


duss 


2(sinx)«v^(l~6    ISIT)  {  I -.^(1  -  6    "^J 
Euler.     /«//.  Calc.  Diff.  Pars  I,  Art.  307. 

>  =s  log  COS  X. 

"       (l_««'v'(-»))ix  ,  , 

»M  =  — ^^ — rr5 -.  '.I — TO  =  tan  X  .ax$ 

V(-l)(l+«»'V(-i)) 

(47).     Let  w  as  cos  T  log  -  V 

dus-—   sin  f^ log -^ J. 

(48).    Let  tt  s  cos  (sin  d:)=:cos  sin  jt. 
d  tf  ==  —da?  cos  X  .  sin  sin  x. 
=  —  dx  cos  X  •  sin*  x* 


V 
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\'      (49).    Let  u  =  sin  sin  sin  x  =:  sin^  a:. 

du  :^dx  cos  x  cos  sin  x  cos  sin^  x. 

(50).    Let  t«  =  sin  tan  x. 

1            dx 
du  =  -; -3  cos  tan  x. 

(cos  Xf 

\        (51).     Let  u  =  cos  log  sin  x. 

du  :=z  —  d X  cot  X  %m.  log  sin  x. 

(52).    Let  w  ==  sin  ■"  * ^,    or  in  other  words,   let 

^    \  l-¥x^ 

l-x« 


(1  —  x*\ 
whose  sine  =  : -z  J 
1+xV 


Make *  =  t; ; 


consequently^ 

dv  2dx 


du  = 


V(l-v«)  l+x« 

Eulen    J/i/^.  CtfA:.  Dijf.  Pars  I,  Art.  2d7. 

(53).     Let  w  =  sin  ~  1  y^^izf). 

•""  d  X 

du  =:  — — 5^  .        Id. 

2v/(l-x«) 

du  = 5. 

(55).    Let  M  =  cos  ■"  *  (4  x^  —  3  x). 

,  -  3  Jx 

v/  (1  -  ^^) 


sd 


Y 


(56).    Let  u  «  C08.~^  (32  2^  -  48  i*+  18  j*  -  1). 

-^  6dx 


du  =: 


v/ii-^r 


(57). 

Let  «  as  tan  ~  • 

.          2Jx 

(58)." 

Let  M  =»  tan  ""  ^ 

2x 


1— X 


«' 


<2ii  s 


5dx 


(59).    Let  u  =  sec 


—  1 


1 


2j^-r 


c2u  s= 


V  (1.^X2)  • 


(60).    Let  M  =  tan-i  | 

(2  X 


yMi+^l  - 


X 


^} 


cJt^  s 


2(l+x2)' 


(61).    Let  w 
(62).    Let  u  = 

(63).    Let  u  = 
du  ss 


—  dx 
2(1 +x2)' 


fl  +  ^  cos  x' 


COS 


— 1  y^+^  COS  x"^ 

^d-^-b   COS  J7  5  * 


(Note  JT). 


d  X 
a-^b  COS  x' 


tan  "" 


J  Csin  a?  ^/(a^-.b^) 
C.     ^  -|-  ^j  COS 

(Note  A). 


p} 
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/        (64).   Let  te  s 


du  s= 


>/(^^-^ 


-tan 


-1  f  ^/(^-*)^/a-C08J)> 


dfx 


0  +  ^  COS.  X 


(Note  Jf). 


(65).    Let  Was  6 *>'"^', 

(66).    Let  u  sslog  sm""^  x. 

,  dx 

sin-ix.V  }  l-x2} 

(67).    Let  M  =  V  (1  —  ^*)  sin—*  x. 

,  J     Vi      xsin.— ^x") 

L        >/(l— x«)> 

(68).    Let  I.  =  —^  log  (^3^5^^) +5  tan- 


rftt  = 


d  X 


J  8  ar  (1  -a*) 


(69).    Let  M  =  log  (^ j_^  ^     ^  +»m- 


<2u  = 


4  y/  2  x^  <f  X 


(i-^*)v/(i+0* 

(70).    Let  M  ss  ^  6^  X*  sin  x  cos""*  x  >  '*. 

cJufls  J€  x"  sinx  cos""*x  }  '      €   x*~"'ax  <   {€*(x— .1)  + 

n  (1  —  log  X)  —  log  sin  x  —  log  cos""^  x  |  sin  x  cos"" ^  x  +  x 

sm  X  ^ 

I  cos  X  COS-*  J^-^(i_j.^)  ^    ^- 
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Arts.  86,  37*  and  Note  D.  In  addition  to  the  e^camples 
given  by  our  author  of  the  application  of  Maclaurin's  theorem 
to  the  developement  of  transcendental  functions,  we  subjoin 
the  following)  which  may  serve  as  good  exercises  for  the 
student,  in  die  various  processes  of  differentiation. 

(1).    w  rr  (cos  xy 

=  1  -  2i!  +  w  (3  n  -  2)         ^"^ 


1.2  ^  '1.2.3.4 

w(105w3-420»2  +  588w-272) r-  -  &c. 

1  .2  ....  o 

The  general  term  of  this  series 

-         (-ir  +  ^a?^'^         ^w**»  +  «(n  -  2)*"*  + 


■){ 


2"-i.l  .2 (,2m] 

"<"-^> .  („-4)-+?i^zll^rS .  («-6r+&c.  }  5  (1). 

1.2  1*2.3  '' 

the    number    of    terms    being    limited    to    -  or  — - —  , 
according  as  n  is  an  even  or  odd  number. 
Or  under  another  form,  it  is 

1  .2..(2«i)'"l.2..(2«i) 

_  (iw— 2-2w)     2i?i(2/»-l)(2m-2)(2m-8)     y. 

"^  m  *  1.2.3.4  .     v    2   -♦ 

(i»— 3--3n)    2i»(2»f— 1)  .. ..  (2»i-5)     ,^;.  « 

* m 1.2.3.4.5:6 ^.-.-e-  &c. 

+  (-ir.  M-(^-l)n}      2^(2m-l)    y 

m  1.2 

(-.jr.«.i7o|.  (2), 

F 


C(iw— 1-«)  2wi(2«i-l)    y,. 
C         m  1.2 


I 
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where  [/"o,  U^,  U4  ,. . .  Usmy  are  the  values  of 

Thia  formula  may  be  exhibited  under  a  form  still 
convenient  for  calculation,  if  we  make  a^y  a^o  ^^  '•  '•  ^9, 
respectively,  equal  tp 


m 


U. 


u,        u,  u, 


9m 


0> 


1.2*    1.2.3.4'  1.2 (2  m)* 


or  the  several  coefficients  of  x  in  the  series  :  this  assumption 
gives  us  the  general  term 


tn   K.       1  • 


x*'*i(m-l-r-n)  (»»-2-2n) 


(w-3-3n)         ^             fe-  . 

+  1.2.3.4.5.6      *"-*'"'**' * 

1  .2  ....  (2fw~2)      '^     1.2  ....  (2f«)'    ^'V 

(3). 


(2).     w  =:  sec  J^  =:  (cos  j) 


— 1 


_^       3fi  5x^  eiafi  1385  cfi 

""       1.2     1.2.3.4     1.2. 3. 4.5.6'*' 1. 2. 5^4. 5^^,7.8 

^     5052 1  JT^o       .    2702765  a:i2 
I  .2 10         1  .g.<  ..  12 

This*  series  was  first  given  by  James^  Gregory,  in  a  jktter 
to  Oldenburgh,  in  l67l  :  See  C^mmercium  Sfnstoticum 
Johannis  Collins  et  aliorum  de  Analyst  prgmota^ 

Tlie  general  term  of  this  series  is 

-  JrJill£Z—\  l*"  -  2,*"  +  5»»  -  1*«>  +  &c.  J  : 
1  .  2  . . . .  (2  wt)  C  3 
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>m 


"^     U^      ^       +--i _L-.  +  &c^- 

ar>  from  the  formula  (3),  in  the  last  example^  we  find  it 

C.  1  .2         1.2.3.4        1.2.^3.4.5.6 

^&c +_±iirfi +  (-^r-^'^o  7 

1.2 (2^-2)        1.2 (2iw)> 


(3).    w  =  log  sec  X  =:  *-  log  cos  x. 

x^  ^      ix*      ^^  iQofi  .    16x17^ 

+  •; — 7z—7i — 7  +  -; — ;; — ;; — : — :: — -+ ■  ■  ^  + 


1.2     1.2.3.4     1.2. 3. +  .5. 6     1.2 8 

I28x62a?l® 


+  &C. 


1.2 10 

James  Gregory^  Letter  to  Oldenburgh    l&Jl, 

The  general  term  of  this  series  is 

1.2 (2  w)  i  h 

orj  under  another  form^ 

1.2.3.4.5.6      ^    ^  1.2  ....  (2iw-2) 


2  .  1  .  2  . .  . .  (2  i» 


^} 


(4).  Let  w  =  (sin  xf :  it  is  evident  from  the  series  for 
sin  J?  (Art.  S6\  that  the  first  term  of  this  developement  will 
involve  ;r*,  or  that  the  first  n  terms  of  ^he  series  of  values 
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Uof  t/j  ....  Un^i  will  be  severally  equal  to  nothing  :  it  will 
therefore  render  the  operation  much  easier^  if  we  assume 

,      u        (sin  xY 
uf  =  -^^  ^ — -JL, 

x^ 


X' 


and  then  develope  u'  in  the  ordinary  way :  we  shall  thus  get 


?«  +  4 


1.2.3  3  1.2  .3.4.5 


n  (35  w^  -  42  w  +  16) 
32 


X 


in  +  6 


X.^....      I 


w(175n3-.420ni«  +  404n-.  144)  a^  +  » 


&e. 


The  general  term  of  this  series  isr 
2».--i.2....(n4.a>»)l""-^^''-"("-^>-^"'^ 

1.2  ^  1.2.3        ^       ^  +  etc.  j^ , 

the   series  being  restricted  to  !?  or  ?^     -    terms,   accq;rding 
as  »  is  an  even  or  an  odd  number. 


Or,  under  another  form, 


=  a 


n  +  2m 


X 


,n  -^  %m 


a:»  +  *"*r(w— 1-n) 


C(^-^- 
l    1  .2. 


m     #     1  .  :i2 .3 

(m-3~3n) 


^«  +  2»i  —  2 


_  (ffl-2~2n) 

1.2.3.4.5     '    ''«  +  2«e-4 


•  ^  +  2»»  — 6'"&^' 


.(-0"{     l-(^-l)/^}  (-.1)-.;;,^  -. 

1.2....(2i«^l)     •'''•  +  2+1.2....(2/«+"T)-^*5- 

(5).     Let  w  =  cosec  ^  =  (sin  a:)~^:    consequently   by 
^^ans  of  the  preceding  example,  we  obtain 
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1  X  ^  14  a:^  .  Y44j?* 


X         1.2.3  1.2.3.4.5.6  1-2 9 

+   -— +  &c. 

1.2 12  ^ 

The  general  term  of  this  series 
=  azm^^.x'^'^-\ 

(.1.2.S     1  .2.3.4.  5"*"l.2.3.4.5.6.7 

1.2 (2WI-1)        1.2 (2m+l)V 

(6).    w  =  (tan  xf. 

^  2^       n^o  23n(5n  +  7) 

"^^  1.2.3^  +    1.2.3.4.5.6* 

26w(35n2+147w+124)      ^^ 
^  1.2-3  ....9 

^27xii»{  175n3+1470w2  +  3509w  +  2286  }      ^„     , 

+ ^ 172777712 ■  -''+^+8^<^^ 

the  general  term  is 

__»  +  «.    8^C(«  +  2»»-2)  g«(«  +  2m-4) 

'wl      1.2.3      ""  +  *"-«"  i.2.3.4.5  ' 


2*  («  +  a  OT— 6) 


"»  +  *«—♦+      10  r>       •  ^4-«»l  — «  ""  8tC. 


(-iy»a»'"-*(n+a)  (-i)"'+ia"»-»w^ 

1.2  ....  (2«-l)  "''•**+l.«  ....(Sm+l)} 
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(7).    Let  M  =  cot  jc  =5  (tan  a?)  -  ^ :    by  the  preceding 
example^  we  get 

1            9,                           2*                 -         2^.12        . 
X        1.2.S  1.2. 3. 4. 5,6  1.2 9 

—  olC. 


1.2 10        1.2 12 

See  Art.  411.    Appendix. 

(8).    u  ±s  (sin  xy  (cos  xy. 

_        (Sm  +  n)^^^      {5(9  fffi+ffl)+SOm(n --1)^271}^^^ 
""  1.2.3  S. 1.2. 3. 4. 5 

-  {  35  {n?  +  27  w3)  -  42  (n^  +  45  w^)  +  16  (n  +  63  m) 

+  {  175  (w4  +  81 1«4)  _  420  (n^  +  IS5  m^) 

+  4  (101  n2  +  1984  m^  -  144  (n  +  i5S  m) 

+  2l00i7fi  +  9m^  nm  ^  1260  0 n  + 33m)  mn 

+  9450  fh^n^  +  23640 iDn  J  ^ — -— . 8ic. 

l«'6  ....  9X3X5 

The  law  of  derivation  of  this  series  admits  of  no  very 
simple  expression:  it  may  be  indirectly  exhibited  in  the 
following  manner :  let 

<C05  jT  =  1  +  /»2  JP*  +  «4i^*+ +  ^«j.  •  a;»>+&d. 

and 

(sin  x)~:Sdr+aga?*  +  «+«4a?«+^+ +  a«j,  .a?"  +  *'+&c. 

then  the  general  term  of  the  series 
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+  &C +tf2««i,-8  +  Hp\  • 

(9).      W  =  ^f  fl2  +  2^^Ci09«'  +  *«|        - 


1.2.3.4 
""  (a-^bf,  '1.2.3.4.5.6 


The  general  term  of  this  series. 

(10).    i«=:co8""^x 

«  1         x3  1.3  ap« 


S  5'  J.2.3         2*    *  1.2.3.4.5 

1.3.5           ar^^  1.3.5.7  ofi  « 

£5  l.e 7  24  J. 2. ...9 

(11).     U  =  €««' 

C,        a:«    .       4a^                  31  a:«           ^     379:p« 
I         1  .2     1.2.3.4     1.2.3.4.5.6     1.2 8 

(?356ar**       .     150349^12         ^     "I 
1  .2 10        1  .2  ....  12       ^5 
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The  general  term  of  this  series  is 


=  fl.»«"" 


Hfnl*"-*     TTzl*   1.2.3. 4. 5 


+ 


(-!)-  +  !  a, 


1.2  ....  (2  m 


1-1)5 


sin  X 


(12).     u-e"^ 


=  l  +  x  + 


1.2     1.2.S.4?     1.2.3.4.5      1.2.3.4.5.6 
sex''        ^217^        .  36  J« 


l.^....f  X.'^a**.0  la/^....^? 

2959  x^° 


1.2 10 

The  general  term  of  this  series  is 


■^  &c. 


=  a„3r 

n- 

—  5 

.2, 

3.4 

(13). 

«-e^ 

I  1.2     1.2.S     1.2.3.4     1.2.3.4.5^ 

188  x^         +       847x7        ^       4004  3?»      +  &c    ^ 
1.2 6         1.2 7         1.2, ...8  ^    >* 

The  general  term  is 

f»l^^      *•    *     1.2        1.2.8^ 
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J fo 1 

1.2 (»,— 1)3* 


e' 


(14).      M  = 

COS  X 

l+:r  +  lil  +     ^^'     +       ^^^^       +  36  3^^  , 

^        1,2       1.2.3       1.2.3.4       1.2.3.4.5 

152  ofi        .         624x7  3472  :r« 

+  z — z =  +  z — T-  +  &C. 


1.2 6        1.2 7        1.2 8 

The  general  term  is 

-  a^ar- (if  m-2r), 


m  , 


(.1.2      1.2.3.4^  1.2. ...w     1.2...«iJ» 


or,  (if  iw  =  2r4-  1), 


m+l 


1.2  ....  (iw— 0 


^^{f[«^ ^"'-^    +8CC +_(lliL!3 

C.  1.2        1.2.3.4  1  .2  ..  ..  (m- 

I — ]. 

1.2  ....  my 


(15).    M  =  v/(l+0- 


C        iT     3        .r^       *7  J?^        9  x^ 


4t 


-fL              a:^               123            a^         ^967           J:^ 
4'  '  1.2.3.4.5     "4^  'l.2 6      4^    *1.2 7 


-^21 ^ .Sec!}. 

48        1  . 2  ....  8  5 
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The  general  term  of  this  series 


Sb    ^jn   w       • 


1  .2  ....  (m  — 1)3 


X 


(16).     Let  u  =: :    in  this  case,    tL,  [/,,    t/l,   &c. 

become  severally  equal  to  -,  and  require  a  very  tedious  and 

embarrassing  recluction,    in  order  to  determine  them:  the 
following  method  is  much  more  simple.     Since 

XX                                               1 
U^^ ;= a =r h&C. 

1+j:  + +&C.— 1      1+ + ' 

1.2  ^  1.2     1.2.3 

by  the  method  of  indeterminate  coefficients  (Note  D),  we 
get 

,      1     ,  1       x2        1  x^  I  cfi 

w=l  —  -  x-^"^  .  — ;r"-—  •  T— ;r-:r- 7  +  "^  • 


2       6     1.2     30     1.2.3.4     42     1.2.3.4.5.6 


:t«  ,   5  a:io  691  xi2 

+  rrz  • 


30  '  1 .  2 8     66  *  1  .  2 10     2730  *  1-2 12 


# 


7           ^14            3617            x^^           43867            x^« 
■*'6*1.2 14      510*1.2 16       798    *1.2 18 


174611  x^""         ,  854513  3^ 

+ 


330    1.2 20    138    1.2 22 


236364091      ^^*     .  8553103     x^^ 


2730     1.2 24     6     1.2 26 
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23749461029     x^         ,  8615841276005     x^ 


•  «»• 


870      1,2 28      14322      1.2 30 

8480253  1453387  x^^ 


""  5440  •  1  . 2  . .  3^ 

The  general  term  being 


+  &c. 


—  ^«  m  ^ 


t     1  .2         1  .2.3.4  1.2 (2i»-l 


(2i»-l) 


}• 


1.2 2m 

The  coefficien1:s  of  ' 

_Z . &C 

1.2'    1.2.3.4*    1.2.3.4.5.6* 

are  the  celebrated   numbers  of   Bernouilli :     See  Art.  408. 
Appendix- 

It  may  be  proper  to  observe,  that  in  the  determination  of 
many  of  the  preceding  series,  the  theorem  of  Maclaurin 
becomes  practically  inapplicable,  in  consequence  of  the 
excessive  complication  of  the  expressions  for  the  diiFerential 
coefficients :  we  have  therefore  been  sometimes  obliged  to 
have  recourse  to  other  and  more  expeditious  methods  virhich 
the  Differential  Calculus  affords  us,  and  which  will  be  fully 
exemplified  in  Art.  45. 

We  shall  put  down  a  few  examples  of  the  use  of 
Taylor's  Series  in  the  developement  of  transcendental  func- 
tions, to  which  we  referred  in  Arts.  2 J,  22. 

(1).     Let  u  =  log.  x:  the  general  series  gives  us, 

h       h^         }^         h^ 
log(x+^)=log^+j-2^+^-^  +  &c. 
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or. 


If  we  put  a  +  x  in  the  place  of  x,  and  make  hs=x,  this 
series  becomes 

log  (i±^)^^-l     (^Y+l  (4.y_&e;(2). 
^  \  £1+^  /     a-^x     2     Ka-^x/       3   \a+x/  ^  ^ 

By  making  A= —2',  as  in  formula  (3),  page  30,  and  re- 
ducing, we  get 

/a  +  x\        X     ,  1  /  X    \2     1     /   ^  V 

If  we  add  these  two  series  together,  we  find 

^^\     a     y         ia+x'^S'  \a   -h  xy 

+  if— ^— Y+  &c.}.  (4). 

Or,  putting  -  in  the  place  of  x,  it  becomes 

+  \  (:r^^y  +  &c.  J  (5). 

a  series  which  is  also  given  in  Art.  29. 

(2).     Let  w  =  sin  a: :   then 

sm(a:+A)=8in:rA-— +  — ^! ^! +  Sec.") 

V        1.2       1.2.3.4        1.2.3.4.5.6  / 
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+  COS  xl  h +  '  —  occ.  I 

^  V        1.2.3        1.2.3.4.5  / 

=  sin  X  cos  h  +  cos  x  sin  h, 

(3).     Let  u  rs  tznxi  by  making  sin  a:  =  a:,  we  shall  get, 
by  means  of  Example  16^  Art.  18, 

^      ,         ,^                            1         A    ,     2sinx      A» 
tan  (j;  +  A)  =  tan  jt  +  ^:^^„  ^xa  •  7  +  /"^^  ^\3 


5 

6 


(cos  xf     1        (cos.  a:/    1.2 
/6-4(cos:r)»\        A^      .     .       /24-8(cosj:y\         h 

+  I   J   ,  __  4-   sin  Xl    ; -r I    •        '     ^  ■ 

V  (cos  x/     /    1.2.3  \      (cos  xy     /     1 .2.3.^ 

/IgQ  -  120  (cos  J)^  +  16  (cos  xT\  V" 

\  (cos  a:)*  /  '  1  .2.3.4. 

.       /720  -  480  (cos  xy  +  32  (co8.'a:)*\  If 

+  sm  x\  '. \ ^-- ^ ^  1  .  — ^   ^    ^ — -- 

V  (cos  a:)'  /     1.2.3.4.5. 

/5040  -  6720(cosxy  -f  2036  (cos  x)^ — 64  (cos  x/N         ^ 

V  (cos  a;)*  / 1.2.3.4.5.6.7 

+  8cc. 


(4).     Let  M  =  sin""*a:;  by  means  of  Ex.  9,  Art.  18,  we 
find 

•    1  /■.i\        •    1.  1  ft    ^         X  h 

wn    *(ac  +  A)  =  sm— 'a:  +  — -.  -  + 


V(l-a:«)    1       (i_^«)*    1.2 


(1  +2^0        A»  3a?(3+2i')         A* 

+ — r:--: — x—r  + 


+ 


(l^ir*)T     1.2.3         (1  -  a:«)^       1.2.3.4 

3(3  +  24  a?*  +  8a:^)  tf 

(1  — :r')^  *  1  .2.3.4.5 


15a:(i5  +  40  a:*  +  8a^)  If 

(1 -!•*)?  •  1  .2.3.4.5.6 
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S0(5  +  90ar'  +  120r*+16a:«)  A^ 

+   r 


^      (1  -  a:')?  1.2.S.4.5.6.7 

+  &c.. 
Euler.  /w/.  Calc.  Diff.    Pars  II.   Art.  83. 

(5).  Let  M  =  tan-"*jr;  by  means  of  Ex.  13,  Art.  18, 
we  get 

\        h  9.x  A* 

^     (1  +  x'f    '  1  .2.3 

_2.3.4(a,^~x)         A^  2.3.4  (53:* -IOj:^  4-1)  A^ 

(l+^»)*     *  1.2.3.4  (I  +  xy  1.2.3.4.5 

_  2.3.4.5y(6x*  — 20j:'  +  6)  h^ 

""  (1   +  a:*/  *  1  .2  .3.4.5.6 

2.3.4.5.6(7x^-35x^  +  21  x'—l)  A^  _^. 

(1  +  xy  '  1.2.3.4.5.6.7 

Euler  by  a  particular  artifice,  has  effected  the  de- 
velopement  of  tan~"*  {x  +  A),  in  a  very  remarkable  series, 
from  which  some  very  curious  and  beautiful  results  are 
deducible :  if  we  assume. 

M  =  tan  ~"  *  X  =*•     —  ;?,  we  have 

2 

X  =  tan  u  =  cot.  z, 

and 

du           1             /  •      \«             dz 
-—  = =  (sm  zf  ^ . 

ax        I  +  x'  ax 

By  difi^erentiating,  we  get 

d"*  ?/       d  z    .    ^-  ,  .      ,-    .    ^ 

-T-—  =  -7-  sm  2  z  =  —  (sm  z?  sm  2  z, 
dx^       dx  ^ 
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Also 


d^u     ^_:^  jsin^jcosz  sinSz  +  (sin  z)' cos  2  ;g  { 


1  .2.dx^  dx 


-J-  sin  z  sin  3  z  =  (sin  zY  sin  3  z, 
d  z 


=  —  (sin.  zy  sin  4  z, 


1.^.3-dx* 


=--  =  (sin  zf  sin  5  z,  and  so  on. 

1.2.3.4. dz* 

Consequently, 

A  A' 

tan"-*  (j:+A)=  tan  —  *x  +  sinz  sin  z  . (sin  2:)*  sin  2  z.  — 

A*        .  .  A*  A* 

+  (sin  zV  sin 3  z  .  —  (sin  zV  sin  4  z .  --  +  (sin.  £f  sin  ^z-— 

^        ^  3  4  -  5 

—  &c.  (1). 

If- in  this  series,  we  make  A  =  —  a:,  we  find 

tan-"*  X  = z  =  -  sin  z  sin  z  +  —  sin  2  z  (sin  zV 

2  1  2  ^         ^ 

+  -i-  sin  S  z  (sin  zV 
3 

+  —  sin  4  z  (sin  zV  +  &c.  (2). 


cos  z         .         . 
Since  x  =  cot  z=  -: — ,  this  series  gives  us 

sm  z 

-  =  z  +  sin.  z  cos  z  +  -  sin  2  z  (cos  zY 
2  2 

+  -  sin  3  z  (cos  zf  +  &c.  (3). 

3 
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If    in   series  (1),  we   make  h  =:  —  2  ar,  we  shall  get, 
since  tan  ~  *  ( —  x)  =  —  tan  —  *  j:, 

2  tan"-*  X  =:  —  sin  2:  sin  z  +  — --  sin  2  z  (sin  2)' 

.1  2 

+  ?!^  sin  3  z  (sin  z^  +  &c.  (4). 


By  substituting  cot  z  for  Xy  this  series  gives  us 

-  =s  jz  +  sin  2:  cos  jz  +  -  sin  2  jz;  (cos  zy  +  —  sin  S  2:  (cos  zy 

2'   . 
+  —  sm  4  jZ  (cos  zy  +  &c.  (5). 

4 


By  making  2  =  !^,  we  get 
«•       :1'       2    .    2       2*       2^       2'       2*       2*     .    2*       ^ 

By  subtracting  series  (3)  and  (5)  from  each  other,  we 
find 

0  =  ^ : — '  sin  z  cos  z  +  ^- sin  2  z  (cos  «)• 

1  2  ^ 

+  ^^ — ^— ^  sin  3  2  (cos  ^y  +  ^ — ^— ^  sin  4z  (cos  z)*  +  &c.  (6). 


If  m  senes  (1),  we  make  h  =  — ^ t~^=  — -: 

1  -  <r  sm  z  cos  2 ;? 

(2  .r  \ 
^1  =  2tan~*x, 

we  shall  get 

C  sin  r  cos  z    .    sin  2z  (cos  zY   .    sin  3z  (cos  zV 

fan  —  *  ;r  ^  —    •?  - +  1     4-  L. 

I  1 .  cos  2z        2 .  (cos  2zy  3  (cos  2  z)» 

.  sin  4  2  (cos  2)«  ^  g^^  I  ^7j 


4  (cos  2  z)* 
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In  the  same  manner  by  making  h  =  ^^ ^  a 

,  and  /.  tan""*(j?  +  A)  =  3tan""*jr, 


sm  2f(l  +2cos  2  2:) 
We  shall  get 

2  tan  —  *  ^ i   ^  ^^^  ^  ^^^  ^     +  ^*      sin  2  ;g  (cos  z)* 

""       1 1(1 +2  cos 22)       ?*(!    +2cos2;2;)^ 

^2;    sin  3  ^  (cos  zy       2^   sin  4^  (cos  zY       ^1  3^. 

3     (l+2cos2z)s       4     (1  +2cos2z)*  3  ^ 

If  we  make  A=  —  (  r  +-  )  = ; — ,    and  there- 

V       x/  cos  2:  sm  2: 

fore 

tan-*(z'  +  A)=tan-Y--')  =— tan-*  -= -^  +  tan-*x, 

\    X'^  X         2 


the  same  series  will  give  us, 

IT  _     sin  2  sin  22  sin  82:  sin  4  2;       ^     ,  v 

5  ""  1  •  cos  2:  "*■  2  (cos  zy       3  (cos  2)»       4  (cos  zy       ^'  ^  ''* 


% 


By  differentiating  this  series  and  striking  out  the  common 
factors,  we  shall  find 

0=  1  +  ^211+  ;£i££  +  i£il£  +&C.    (10). 

COS  z        (cos  zy         (cos  zf 

In  a  similar  manner^  by  differentiating  series  (3),  we  find 
0  =  1  +  cos  2 ;?  +  cos  2:  cos  3  z  +  (cos  zy  cos  4  z 

+  (cos  zf  COS  5  z  +  &c,  (11). 

If  in  series  (1),  we  make  A  =  —  >/(i  +x')  = : — , 

sm  z 

and  therefore. 

H 
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tan—  {x—v^d +«•)}  =  -  itan— i, 
(Ex.61.  Art.  31.) 

we  shall  get 

>  1  %  4  n  - 

?e---  +  -  sin  ^  +  -  sin  2  ;r  +  -  sin  3  «+  r  sin  4 ;»  +  Sec  (li). 
2     2     1  2  -3  4r  ^ 

Also>  since  (Note  D.*  p.  '630.) 

-  as  sin  jT  —  «  sin  2  z  +  s:  sin  3  ;r  —  &.C. 
2  2  3 

by  adding  this  series  to  the  former,  we  get 

-jw  8in«  +  -8in3z  +  -sin5;z:  +  8cc.        (lft)« 
4.,  3  5  4     . 

Euler.     Inst.  Calc  Drff.  JPars.  IL  Art.  57  . .  93, 

(6).  Let  M  =  (log  tan)^'x,  or  let  u  be  an  arcs  the 
logarithm  of  whose  tangent  is  x :  consequently,  j^slog  tan  u, 
and  therefore  by  the  general  series 

/I     \    \  — 1/     .   i\           .   sin  2u    k    ,   sin2ucos2tf    V 
.(log  tan)— (j:  +  A)  =  w  +  —^  .  ^  + ,— 

sin2Mcos4w     A*    ,sin2tt,       ^        •    ^     .    .    v       A*     . 
+ .■ — -+  (cos  6tt— sia2iism  4i«) 


2  1.2.3         2      ^  '1.3.3.4 

.  sin  2m,       -  ^'A      '^v        A* 

+ (cos  8  m  -  2  sm  2  M  sm  6  m) 


2  1.2.3.4.5 

filTl   2  M  •  • 

{  COS  IOm-7  sin 2m  sin  %u  —  2(8in2tt)*  cos  6m  \  • 


2 

A*  .    sin  2  M 


1  .2.3.4  .^  .^ 


I  cos  12m  ~  18  sin  2m  cos  10m 


VI 

-  20  (sm  2  m)*  cos  8  m  I |-  &c» 
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Euler.    Inst.  Calc.  Diff.  Pars.  II.  Art.  100. 
(7).    Let  w  =  €*  sin  wx :  by  formula  (3),  p.  30,  we  get 

+  (l«6n'+n*) ^^ :7(l-10w»+5n*) — ^^^ — +  &c.| 

^  .   ^1.2.3.4^  ^1.2.3.4.5  J 

C  J?*  jt' 

— '  €*  COS  nj:  <nx  — 2w  — —  +  n  (3  —  «*) = — 

(.  1.2  ^  '  \.2.Z 

-n(4  —  4w') ---^^ +w(5-10n"+n*) — ^ &c.| 

M.2.3.4       ^  1.2.3.4.5  3 

consequently, 

« a?  —  2 « h  w{3  —  w**) &c, 

1,2         ^  1  .  2.3 

tan  9t  JT  s=  •  ~A  Ja 

Euler.    id.  Art.  101,  102. 


0/1  Series  for  the  Calculation  of  Logarithms. 

The.  series  of  Mercator  in  Art.  28,  for  a  logaritlim  in 
terms  of  die  number  corresponding  to  it,  or 

,,.    , '  .  w*       w*       M*       w*       o 

(1).  log  (1  +w)  =ti~  -.  +  ~  -  ^  +  --  «  &c. 

is  of  no  practical  use  in  the  calculation  of  logarithms,  since 
it  evidently  becomes  divergent,  when  u  exceeds  unity.  This 
defect,  however,  is  partially  removed  in  the  series  given  in 
Art.  29,  or 
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which  was  deduced  from  the  former  by  the  celebrated 
James  Gregory*;  since  in  this  case,  if  we  assume  . equal 

to  a  whole  number,  u  is  always  a  proper  fraction,  and  the 
series  is  convergent,  though  not  with  sufficient  rapidity  for 
the  purposes  of  calculation,  when  the  number  whose 
logarithm  is  required,  becomes  considerable.  We  must 
therefore  direct  our  principal  attention  t6  such  transforma- 
tions of  this  series,  as  enable  us  to  calculate  the  logarithms  of 
numbers,  by  means  of  the  logarithms  of  other  numbers  which 

precede  them.     Thus,  if  we  assume,   -IL —  =  —  ,  and  there- 

1  —  M       n 

fore,  u  =  — ■ — ,  we  get 
m+n 

(3).  Iog!?=  2  {^+1  (^)V-l  C^y  +  &c.} 
71  tm+fi     3  Vw+w/       5  \fn+n/  y 

or, 

iog^=iogn+o  5^z!?+V2?ii?y+i  (2^y+8cc.} 

t  m  +  n     3\;w+w/       5  \m+n^  3 

If  f»  a=  /I  +  1,  we  find, 

(4).    log  (n  +  1)  =  log  w  +  f  — • +  i  . ! . 

^  ^^  ^  ^  Isw  +  1        3   (271+  1)' 

^5    (2W+  1)*^         3 

a  series  which  enables  us  to  calculate  the  logarithms  of 
numbers  by  means  of  those  which  immediately  precede 
them. 

.  In  investigating  transformations  of  the  series  (3),  it  is 
most  convenient  to  assume  tn  and  n  such  functions  of  any 
whole  number  (x),  as  are  resolvable  into  simple  factors,  and 
whose  di£Ference  f»  -  w  is  either  unity  or  some  constant 
number. 


*  Exercitationes  Geometrica,  1670. 
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Thus,  let  —  =  -J :  an  hypothesis  which  gives 

ft  X  "~"  1 

(5).    log.(r  +  1)  =  Slog.  X  -  log.  (j7  -  1)  -  2  \^^^—1 

so  great  is  the  convergency  of  this  series,  that  if  we  assume 
X  z=  100,  the  two  first  terms  will  give  a  result  which  is 
accurate  to  fourteen  places  of  decimals. 

Let  ^  =  ^'  +P^  +  q^{T-a){x-b){x+a+b)     ^^^^f^^^ 
n       x'+jfx—q     {x-\-d)(x+bXx—a—i) 

(6).log(x+a+A)=  {  Iog.(x4.a)+log(x+*)+log(x-a-3)  } 

-  J  log  (.-.)+ log  (X-*)}  +2^^+-;(^y 

+ -  C— 2— y  +  &c. } 

5  \x^  +  p  x/  y 

U  a  zz  h  =  }f  this  formula  gives  us 
(7).  log  (a:+2)=  {  2  log  (a:  +  l)+log (j:— 2)  ]  -2  log  (x—l) 

C.x3-3x^  3  \a:3-3x/         5     \i:'-3^/  3 

■f 

The  following  formulae  may   be  deduced  in  a   similar 
manner. 

(8).     log(x+5)  =   {  log(x  +4)  +  log(x  +  3)  +  log(x  -  S) 

+  log  (x  -  4)  } 

-    {2.1ogx  +  log(x-5)}    +2{^_  J'. 


+  72 


3  V:r^  -.25:r»  +  72>'  3 
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y 

11  X  =  100^  the  first  term  of  this  series  is  accurate  to 
15  places  of  decimals. 

(9).    Log  (a?+e)  =  {  2  log  (j  +  5)  +  2  log  a: }  - 
[log(x-i)  +  Iog(j:  +  2)+log(a7  +  S) }  - 

;   C.:r*+10a^  +  25:c*-18"*'3\i*+10a^+25x'-l8/    +^-5 

(10).   Log  (x  + 10)  s=  I  log  (a:+9)+ldg (a:+7)+log  (a:- 10) 
log  (x— 4)  +  log  (a; - 2)  }  -  { log  (a:  +4)  +  log  {x  +  2)  + 

log(x^7)  +  log(x-9)1  +.  {^,_^J^%^^^  + 

1  /  5040  \'  +  foc  ^ 

3  Vip«— 125j^  +  S004jr/  3 

(11).    Log(a-  +  8)  =  {2log(J:  +  7)  +  2loga:  + 
2log(a:-7)}  -  {log(ir-3)  +  log(T  +  3)  +  log(a:-5)+^ 

'log(x  +  5)4.1og(.-8)}  -8  {,,_g,^;|,^,,..yaoo  + 

1  / 7200____\'  .  g^c  i 

3  V^*— 98  x*  + 2401  a:" -7200/   "*"         3 

If  x  =  100^  the  first  term  of  this  series  has  no  significant 
figure  among   the    first  8   places  of  decimals. 

It  is  unnecessary  to  explain  the  uses  of  many  of  the  pre- 
ceding formulae^  in  abridging  the  laborious  task  of  calculating 
tables  of  logarithms.  This  object  however,  is  now  become  one 
of  speculative  rather  than  of  practical  importance^  as  tables 
were  calculated  of  sufiicient  extent  and  accuracy  for  most  of 
the  purposes  for  which  they  are  required,  at  a  period  when 
none  of  the  expedients  furnished  by  analysis^  were  known. 
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The  series,  which  have  been  enumerated,  are  adapted  for 
the  calculation  of  Napierian  logarithms  only,  and  it  is  of 
great  importance  tadeteiunine  the  constant  quantity  by  which 
they  must  be  multiplied  in  order  to  give  the  logarithms  in 
ordinary  use.    It  appears  from  Art.  £4,  that  if  a  be  the  base 

of  the  system  of  logarithms^  this  constant  multiplier  is  ^ » 
where 

2  3  4 

=  log  a  to  base  c. 

This  series,  however,  is  not  convergent,  though  a  very  simple 
transformation  will  make  it  so :  since 

log  \/a  =  -  log  a,  and  therefore  log  a  '=  m  log  y/^« 
we  have  log  a  ss 

=  « 5(;/,-i)-r>/>>-^)'4.(v^-^)'-("v^^-iy+&c.) 

C  2  3  4  3 

"nhx  it  is  evident  that  this  series,  by  increasing  the  value  of 
lo,  may  be  made  to  converge  with  any  required  degree  of 
rapdity. 

Thus,  if  a  =  10,  and  m  zi  2**,  we  have 

;;/lO  =:  1  .  00000,00900,00002,045 10,6389 1,205 19,4 : 

and  since,  in  this  case,  the  second  term  of  the  series  for  k^ 
has  no  significant  figure  among  the  first  28  places  of  de- 
etmalst  we  may  assume 


log  lOrtft  =  -i. f  10*^-  1  \ . 


Bat        4;  =  •  00000,00000^00000,88817,84197,00124,2 
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and  therefore 


1  _  .0,88817,84197,00124,2 
k       .  2,04510,63891,205 19,4 

=  .4340p44i3 1903^5 18. 


On  Series  for  the  Rectification  of  the  Circle. 

Art.  37.    The  series  for  the  arc  (y),  in  terms  of  the 
sine  {x)y  or 

x^        ,  3* .  it*  .  3* .  5* .  x^ 


1.2.3        1.2.3.4.5        1.2.3.4,3.6.7 


X  1 


+  — h  &c,, 

as  well  as  the  series  for  the  sine  and  cosine  in  terms  of  the 
arc  itself,  were  first  given  by  Newton,  in  a  paper  entitled 
^^  Analysis  per  jSquationes  numero  terminorum  infinitas**  This 
paper  was  communicated,  by  Collins,  the  Secretary  of  the 
Royal  Society,  in  the  year  1669,  to  James  Gregory,  who  in 
1671  discovered  the  series  for  the  arc  (^)  in  terms  of  the 
tangent (w)*,  or 

U^         yi         U'     .    o 

y   SSU    —-    +'^ ~  +  &C. 

•^  3        5       7 

The  first  series  is  convergent  for  all  the  values,  which  x 
admits  of,  and  very  rapidly  so,  when  x  =  -  ,  and  therefore 

yzz^O"" :  it  was  thus  that  Newton  calculated  the  circumference 


*  Commaxium  Epistolicum, 
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of  a  circle,  whose  diameter  is  unity,  to  16  places  of  decif- 
mals*  :  the  coefficients  of  this  series,  however,  are  not  of  a 
form  the  most  convenient  for  calculation,  and  other  series 
enable  us  to  approximate  to  this  value  with  niuch  greater 
rapidity. 

The  law  of  Gregory's  series  is  remarkable  for  its  sim- 
plicity, though  amongst  the  values  y  and  u^  which  have  a 
known  relation  to  each  other^  there  is  only  one  which  makes 
the  series  sufficiently  convergent  to  be  of  much  practical  use 
in  the  rectification  of  the  circle.  For  it  would  require  the 
calculation  of  5000000000  terms  of  this  series,  when  u  a  1, 
to  find  the  length  of  the  arc  of  45"  which  corresponds  to  it, 
to  20  places  of  decimals ;  an  operation  which  could  not 
be  completed  by  an  ordinary  calculator  in  less  than  1000 
■  years  f.     By  supposing,  however,  y:s30%  and  therefore  «  = 

-—J —  ,  we  find 

2       ^      t         3.3       5.3*       7.3»  3 

a  series  which  converges  with  a  rapidity  so  considerable,  that 
the  aggregation  of  18  terms  will  give  a  result  which  is  accu- 
rate to  10  places  of  decimals. 

It  was  by  help  of  this  series  that  the  laborious  Abraham 
Sharp  calculated  the  value  of  w  to  74  places  of  decimals, 
a  labour  of  appalling  extent,  and  requiring  the  aggregation  of 
150  terms  of  the  series  and  the  extraction  of  v^3  to  76  de- 
cimal places.  To  extend  tnis  approximation  to  100  places  of 
decimals,  would  require  the  calculation  of  210  terms  of  the 
series,  a  work  merely  within  the  linMts  of  human  industry. 
This  however  was  effected  by  Machin,  most  probably  by 
means  of  the  expedient  which  is  explained  by  our  author. 
In  order  to  effect  this  prodigious  approximation,  it  would  be 
necessary  to  calculate  140  terms  of  the  first  of  the  two  series 

*  Epistola  posterior  Nexvtoni  ad  Oldenburgh,  1676. 
.         t  /* 
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for  -  and  about  46  of  the  second  :  an  operation  by  no  me^ns 

ao  difficult  as  that  undertaken  and  executed  by  SbsLvp,  sbace 
the  powers  of  -  are  finite  decimals,  and  no  square  root  is 

involved- 

The  only  notice  of  the  discovery  (^  Machines  fdrmtila  is 
contained  in  Jones's  Syncfpsis  Palniari&r$$m  JUstiueos,  a  hook 
little  known,  which  was  published  in  1706.  It  was  after* 
wards  noticed  and  fully  explained  in  an  appendix  to  a  ^*  jDm'* 
jfrtatkn  on  the  Use  of  the  Negative  Sign  in  AlgArai*  by  BaroB 
Maseres. 

Suler,  who  left  no  part  of  Analysis  un^^lored,  in  a 
Paper  in  the  Petersburgh  Acts  for  174j4,  on  the  diflFerent 
modes  of  approximating  to  die  length  of  the  circumference 
of  a  circle*  not  only  gave  Machin's  formula,  but  also  ex* 
plained  a  mode  of  finding  an  infinite  number  of  similar 
formulae.     Thijis  assuming 


1  X  of 

tan  (a  +  i)  r:^  -  ,  tan  df  =  - ,  tan  i  ?s  ^ , 


we  have 


1  X  x' 

tan"^*  -  =  tan—'-  +  twi  — *  -.; 

^  y  y 


and  ^inoe  tan  a  z^^  tan  (^  +  6  —  6)9  we  get, 

1  3lf 

^  1      +    -4 

ey 

an  indeterminate  equation,  admitting  of  an  infinite  number 
of  solutions. 

Thus,  if  f  =  1,  -  =  -  ,  and  therefore  --  =  -  ,  we  find 

y     2'  ](     3' 

tan  —  *  I  =  ^  r=  tan—*-  +  tan  — '  -  . 
4  2  ^  3 


K 
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_  )2       3 .  2»       5  .  2*       7.2' 

"^^i.JL.  +  -i L.  +  &C. 

3       3 . 3'       5 .  3*       7.3' 

By  the  aggregation  of  318  terms  of  the  first  series  and 

200  of  the  second,  the  value  of  -  might  be  determined  to 

200  places  of  decimals. 

By  a  continuation  of  this  process,  we  shall  be  enabled  to 
deduce  the  following  general  formula, 

tan-»  -  =  tan-»  iIZZ+  tan—  -^J— ^  +  tan"'  -^^q^ 
+  tan-'  ■^'~^«  +  ....  +tan-'  ''-''-*    +tan-'  .  i  . 


By  making  -  =  1,    we  may   readily  verify  the  following 
equations ; 

(1.)    I  =  tan—  2  +  tan-'  1  +  tan""  i  +  tan—  5  . 
4  3  5  7  o 

(2).   .7  =  2  tan-»  I  +  tan-*  I . 
•  4  3  7 

(3).     7  =:3tan-»i +2tan-*  — • 

(4).     7=2  tan~>  1+2  tan~*  ^  +  tan-'  I . 
4  5  87 

(5).    ^  =  5tan-»i  -  tan-' -L+tan-*  JL. 
^4  »         5  70^  99 

(6).     7  =  tan-*  I  +  tan-»  2  +  tan-*  -L  +  tan-»  — 
^4  2  8  18^  32 

+  tan  —  '  —  +  tan  —  *  --+  &c.  in  infinitum^ 
50  72  -^  * 
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f 

where  the  denominators  of  the  tangents  are  the  doubles  of 
the  squares  of  th^  natural  numbers. 

(7).     I  =  tan-  i  +  tan-  |  +  tan-  ^  +  tan-  ± 

+  tan—*  7—  +  tan""*  - —  +  8ce  in  infinitum ; 
63  127  "^ 

the  general  form  of  the  denominators  of  the  tangents  being 
£»-  1. 


(8).    "[  «  tan-'  i  —  2  tan-'  -1  +  2  tan-'  ^^ 
^4  2  14  2786 


-tan-'  ^ 


10812186007 


(9).    7  =  8  tan-' tan-' 8  tan-'  — i« 

4.  10  239  iOSO 

+  8tan-'--^-- 4  tan-'  ^ 


533530  75893 1 1 1 509788795 ' 


(10).    Tan-'^=tan-'.  \         + 

a  flf  (a  +  ^)  + 1 


tan-'  .  -:^: — ..  /    ^.. +  tan-'  .  - 


(a  +  ^)(tf  +  2*)+l  («  +  2^)(fli  +  36)+l 

+  tan—'  . -r-TT-, TTT +  &c.  in  infinitum*. 

(/i  +  3^)(fl  +  4*)  +  l  '' 


*  Euler,  "  De  pj'ogressionibus  arcuum  circularium  quorum 
tangentes  secundum  certain  legem  procedurU,'*  Novi  CoRimentarii 
Petropol,  Tom.  IX.   1764. 
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If  W€  ftssmne  a  and  b  in  such  a  manner,  that  b  may  be  a 
divisor  of  a*  4-  It  this  formula  will  furnish  the  sums  of  serie^ 
of  inrerse  tangents  whose  numerators  are  severally  equal  to 
Unity.  These  equations  and  series  may  be  multiplied  to  any 
tfxtentj  though  such  of  them  alone  are  useful  in  approximatii^ 
tf>  the  circumferetice  of  a  circle,  as  are  restricted  to  a  few 
terms  and  consist  of  tangents  whose  numerators  are  equal 
td  unity. 

The  general  formula  which  we  have  given  from  Euler 
is  not  the  best  adapted  to  the  discovery  of  the  formulae 
which  possess  these  properties ;  investigation^  of  this  kind 
more  properly  belong  to  the  solution  of  the  following 
problem.    Supposing 

a  tan""'  r-.  +  ^^tan—*—  +  «,  tan""'  — ^  fiif;.::;;0, 

to  find  the  coefficients  a,  a^,  a^y  a^  iScc.y  when  the  deBom& 
nators  x,  Vxj  x^  &c.  are  whole  numbers  :  a  button  61  tbi* 
problem^  and  a  more  elaborate  discussion  of  the  properties  of 
series  of  inverse  tangents  will  be  found  in  the  th^d  and  laot 
part  of  this  Work,      , 

Before  the  discovery  of  these  series^  an  approximation 
was  made  to  the  value  of  tt,  by  calculating  the  lengths  of  the 
circumferences  of  an  inscribed  and  circumscribed  regular 
polygon,  of  the  same  number  of  sideSi  one  being  less  and  the 
other  greater  than  the  circumference  of  the  circle.  Thus 
Afdiimedes  by  means  of  polygons  of  96  sides,  the  circum- 
ference of  the  inscribed  polygon  being 

and  of  the  circumscribed 

^  \  2  +v'(2  +  V(2  +  V<2  +  v'S)  { 
found  ir  =  — .,  a  result  whi(Ji  is  too  great  by  nearly  — -* 
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^  >  « 

of  the  diameter.    Peter  Metius  by  a  similar  process  obtained 

$55 

«-—  for  an  approximate  value  of  w,  a  remarkable  result  and 

which  is  accurate  to  5  places  of  decimals.  Vieta  extended 
this ,  approximation^  by  the  same  method,  to  10  places  of 
decimals^  which  number  was  increased  to  35,  by  Ludolph 
tan  Ceulen ;  a  labour  of  vast  extent,  when  the  means  are 
considered,  and  of  which  he  was  so  proud,  that  he  directedy 
after  the  example  of  Archimedes,  that  the  numbers  should 
be  engraved  upon  his  tomb.  De  Lagny  by  an  unknown 
process,  but  most  probably  by  means  of  Machines  formula, 
ibund  the  value  of  tt  to  127  places  of  decimals,  and  some 
notion  of  the  prodigious  accuracy  of  this  determination  may 
be  formed  from  the  following  hypothesis.  If  the  diameter  of 
the  Universe  be  100000000000  times  the  distance  of  the  Sun 
from  the  Eartfi,  and  if  a  distance  which  is  100000000000 
times  this  diameter  be  divided  into  parts,  each  of  which  is 
the  lOOOOOOOOOOO*  jpart  of  an  inch ;  if  a  circle  be  described 
whose  diameter  is  100000000000  times  that  distance  re- 
peated 100000000000  times  as  often  as  each  of  those  parts 
of  an  inch  is  contained  in  it :  then  the  error  in  the  circum- 
ference of  this  circle  as  calculated  from  diis  approximation,  will 
be  less  than  the  100000000000***  part  of  the  100000000000* 
part  of  an  inch. 


On  the  Differentiation  of  Eqtuitions  of  two  Vari- 
ables,  and  the  Elimination  of  their  Constats. 

Art.  38 — 44.    (1).  Let  the  primitive  equation  be        v/ 

The  differential  equation  of  the  first  order,  arising  from 
the  elimination  of  a,  is  . 

ax  >   '  /   -    *  ' 


y 
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» 

The  difFerential  equation  of  the  first  order,  which  arises 
from  the  elimination  of  ^,  is 

dv 

Lagrange.    Calcul  des  Fonctions.  Lee.  12. 

(2),    Let  the  primitive  equation  be 

j^  +  ^a?  +  rv/(l+tf')  =0. 
The  elimination  of  a^  gives  us 

u 

:(S).    Let  the  primitive  equation  be 

x'— 2fly-fl«-.i=o/  (a). 

The  elimination  of  a,  gives  us 


and  that  of  by 

dy      ^ 
«•  —  «  -7^  as  0. 

ax 


w. 


Agun,  by  eliminating  b  from  (fi)^  or  a  from  (7),  we  get 


the  differential  equation  of  the  second  order, 


dx*       dx 


/  / ; 


(8>.        "^ 


U. 


(4).    Let  the  primitive  equation  be 
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By  the  elimination  of  a,  we  get 

.        (xy  •-  b x^)p  +  bxy  --  ^  =0  (JS). 

where  /'  =  ^- 

ax 

The  elintunation  of  b,  gives  us 

^xy  +  aij"  —  (j:'  4- «  xy)  p  =  0.  (7). 

^gain,  by  eliminating  b  from  (/^),  or  ^i  from  (7),  we  get 

or,  (a:jt?--y)'  =  0.  (S). 

The  primitive  equation  being  homogeneous,  the  values  of   (^^ 
y  are  /»  x  and  /»'  j7,  where  m  and  iti^  are  constant  quantities  :  it 

is  >  obvious  therefore  that  -j^  =  0,  and  that  conseqttdntly 

the  original  equation  (a)  admits  not  of  a  derivative  equation 
of  the  second  order. 

(5),    Let  the  primitli^e  equation  be 

flx'^^  +  ^xy  +  x'+y  =sO. 

By  eliminating  a,  we  get 
{bx^y^  +  2xy^  -X*)p  -  bxf  +  x'y  -gy^O.      (/3)- 

Also,  by  eliminating  6,  we  get 

{xy^—ay  x'— 2  x*)/?+/i  x'y  +  2y  j:^  — y*r=0.         (7). 

If  we  eliminate  b  from  (/3),  or  «  from  (7),  we  shall  find 
after  proper  reductions 

(pcp-y)  \  (^  +f)  {^p-yT  +  Syx^p  ix^y)  \  =0.      (S). 

This  equation  is  verified  by  making  xp-^yszO,  in  the 

same  manner  as  in  the  preceding  example. 

1-  ' 
./  ■"  •  • 

i.    ■  i 
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(6).    Let  the  primitiye  equation  be 


*— If 


(a:— 5f)6       =tf  (Art.  25S). 

The    differentiation   of    this  equation   leads  us  to  the 
homogeneous  equation, 

{x^2y)  dx+y  dy=zO. 
(7).    Let  the  primitive  equation  be 

y 

(^  +y)  (^  +  log  x):=x  e  ' .  (Note  N). 

By  eliminating  c^  we  get 

if 

2ydy'-y^dx^(X'\-yf  c""*  dx, 

(8).    Let  the  primitiye  equation  be 

^cy+c'-oif' =0.  (Art.  255). 

The  elimination  of  r,  gives  us 

xdy^ydx  =s  </xy/(r*+y). 

(9)*    Let  the  primitive  equation  be 

y  =  j:€'<  (NoteJl/). 

By  a  similar  process  we  get 

xdy  --ydx  =^  (log  x  -  logy)  dx. 

(10).     Let  the  primitive  equation  be 

y  -  tfe-''  -  ii  =  0.  (Art.  257). 

The  elimination  of  r,  gives  us 

dy  ^Sx^ydx  :^Sas!^dx.  (J3). 
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Again,  by  eliminating  a  from  (/?),  we  get 

a:  d*^  +  (3 x'  —  2)  dy  dx  =  0,  (7). 

(11).     Let  the  primitive  equation  be 

{y  -  cf  -  d'x"  ^  P.  (Art.  268); 

By  eliminating  c,  we  get 

dy  -  ^j'dx*  =  0. 

(12).    Let  the  primitiYe  equation  be 

(X  -  r)'  +  (y  -  ^7  -  fl«  =  0. 
By  eliminating  r,  we  get 

(1  +/^')(y-rO'-«"  =  o.  (^). 

Again,  by  eliminating  ^'  from  (/S),  we  find 
where  q  =  -~ . 


Ow  f  Ae  ITie  o/*  Differentiation  in  eliminating  Jrra- 
tional  and  Transcendental  Functions  from  Equd- 
tio7iSy  and  also  in  the  Developement  of  Functions. 


m 


Art.  45.    (1).    Let  w  =  (/i*  +  ^'*)  » ;  by  differentiating 
this  equation,  we  get 

J           2 w  uxdx 
du  = : 

n  \  fli'  +  a*  } 
an  expression  which  is  free  from  radical  quantities. 

0> 
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(2).    Let  u  =  log  t>— log  v' +^' :  in  this  case, 

,         dv      dv'       ,  „ 
du  zz -■  +  dv  I 

V  V 

an  equation  in  which  no  transcendental  quantity  appears. 


(3).    Let  u  ss  -^~    _-^ :   this  gives  us 

and  therefore 

du 


dx  = 


1  —u^ 
Euler,  Inst.  Calc.  Biff,  Pars.  L  Art.  294. 

(4).     Let  w  =  log  < \  \    therefore. 


du       €'  —  €  — 


t . 


'Sic  €*    +    6~' 


€" 


=  T — !— _— ,  and  2  ap  =  log  <  ,     '^   ,    \ 
du-dx  ^  Idu  -  dxy 


from  which  we  get,  since  dxis  constant, 

dx^  =  d'li  +  dtt* 
JS/ 


(5).    LetMzzflsin"*- 

a 


7  acli' 


n/J^'-o^M 
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(6).    Let  tt  =  tan  —  *  JF 

U  ss 


1+-K*' 


(7).    Let  u  =s  cos  -^ :  we  hence  get 

X 

x*du  =  (udx  —  xdu)s/  I  1  —  a*  J  . 

Id 

(8).     Let  w  =  i»  8in  x  +  n  cos  x : 

after  two  differentiations,  we  get 

d^u  +  udx^  =  0. 
Id 

(9).     Let  M  =  €*'  cos  V : 

by  eliminating  €",  we  get 

da  =    {\+cQtv\dvi 

and  by  diffbrentiating   again   and   eliminating   the   circular 
functions,  we  find 

Qdv*  (udv  —  du)  +  d^v  {dv  — -  dw)  =  0. 

(10).    Let  u  =  — ;r>  where  n  and  w,  are  any  numbers 
whatever,  rational  or  irrational. 

By  the  same  process  as  above,  we  find 

ax  \        dx  dx^ 

This  equation  (,^),  is  useful  in  the  developement  of  some 
rather  complicated  functions. 
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Tbus^  suppose 

Assume 

w  =  -Ao  +  -4t  *  +  A^x^  +  -^3  j:»  +  &c. 

It  is  obvious  that  A^  ^  -^;   and  by    performing  the 

a  1 

operations  indicated  in  the  differential  equation  (/}),  we  shall 

get  the  following  equations  for  the  determination  of  il^  A^ 

A^^  &c. 

; a^  tto -4,  +  (n,  +  l)«o«i ^  4i  +  2  w,  «o ««      *}  A 


+ (w.  +  2)  flo  «i  I  -4a  +  (2  w.  + 1  K«a      Wi  +  3  n,  fl^  a,       ^  A^ 


&C. 

Euler,  /«//.  Cj/c.  DiJ^.  Pars.  II.  Cap.  viii.  Art.  fiOY. 


(11).     Let  M  =  €  •       »        «         3  =€». 

in  this  case^  we  have 

du         dv 

/ 

Assume  u  =  ^.+^,ar  +  ^,j:*  +  ^,ar*+8Lc.: 
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It  is  obvious,  that  ^^sze^'y  also  by  performing  the  operations 
indicated  in  equation  (/3),  we^nd 

(12).    Let  «  5=  I  t?+y/(v*-T-l>)  I*:  this  givesiw 
dw  ^      ndv 

By  difi^rentiating  this  equation  (yS),  we  shall  obtain  another 
equation,  in  which  u  and  its  differential  coefficients  do  not 
exceed  the  first  degree  :  or, 

dv  dv       dv* 

Assume 

«i  s=  tfo  +  ^i^?  +  tfaV"  +  ^jV*  +  &C.  (8). 

By  making  tJ=0,  in  u,  we  get  ^io=  {  \/("-l)  1  %  and  by 
making  v=rO,  in  -7- ,  we  also  get    - 


n —  1 


If  we  perform  the  operations  indicated  in  equation  (7)3 
we  shall  get 


n'a. 


«a  =  - 


w»  (n*  —  4)  a. 


^«?     .    o    ;■   °> 


2.3.4 


and 
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*  2.3.4.5.6 

•  2.3.4.5.5.7.8        *       • 


a,  = 


2  .3 


41  ^(^*-l)(n*-9)g> 
*  2.3.4.5 


'  2.3.4.5.6.7 


(13).  Let  M  =s  { t?-^(i;'—  I)  }  * :  by  the  same  process 
as  in  the  preceding  example,  we  shall  obtain  a  differential 
equation  of  the  second  order,  which  is  identical  with  (7). 

Assume  u  ^  a^-^- «/  v  +  a^  v^  +  ^3*  v^  +  a^^v^+Scc. 

In  the  same  manner  as  before,  we  shall  get 

aj-  \  -v^(-.i)}%    and      (/,' =  n  {  -v(-l)r-» 


«.  = 


^v- 


2 


•  £^. 


t.-(^"-l)     ,,. 


fl,    = 


2  .3 


.  a. 


2.3.4 
&c. 


«s   = 


>_(yi'^l)(n^-^9)      , 
2.3.4.5     •    '  ' 

&c. 


The  two  last  examples  enable  ua  to  investigate  the  series 
for  cos  na:  in  t^rms  of  cos  x.  Thus,  suppose  vscos  x,  we 
Iiave,  by  Demoivre's  formula 

cos  wxsi  «+>/(«•- 1)}"+  }  V— V(«"— 1)  I  » 
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'^C  2  2.3.4 

^•— 4)(n*-16)    «      7        ,  ,,   C         (n».-l)    , 


(n«-l)(n»-9)^  -,   &c.| 
2.8.4.5  3 

Now  «r.  +  «;=  }v^( -.!)}«+  j -^(-l)p  = 

{v/(-0}»{l+(-l)M»     and 

«.+a/=«{  v(-i)l  — { i+(-iy— '}. 

If  n  be  an  odd  number,  a^  +  n^"  =0. 

If  n  be  an  even  number,  of  the  form  4m,         a^^a^^9,. 
If  n  be  an  even  number,  of  the  form  4  m  +  2,  «o  +  «o'  =  -"2. 
If  n  be  an  odd  number,  of  the  form  4  #n  +  1,  a^  +  a^*  s2  if. 
If  n  be  an  odd  number,  of  the  form  4  m  +  3,  a^'\-a^zsz'-2n. 
If  n  be  an  even  number,  a^  +  a^ =o. 

There  are,  consequently,  six  different  series  for  cos  nx 
in  terms  of  cos  ^,  corresponding  to  different  values  of  n :  it 
is  possible,  however,  to  include  them  all  under  one  general 
formula:  thus,  since 

{  cos  j:±  >/(— Osinx  }  *  =  cos  nx±  >/(-rl)  sin  nx, 

by  making  x  as  -  ,  we  get  cos  x=sO,  sin  x=z  l, 

and  therefore 

{  ±v/(-l)l"=co8^±  V(-l)8in^. 

«  2 

In  the  same  manner, 

\  ±v/(-  I)  }  "-=C08  (~i)-±  v/(-.l)  8in  (~^)t. 
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r 

consequentljTy 

a^-¥a^  =  2  cos — ^,  and  ^,+a/  zz2n  cos  (— —  I  '»■: 

and  generallyj 

€08  na::isC05  —  <  1  —  •« +  — ^ ■  tJ*-otc.  > 

^    C  2  e  .  3  i4  3 

V    2    /       1  2.3 

^ . S .4 . 5  3 

By  differentiating  this  result,  we  get 

nnnxszn  cos  — —  sin  x  <  cos  x  —  ^ ^  (cos  xr 

2  (.  2.3^ 

(«'-4)(«'-16)  g^^l 

^ .3 .4 .5      ^         ^  3 

+  COS  ^-  ■"  *  ■'     sm  «•  -J  1  —  ^ — r— ^  (fcos  r)*  -f- 
Q,  C  2       ^ 

^ ^-^^ ^  (cos  x)*  —  -i: ^ '  ^^^  ^ i  (cos  OP r 

2.3.4         ^  2.3.4.5.6  ^ 

+  &c.| 

These  formulae  r^adil]^  lurnish  us  with  expressions  for  sin  nx 
and  cos  n  x,  in  terms  of  ascending  powers  of  sin  x :   Thus 

cos  — I  )  *  ^  ";r  (sm  x)'  + 

--r^ ^  (Sm  iTJ*  -»-  &C.  > 

2.3.4    ^  3 


82 

+  „  (cos  !^  .  tt)'  sin  a:  J  1  -  ^-^^  (sin  x)*  + 

2.3.4        ^         '  > 

and 

sm  n  a:=n  f  cos  —  J   cos  x  <  sin  x (sm  oay 

2.3.4.5       ^        ^  3 

cos  ^^ ^— 1  sm  X  <  1  -  ^ '  (sm  j)"  + 

^^ '-^ ^  (sm  xf  —  &c.  J- 

2.3.45         ^        '  S 

The  same  differential  equation  (7%  may  be  applied  to  the 
developement  of  { 1;  +  V(v'  -  1)  }  *,  in  a  series  of  descending 
powers  of  v  :  thus  assuming 

and  performing  the  requisite  operations)  we  shall  find 

_n(n-3)tf^ 
''-"*"•    2M.2 

., ^<n~4)(n-5)fln  «  ^   «^^ 

2*  .  I  .  2  .  3 


the  coefficients  a„»i9  ^n— 39  ^i»— 5>  &c.  being  severally  equal 
to  nothing : 

It  yet  remains  to  determine  a^ :  since 
{  v  +  >/(v"-l)  }*=a,t;"+«,^«v»-*+fl«-4V"-"*+&c., 
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we  have,  by  dividing  hj  v^, 

{l  +v/(l  -  i) }"=a.+«.-.^  +  fl..4^  +  &c.: 

making  -  =:  0,  we  get 

and  the  series  becomes 

{  V  +  ^(v^  -  1)  }  *  =  (2  v)*-«  (2t?)»-'  + 

1.2     ^      ^  1.2.3         ^ 

Again^  since 

we  have 

=:(2t?j-"  +  w(2t?)-  — '+^^-^^^^^(2v)-«-* 

1  •  2  •  S 
consequently,  if  i; sees  j:,  we  have 

2co8na:=5(2v)*— n(2v)*-"*  +  — ^ ■'^(2v)*— ♦— See. 

1  •  2       — 

+  |(2v)-"''  +  «(2i;)-»-'  +  !?ill±i2(2t?)— *+  &c.  J 


If  n  be  a  whole  number,  all  the  terms  of  the  first  of  these 

(n        \^^ 
-  +  1  1    and  the 
•«<         "^ 

(n+ 1)%  when  w  is  an  even  number,  and  between  (— -*) 


and  the  («+!)%  when  n  is  an  odd  numt^:  Ae.  r«»a»r 
ing  terms  ^re  severally  equal  to  the.  terms  of  the  second 
sei^iesj  hut  with  contrftry  signs,  and  nxu^t  therefore  muti^lly 
destroy  each  other.  The  series  for  cos  nx  will  in  this  case 
consist  of  the  positive  powers  of  v  only. 

By  differentiating  the  series  for  cos  nXf  we  get 
sin  »a:=sin  x<  (2»)"— •— («— 2)(^¥)»— »  ^ 

(w-8).(n-4)  ^2  v).-5  _  (n-4)(«-5)(»-6)  ^^  ^^,_, 


] 


+  &c 


This  series  is  s^so  finite  and  restricted  to.  the  positive 
powers  of  v^  when  n  is  a  Mfhole  number. 

The  two  last  series  express  cos  n  x  and  sin  nx\n  terms 
of  descending  powers  of  cos  « :  the  corfesponding  series  in 
terms  of  the  descending  powers  of  sin  j:  are 

1        w  ""  C 
cos  nx  zz  ^  cos  —  <  (2  sin  ar)*  —  w  (2  sin  a?)*"~" 

+  !ii!Ll!^  (2  sin  x)*-*~&c.| 

+  sin  ^  C95  X  \{i  rin,  j:)"— *-(«-2)  (2  sin  o:)*"^* 

+  ^ /  \.  „ .  ;-<2  sm  x)»-*  -  &c.  J- 

1.2^  > 

and 

sin  tta:  =  «  sin  — ^  (2  sin  xY  —  ni^  sin  ar)*-"'  + 

w  (re—  3)  ,„    .      ,,     ^       -      7 
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+  cos  —  COS  X f  (2  sin  a:)"- *-(w-2)  (2  sin  xY"^ 

+  (!L::?lfc*)(2,m»y-»-&c.} 

The  two  last  formulae  are  restricted  to  positive  and  integral 
values  of  n. 

The  reader  will  find  a  complete  analysis  of  these  series 
in  Le^ns  10  and  1 1  of  the  CalcuL  des  Fonctions  of  Lagrange. 

(15).     Let  w  »  €*^°   ':   the  differential  equation  of  the 
s^iCQUd  order  which  arises  from  this,  is, 

From  which  we  shall  find,  by  ^  process    limilar    to  that 
employed  iix  Examples  13  and  14, 

i«=l  +-1-.X-  +  — 14— •^  + ^'^'^^        .^ 

1.2  1.2-3.4  1  .2.3.4.5.6 

'  —I 

In  the  same  manner,  if  we  suf^ose  u  =:  a^   %  we  shall 
find 

^^1  ,  (log^y^a  I  iiiog^y  {(iog^iy-h4)}  ^ 

J .a  I .2.3  .4 

.  (log  ^y  {  (log  fly  +  4  }    I  (log  gy  +  16  }     . 

1.2.3.4.5.6  "^ 

Cousin.  CalcuL  Diff.  page  131. 

'"  Ex.  (15).    Let  Mas  (cos  xf :  this  gives  us 

ni^sinor+co&jT-r— sO.  Cff), 

ox  ^' 
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Assume, 

u  =flo+^i  cos  x-^-a^  co8.2a:  +  «3  cos  3a?  +  8cc. : 

if  we  perform  the  operations  indicated  in  equation  (^),  and 
transform  the  products  of  sines  and  cosines,  by  means  of  the 
formula 

sin  p  a;  cos  5^  or  =  -  sin  (p  +  5^)  jt  +  -  sin  {p—q)  ^> 

I 

we  shall  find 

n(!?-i) 

(cos  xf^aA  1  +  _!L-cos  2:r  + ^—7 — cos4x 

5  +  V  (i  +  VG+V 

V2         /  \2         /  ^        »     7 

+  -^ ^^ — : ^^ — z ^  cos  6  x+8cc.  > 

(— ) 

+  flf,  <  COS  X  +  ^  -^  COS  3 0?  + 

(^)(=f^)   "    , 

COS  5  X  +  &c.  J^ 

(m  (^)      ^ 


If 

X 

=  0, 

we 

have 

1 

«o  1  J 

I  + 

n 
n 

2  + 

1 

n 


(1-0 


(1+0  G+O 


+  &c.| 
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"n-l\        /n—\\/n~S 


1.2.3  ......  2»  1  .2  ....  C^— iV"~' 

2     '  V    2    / 


•  "•  + '«+l-     •  "' 


'  n(»— 1)  .. ..  ^-  +  l^  n(»— 1 ( ^ 

=  A^a^  +  jt,  a,. 

I 

Also,  if  X  =  jB-,  we  have 

(—1)*  =  cos  nir'=;.aA  1  +  ■  + 

J- +  &c,  J  -  fl^  ^  1  +  + 

(^)  (rr)       . 

— ^        ^    ^    ^   +&C.) 

(^)  (^) .     ^ 

therefore       .,,  =  O+cosn^)  ^^ ^  ^  _  (i-cos^^) 

n(n-l)  ....(?  +  i) 

and     (cos  xY  ss T j  i  +co8  nir } 

l.«,3  ....  -.£»  +  " 

2 


^ 


{ 


I  + 


-(!-') 


n 
2+^ 


COS  2  ^  +     n  '  ■ 


G- 0(1*0 


*—  cd8  4 


«•  +  8ic.  I 


w(n— 1  )  ..  ..  ( \ 


1  %  2 


(^)- 


I  1  — €06Mir  I 


n~l 


{ 


COS  X  + 


COS  3x  + 


(^)  r-r ) 

V'^)  (-2-) 


COS  5  X  +  &C. 


} 


This  formula  likewise  gives  us 


n 


(sin  icy  = 


(„-i)....(|-i) 


n 


2 


.    {  1  +  Cos  «  ir  I 


^- 


w 


n 


COS   2^    + 


i+' 


■g-o 

(i+oa+0 


COS  4 


X  -  &C.| 


n 


(„-!)....   (^) 


w-1 


.2....(^ 


-  {  1  -*-  COS  n  w  I 


.2' 


w— 1\ 


'W~  1\  y»— 3' 


^                 \2/.  \2.    /\2/ 

-^  sin  X ..  ,  o.  sinSX  + 


(^) 


\    2    )  \2/\2 


sin  5^ 


-&c.i 
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Ex.  (16).  Let  u  =  (cosxy  (aki ar)"* ;  fto 'devefaitpe  this 
expression  in  a  series  involving  ^ines  and  cosines  of  x  and 
JtsMiiuIt^ples. 

Let    B  :r  bosx  +  V(  ^  1)  s^n  x,  and  therefore  ^  =: 

V 

cosx— ^(— 1)  sin  a;*:  consequently 

Assume  x;*  se  ^  rand  w*^(l  +  ;r)*.(l  —  ;?)*  :  from  which 
equation  we  deduce, 

(1— ;g*)-r—  as  tt'  {  n— m— (n  +  iw)?  | 
dz 

If  we  apply  this  differential  equation  to  the  determination 
0f  the  coefficients  of  the  series 

u'  =  l  +  J^z  +  J^z^'  +  A^z^  +  J^Z^  +  Sic. 

we  shall  find 

ji,  =  a    ' 

4ji^  =  a  J,  -  (*-«)  J^f  Sic. 

Also,  it  is  evident  from  the  form  of  the  functidm  Uj  that 
if  we  sutrstitute  in  it  ^  in  the  place  of  6,  ihe  resulting 

ftsAd&otk  Kfffi  be  ±  ih  according  as  m  is  ah  "^rielfi  ^  an 
number. 
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In  the  first  case,  therefore 

+  A,  (»•—  +  jis)  +  «"■} 

m  IT 
cos«— . 

or,     U  g=:  '^m^H      J  cos(fw  +  w)x  +  ^,  C08(l»+W-2)r 

In  the  second  case, 
2  M  = A\/(- 1)  (^  -  -.1  •♦• 

^.v/(-i)(e*-*-~i-,)  +  «tc.} 

W  +  1 

COS .  w 

or,     t/  = cy^n-^n {  sin  (w  +  n)  a:  +  ^,  sin  (w-fw-2)  x 

+  ^a  sin  (fw  4  n  — 4)  :r  +  &c.  } 
Thus,  it  u  zz  tan  x  a  sin  t  (cos  i')~"/  :  we  have 
fl  as  2,  *  =  0,  ^,  =  -  2,  ^a  =  2,  ^3  =  —  2,  &c. 

consequently, 

tan  a  zi  2  {  sin  2  J  -  sin  4  x  +  sin  6  x  —  &c.  } 

/' 

In  the  same  manner,  we  shall  find 

cot  a:  =  2  {  sin  2  x  +  sin  4  x  +  sin  6  a  H-  &c.  } 

£uler,    Suhidium    Calculi  Sinuuntf   Nov,   Comment.  PetropoL 
1760. 
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Ex.  (17).    Let  «  =  €«*':  this  gives  us 

-7?  +  w  sin  a*  =  0.  (ft) 

ax 

If  we  assume 

uss  a^  +  Uicosx  +  a,  cos  2 ^  +  Oj  co9  3x  +  &c. 
we  shall  find,  by  means  of  equation  (/?), 

11^  =    2  fl,  —  2  ffo 
a3  =    4  fla  -      £/» 

flTg  =  10  dg.,-     a^,  &c. 

The  coefficients  a^  and  a^  require  a  separate  determina- 
tion :  we  shall  find 

,,11,1  1,1  1  ,0, 

=  1  .  266065878680. 

and, 

-   -.14,        ^        4. i I £  ^         -i-  frg 

^2M*.2^2*.  l".2*.8^2«'l\2VS».4 

=  1.1 303 1 8208 1 70,  very  nearly. 

Ex.  (18).    Let  u  =  t**"' :  we  shall  find  as  before 

u  ss  a^^  +  a^  sin  X  —  a^  cos  2  a:  —  «/,  sin  3  x  +  ^i^  cos  4  x 
+  flj  sin  5  X  —  flfi  cos  6  a:  —  fl,  sin  7  x  +  &c. 

the  coefficients  being  the  same  as  in  the  series  in  the  pre- 
cediiig  example. 
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An  example  of,  th^,  apj^lication^  o£  tbia.  method  to  the 
derelopement  of  a  series  of  great  importance  in  Physical 
Astronomy  is  given  in  Note  iC 


•  /  / 


Lagrange^s  Theorem.    (Note  E.)    [■>-"'' '/  '  [r  j/  • 

Ex.  (1).  Let  1— a?  +  fla:  =  0:  to  develope  \ira:  in  terms 
olF  £S  when  -^t  x\%  any  given  function  of  the  value  of  x  in  this 
equation.  ^  ^_    'f'^'i^^ 


If  we  compare  this  equation  with<«— y  +  ^  (y)=0,  we 
find  z:::!,  f^ssx  and  4>(y)zzax:  by  meanaof  Lagrange's 
series,  or  formula  (2),  page  685,  we  shall  find     ^/^  <    r  •:^  »^    ^''  ^c 


(a),     yfr  X  ::z  x^  ^  ^    ■  "w* 
^  (1  — a)* 

=^a.„  a  +  !ii^  a- -  !li2fa<^> «» +  &c. 

—^  ^         ^      U2'  1.2.8. 


(r).     >^  X  a=  log  j:  sc^log  (1 —a) 

,    fl'    .     ^  _!.  «*  J_  "*  -1-  ftr*- 


l-l 


(d).    ^,ar  q:  «      *  =  «• 


df     ,       fl» 


-  1  TO  T^  ^2  ^1.2. 3  ^1.2. 3. 4 
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(f).     >//«  j:  =  8in  (  1  —  J  zz  sin  a 


a»'  a* 


-  &c. 


=  «----—.  +  ——-: 

1.2.31.2.3.4. 

and  80  on  for  any  other  form  of  >/^  x. 

(2).    Let  l-a:  +  c'=0:  the  same  formula  gives  us 

1;.  2.S.4 

1.2-.S\4>.6~1  .2.8.4.5-.*^        > 
(3).    Let«*— 2«  +  l=0:  from  hencie  we  JJedikk, 

2-(.    ^  1 .2*      I  -«. 2*  1-2 ^3'.  2" 

1 .2.y.4..ffvf -c     y 
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(f).    yf^x  SB  a:""*=l 


_o«5i n  n(n--3)    n(n-4)(n-5) 

""      I  1.2*       1  .2.2*       1.2.3.2* 


+  &c 


} 


If  this  series  be  restricted  -  +  1,  or  ■     ■-  terms,  accord- 

2  2 

ing  as  n  is  an  even  or  an  odd  number^  we  shall  have^  by 

formula  (4)^ 


w(w-3) 
2* 


«      1     «.«     «     >*        IC,  w      .ii(ii— 


(r),    yl/^x  ss  log  a:  =  log  1  =  0 


,1,1  3  ^        4.5 

=:  loff  -  H 

^22'       1.2.  2*       1.2.3. 


2* 


-f  &c. 


or,       log2:=lil  + ? — ;+ ili_.  +  &c.| 

'  ^  2*1  1.2. 2*       1.2.3.2*  3 


(rf).     •^Xsse'ss^ 


i  y ,  .     1    ,          9          .145                      4241 

1  2»       1.2.2*       1. 2. 3. 2»  1.2.3.4. 

+  iStc.  I 

h  19                    145              ^ 


2 


la 
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(4).    Letx*— 5  X +6=0:  consequent! jr 

3  2%  since  2  is  the  least  root  of  the  equation. 

(5).    Let  a'-bx-\-cx*szO:  the  same  formula  gives  us 
;  o  i  ^    ,  ac   ,      4       a*^.      5.6       a'r* 

^'  =  ^  =  a' "^  y +r7i-ir- +  77573 --TT 

+  &c.| 

a  series  which  is  identical  with  that  arising  from  the  de- 
velopement  of  —  —  '^^  ~" — 2£i  which  is  the  least  of  the 
two  roots  of  the  given  equation. 

We'  may  deduce  a  series  which  will  represent  the  other 
value  which  x  admits  of,  by  modifying  the  form  of  the 
equation :  thuS|  if  we  put  it  under  the  form 

-  —  r  —  —as  0, 

c  ex 

and  make  2  =  -  and  ^  (y)  =:  —  -^ ,  we  shall  find 

c  ex 


.6 


+  &c.|, 

wliich  is  the  derelopement  of  the  second  or  greittest.raot  .«|f 
tiic  equation. 
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It  is  possible  fib^efiSdbit^die  iMhie^iof  ioth^tilMe  r^Ms  in 
one  series,  involving  the  ascending  ^powers  of  a  quantity^ 
admittinig-of  -a  -positiire'^ad  neg&tlve  sign :  in  oi^f  tb  effect 
this,  assume  u  =  x^^  which  reduces  the  given  equation  to 

consequently,    the    general    formula    gives    us,    if   ^   =: 
V2a/       1.2        Vsa/        1.2.3.4      V2fl/ 


i*l.«3.o.O        *vy 


C^)'  -  - 


1.2.3  .>  .  5  .6 
V2iiJ/^   t       1*8     V2i^       l.^.B.it      V]^/ 

+  &c.  y 
S'^-    V  \  f  Vt     TT¥  ;iv7?,  1.-2.3.4  ^.av 

l.i;>S.3.^  :**  5.^7 

1^2.3.4.5.6    2«.a»^  > 

a  series  which  repre^i^ts  ih^  two  roots  of  the  equation  and 
which  may  likewise  be  deduced  from  the  developement  of 

2c     *         2  c 

It  oUght  to  be  te^arkM,  4hit  though  ihere  always  exi^s 
an  algebraical  equality  between  the  roots  of  the  equation  and 
each  of  the  values  of  this  series,  yet  these  quantities  ^can  only, 
in,  some  cases,  be  considered  as  arithmetically  equ^l :  for  if  a 
and  c  have  the  same  sign,  the  two  values  of  the  series  assume 
to  ah^gihtrify  if6Wi,  ttou^h  flie  Y66fe  themselves  may  T>e 
possible. 


97 

The  converse  of  this,  however,  sometimes  takes  place  in 
series  deduced  by  the  first  method,  or  imaginary  roots  are 
represented  by  series  all  whose  terms  are  real :  thus  suppos- 
ing jc*  — a:+  1  =0,  the  formula  gives  us 

V.x=a:=l  +  1  +  Ij^+LlIi^  + 

1.21.2.3 

^'^'^'^  +  &c.  =  ^~^(^-"^>: 
1.2.3.4  2 

it  ought  however  to  be  observed,  that  this  Imaginary  ex- 
pression gives  the  same  series  with  real  terms,  by  the  ordi- 
nary process  of  de|felopement.  The  reader  will  find  a 
complete  discussioiftf  this  curious  subject,  in  a' paper  by 
Lagrange  in  the  **  Mimoires  de  I' Acad,  de  Berlin**  for  1770. 


(6).    Let  x^  — i?  x+qssO :  in  this  case  ;?  =  2  and  (p  (y)= 

P 

— :  consequently 

^  pi        f       1.2/       1.2.3/ 

+  &c.| 

a  series  which  represents  the  least  of  the  three  roots  of  the 
equation. 

Again,  assuming  w  ==  a?',  the  equation  becomes  w— /?w* 
H- jfsO,  and  the  same  formula  gives  us 
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g  .  1  .  4  /?*  4  .1  .2  .6  .8       jg* 

3*.  1  .2.3.*  *(_^)|       3".  1  .2  ....t)'(~yy 


+  &C 


} 


and    since  (  —  5^)*,    admits    of  the    three    values,  -  j*, 
Q±^^Z:S)^  gi  and  (ill5^Z±^^  yi,  this  series  wiU 

furnish  the  developement  of  the  three  roots  of  the  equation. 
(7).    Let  a-— ij:  +  ra:*=:0:  from  which  we  deduce 

^  *  I  A-  1  .  2  .  *•»  ^  1  .  2  .  S  .  i»" 

+  &c.| 

Again,  assuming  x^  =  t^,  the  equation  becomes 
from  wfoch  we  get,  if  S  =  # J«  , 


^ 


C.         na 


1  .  2  .  w*  *    a«         1  .  2  .  3  .  w»  '  a»           ^'  > 
But  8  being  equal  to  f  cos — ^  +  ^(— l)8in ^J 

Y^f  3^y  y  when  we  put  for  a,  the  numbers  1,  2,  3  . .  n, 

we  shall  have  n  different  values  of  the  series,  coixesponding 
to  the  n  roots  of  the  equation. 
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It  is  evident  that  the  same  method  is  applicable  to  the 
investigation  of  a  series  to  represent  the  values  of  all  the  roots 
of  any  equation  whatever :  thus  if  the  equation  be 

by  assuming  u^s^^  it  is  transformed  into 

•  i  2,  - 

If  we  assume  S  =  f  — r  V*  ^s  before,  and  investigate 

the  series  for  i/»  or  r,  the  resulting  expression  will  evidently 
admit  of  n  values  corresponding  to  the  n  roots  of  the  given 
equation. 

Lagrange,  in  the  Memoir  just  cited,  has  explained  a 
method  of  ascertaining  the  degree  of  convergency  or  diver- 
gency of  these  series  for  the  roots  of  an  equatbn :  but  the 
discussion  of  this  subject  is  foreign  to  our  present  purpose, 
and  the  reader  must  be  contented  with  this  reference  to 
sources  where  more  complete  information  may  be  obtained. 

(8).    Let  X  =  • :  to  develope  >lr  x  in  terms 

^  ^         .  1  +  >/(l-0 

ef  ascending  powers  of  e. 

The  roots  of  the  equation 

2 
tt'  —  -.  w  -I- 1  =0, 

e 


are 


■■  and  ■- :  consequently 

>/rW  =  t/**  =  X*  as  \ I 


?.;^^^% 
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(9).     Let  X  =:  — ^ ^  :  consequently 

1  -  e  cos  v  ' 


a  (l—e')— a"-!- ^  cos  v .x  -nO. 
Making  z^a  (1  —  e*),  and  e'ssg  cos  v,  we  get 

y\rx^x:sia  {  l-he'— (tant;)V»— (tant?)»e''-.(tant?)»e'*— &c.  \ 
>^a:=loga:=:log  ;2:  +  e'  H 1 H&c. 

If  it  was  required  to  express  e,  in  terms  of  the  other 
quantities  of  the  equation,  we  must  put  it  in  the  form 

— e 55_  .(i-eO=0: 

cos  V  X  cos  V 

from  which  we  get  by  the  ordinary  formula 

e = -J—  -f  - .  ^^'"  ^^'  +    ^'    .  £• .  ^^^^  ^y  + 

cos  V      X  '  (cos  v)*       1  .  2  •  a?"  *        (cos  v)* 

a'  2.3.  (sin  vf   {  5  (cos  vf  ]    ,  « 

1.2.3.0:'  (cos  vy 

(10).  Let  u=z  nt  +  e  sin  u:  comparing  this  expression 
with  formula  (1),  we  find  z:=:nt,  x  =:  e,  y  ss  u  and  <p(j/)^ 
sin  u :  consequently, 

/  N  .       •        ,     c'       £?  (sin  zV 

(a)  w  =  %-{■€  sm  z  +  •; — '  .  --^ — L  + 

^  1.2         d2: 


1.2.3  dz' 


e' 


=:  w/  +  esin  nt  H .  2  sin  2w/ 

1.2.2 

(3' sin  3w/— 3  sinn/) 


1.2.3.2 


1  .  2  .  3  .  4  .  2' 
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(4'  sin  4  n /— 4  .  2' .  sin  2  n^ 


gs  z'  5   4  X 

4--    ^    ^ :: — rl  5*  sin5n/— 5 .3*sinSn/H — —siant  | 

1 .2.3.4.5.2*  V  1.2  7 

+  &C. 

If  u  represent  the  eccentric  and  n  t  the  mean  anomaly  of 
a  planet^  reckoning  from  the  perihelion,  and  if  e  be  the 
eccentricity  of  the  orbit,  this  series  converges  with  great 
rapidity  for  most  of  the  planetary  bodies,  since  e  is  a  very 
small  quantity.     Laplace  Mtcanique  Celeste^  Lib.  IL  Art.  22.   ' 

(6).    \{^ii=a  (I— ecos  w) 

e'       d  (sin  zf 


=  a  <  (1— e  cos  z)+e'  (sin  z)*  + . 

C  1.2 

^1.2.3  d  z"  3 

=  a<  I  +-  — €cosw/  —  -.cos2w/ 
1         2  2 


^z 


e' 


1  .2.2 

e* 

1  .  2  .  3  .  23 


-  (3  cos  3  w ^T-3  cos  n  0 


(4* .  cos  4w/— 4  .  2* .  cos  2n/) 


1.2.3.4.2* 
5  .4 


( 


5'  .  cos  5  n  /— 5  .  3'  •  cos  S  n  ^ 


1  .6 


.  cos  nt 


) 


g6  X 

-Ti — : — r— rrri  6*  •  cos  6n/-6  .  4*  •  C08  4n/ 

1.2.3.4.5.2*v 


+  .  2*  .  cos  2 

1  .2 


/ 


n/)  -  &c.| 
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This  series  expresses  the  radius  vector  of  a  planet's  orbit, 
in  terms  of  tlie  mean  anomaly,  reckoned  from  the  perihelion. 
Laplace.  Id. 

(11).    Let«+^;i+^-^+^.-^+&c.=0; 
^    ^  dv       dx^  I  .2     dx^    1  .2.3 

to  find  an  expression  for  h  in  terms  of  u  and  its  differential 

coefficients. 

If  we  put  Pi  q,  f,  s,  &c.  for  the  differential  coefficients 
of  ttf  and  compare  the  equation  with  2  —  y  +  0  (y)  =  0,  we 

find  :«=—  ?and^(y)=  — <g. +r .- h&c  J; 

p  ^  pV    1.2  1.2.3  .4  3 

consequently,  by  a  process  similar  to  that  employed  in  the 

Example  given  in  Note  J?,  p.  646,  we  get 

Ip      J^    1  .2        V       p^       /  1.2.3 

V  p^  /l.a.3.4j  > 

See  Lagrange  Resolution  des  Equations  Numeriques,  Note  11, 
and  Euler.  Inst.  Calc.  Diff.  Pars.  II.  Art.  232,  where  the 
uses  of  this  reverted  series  in  the  resolution  of  numerical 
equations  are  explained* 

Paoli  in  his  Elementi  d*  JIgebra,  Vol.  II.  page  44,  has 
put  this  series  under  a  very  elegant  and  remarkable  form : 

If  J=:^;^,    then 
du 

h^  AU  -V    -J .-;; +  7-5 '    

dx        1.2  dx^  1.2.3 

dx^  1.2.3.4 

a  result  which  may  be  very  easily  verified.  Thus  if  u  = 
ar*  —  2  a;*  +  4  J?  —  8,  we  shall  find  by  means  of  this  series. 


1 


-{ 
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1  u  ,        (Sa^^l)  ii' 


2^(x*  -  X  +  1)    1      !2*(x»-a:  +  ly    l.« 


(£1j:^  »-  12 j:*  -  6a:  +  3)         u^      +  &c  1 

2*(a?»,-.  a-  +  1)5  *  1.2.3  y 

m 

If  a  be  a  root  of  the  equation  ussO,  and  x  be  an  approxi- 
mate value  of  a,  we  shall  find 

_    j.i_  1  u_     (3 X*  -  1)        »•    _- 

3  23 

Thus  if  a:  =  -   and  therefore  «  as  —  -— ,   we  shall  get 

2  10 

«=2+i~i+    f^^     -  &c.  =  1.61,  nearly. 
-      2       8       ti4       135424  '  ^ 

If  we  substitute  this  new  value  of  a?,  and  confine  our- 
selves to  four  terms  of  the  series,  as  before,  we  shall  find, 
0=:L6117662:  and  by  a  continuation  of  this  process,  the 
approximation  may  be  carried  to  any  required  degree  of 
accuracy. 

Again,  let  uszx  log.  ^— log.  100 :  this  series  gives  us,  if 
€1  be  a  root  of  the  equation  u  ssO,  a  =:  x  +  k 


u  u^ 


1  +  log.  X      1  .  2 .  x  (1  +  log.  x^ 

(4  +  log,  x)  l£^ 

1 . 2  .  3  .  JT*  (1  +  log.  xf 

f  27  +  14  log.  J  +  2  (log,  jr)*  \  1^ 
^        1  .  2  .  3  .  4  .  x'  (1  +  log.  xy 

-  &c. 

If  we  make  a? =3. 5,  and  therefore  mss-. 220499796,  we 
^l^^  g^>by  confining  ourselves  to  the  three  first  terms. 
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X  ss  3 .5972722 j  a  result  which  Is  accurate  to  four  places  of 
decimals.    Baler,  Inst.  Calc.  Diff,  Pars.  II.  Art.  24i,  242. 

(12.)    To  find  the  general  term  of  the  developement  of 

1  —  2  X  COS.  d  +  x^ 

It  appears  from  the  investigation  of  formula  (4),  that  the 

fx 
coefficient  of  a:",  in  the  developement  of  ^ ,  is 

1  .2.3.dz'      V    Z~  +  '    / 

the  series   being  restricted  to  those  terms  which  involve 
negative  powers  of  z. 

•     Now,inthiscase,/z  =  -ji^,z  =  j^^and^%  = 


2' 


2  cos  e 


:  consequently 


tn  =  P{(^  cos  ef  --  («  -  1)  (2  cos^)»—  + 

(n  —  2)  (n  -  S)  ,^        /jw— 4       Q       7 
i i-^ :^(2  cos  Qf"^  -^  &c.  f 

+  (2 ]  (2  cos  ^)*-*  -  (w  —  2)  (2  cos  ^)*-'  + 

(n  —  3)  (w  —  4)  ,^         /j\n«<       o      7 
> ^-^ .^  (2  cos  Gf—^  —  &c.  > 

sm  d  \  4^        ^ 
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It  from  hence  appears  that 

1 — f""*"^/     ^=  -A~{Psin(>  +  (P8ln2(>  +  Osina)^ 
1  — 2a:cos6 -f  x*      sin  d  I  ^         ^ 

+  (P  8in  3  a  +  (2  sm  2  a)  ^r*  +  &c.^ 
The  general  term  of  the  developement  of  *— 


(z  —  X  +  4>  x)r 

€  X 

mat  be  easily  deduced  from  that  of    -.^  -^ ;   for  if  we 

Z^—  X  -{-  ^  X 

make 

{/  = Z ,  we  find 

z  —  X  +  ^x 

du.  fx 

</  xr       (2  —  j:  +  0  x)' 

i  .  2    J2«  ""  (xr  —  a:  -  0  j:)» 
and 

In  the  same  manner^  if  we  put  t?  for  the  function  of  %^ 
which  is  tbl^  coefficient  of  j:**  in  the  developement  of  Uy  we 

6haU  find  -  £|  and  ^\Zjm^t)dJ'-^*  for  the  respective 

coefficients  of  the  corresponding  terms  in  the  developements 

f  X                                fx 
of 1 ,  and  . ^ -— . 

(2;  —  a:  +  <pxy  (z  --x  +  0  x)** 

Thus,  if  we  substitute for  Zj  we  shall  find 

2  cos  a 

—  42:^P^(n  +  1)  (2cosa)*  +  *  —  w(»—  1)  (2cosa)"-» 
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+  Qin(2  cos  dy—(fl-  1)  («  y  2)  («  cos  0)"-' 

the  serhs  being  restricted^  as  before^  to  such  terms  as  involve 
positive  powers  of  2  cos  6. 

In  the  same  manner^  the  general  term  of  the  develope- 
ment  of 

(1  -2  a:- cos  a  +  j:T      1  .2. . .  .(»i  —  1)  *"-*  z 
=  p|(w  +  l)(n  +  2)....(n  +  «i  -  l)(2cosa)»+~-' 

—  (»  -  l)n (w  + w  -2)  (2cos6)»  +  "— » 

1.2  > 

+  (2<w(n+l) (w  +  i»-2)  (2cos^)»  +  *~» 

—  (w  -  2)  (w  -  1). . .  .(w  +  w  -  3)  (2  cos  ^)*+-— * 

—  &c.| 

Lagrange,  Resolution  des  Equations  Numriques.  Note  ZI* 
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On  the  Maxima  and  Minima  of  Functions  of  one 

Variable. 

f 

Art.  47—51.  (Ex.  1).     Let  w  =  a:*  +  3  a:  +  2 :  to  find 
when  uhz  maximum  or  a  minimum, 

3  1 

Ifar=— --,    t«s5— ^a  minimum. 

2  4 

Elder.  Inst.  Calc.  Diff.  Pars  H.  Art.  261. 

(2).    Let  w  =  a?'  -  15  a:'  +  56  a:-  -  60. 
If  a:  =  ll±vA57)^  te  =  _ 230  -  —  V(57),  a  iwimWiw. 

U  x  =  ^^-V^C^*^)  ,  «  =  _  230  +  —  v/(57X  a  maximum. 


(3).     Letfisx'— ai-^  +  Aar-r. 

TP^      «+N/(a"-3*)  2a'   .  ab  ^(a^-Sb)* 

3  '  27         3  27 

a  minimum. 

3  27         3  27       ' 

a  maximum. 

If  tf*  =  3  i,  the  two  values  of  a:  are  equal,  and  the  func- 
tion is  neither  a  maximum,  nor  a  minimum,    Euler.  Id. 

(4).    Let  M  =  X*  --  8  x'  +  22  a;*  —  24  ar  +  12. 
I(  a:  s  3,    t^  ==  3^  a  minimum. 
It  X  ss  2,    te  s  4,  a  maximum- 
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If  j:  ==  1,    t^  =  3)  a  minimum. 
Euler,  Id. 

(5).     Let  w  =  a:*  —  5x*  +  5j'+  1. 
If  X  =  3,    w  =:  —  27,  a  minimum. 
If  j:  s  1,    t^  s=  2,  a  maximum' 

If  0?  =  0,  t^  =  1,  which  is  neither  a  maximum,  nor  a  i»im- 

mf/m,  since  /w^  roots  of  the  equation  -p.  s=  0,  are  equal  to 

ax 

nothing. 

If  the  function  had  been  x^  —  5x^+  5x*  +  I,  then  three 

u  U 

values  of  x  in  the  equation  — -  s=  0,  would  have  been  equal 

dx 

to  npthing,  and  u  =:  1,  would  have  been  a  minimum  value  of 

the  function.     Euler.  Id. 

(6).    Let  w  =  (a:  —  (i)\ 

If  X  =i  a,  then  t^  =:  0,  a  minimum,  when  n  is  even  ;  but 
neither  a  maximum,  nor  a  minimum,  when  n  is  odd.     Euler^ 

(7).     Let  tt  =  3cT*~28fl(a;'  +  84fl'a:'  -  gea^ar  +  48i*. 
If  X  =:  4a,    w  =  136^*  +  48  i*,  a  minimum. 
It  X  =:2a,    w  =  —  32  /I*  +  48  i*,  a  maximum. 
If  X  =  /J,    M  =  —  37  fl*  +  48  i*,  a  minimum. 

m 

(8).    Let  w  =  10  a^^  —  12  a*  ^.  15  j*  -  20  a:^  ^  20 ;  the 
pots  of  du  =  0,  are   1,  0,  0,  v/(—  O*    -  \/(—  !)• 
If  a:,=  1,    2/  ==  13,  a  minimum. 

If  x;;:0,    w  is  neither  a  maximum,  nor  a  minimum. 
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If  xss  ±  >/(—  1)^  u  is  neither  a  maximum^  nor  a  minimum^ 

since  the  result  of  the  substitution  of  either  of  those  roots  in 

^  u 

-j-^  is  an  Imaginary  quantity,  which  can  neither  be  considered 

as  positive  or  negative* 

If  the  roots  Ji,  a^f  a,|....A»  of  the  equation  —  sO> 

arranged  in  the  order  of  their  magnitudes,  be  substituted  in 
the  equation  -j-^  =  0,  which  is  a  limiting  equation  to  the 

former,  they  will  give  results,  which  are  alternately  positive 
and  negative,  and  will  consequently  make  u  alternately  a  mini-' 
mum  and  a  maximum,  beginning  with  the  first.  It  appears, 
therefore,  that  if  there  are  m  unequal  and  real  roots  in  the 

equation  —  =  0,  there  are  always  m  minimum  and  maximum 
dx 

values  of  u  corresponding  to  them. 

If  in  the  same  equation  there  be  p  roots  equal  to  a, 
q  roots  equal  to  b,  r  roots  equal  to  c,  and  so. on,  then  there 
will  be  one  minimum  value  of  u  corresponding  to  each  of 
these  classes  of  equal  roots,  when  p^  q,  or  r,  is  an  odd 
number,  and  no  such  vsdues  whatever,  when  these  numbers 
are  even.  Also,  if  any  such  values  of  u  exist,  they  will  be 
necessarily  equal  to  nothing,  or  to  c,  when  ^  is  a  constant 
quantity  connected  with  u  by  the  sign  +  or  — . 

It  is  hardly  necessary  to  remark,  that  no  maximum  or 
'  nunimum  value  of  u,  can  ever  arise  from  an  imaginary  root  of 
du      ^ 
ax 


(9).    Let  «  =     ^ 


a:*  +  l 


If  0?  =  1,    ««  =  -  ,  a  maximum. 

2 


no 

If  a:  =  —  1,    w  =  —  -  ,  a  minimum, 

2 

It  is  very  evident,  that  if  u  be  a  maximum,  -^  must  be  a 

u 

minimum,  and  versa  vice :  this  consideration  will  sometimes 

enable  us  to  shorten  the  necessary  operations  ;  as,  in  the  case 

*  before   us,  the  differential   coefficients  of  -  or  a?  +  ^ ,  are 

u  ^ 

more  readily  found  than  those  of  u,    Euler.  Id.  Art.  265. 
(10).     Let  u  :=  I ^     ^   , . 

If  r  =  \/iy    w  =;  12  v/2  —  17,  a  minimum. 

If  a:  =  -  ^2,    w  =  —  12  ^2  —  17,  a  maximum. 

This  example  shews  that  the  maximum  or  minimum  values 
of  a  function,  do  not  depend  upon  the  relation  which  they 
bear  to  each  other,  but  to  the  values  of  the  function,  which 
immediately  precede  and  follow  them.     Euler.  Id, 

(11).  ,Let  u^'L JL^. 

If  a:  z=  0,    M  =r  —  1,  a  maximum, 

3  .  . 

If  x  =  2,    u  zz     ,  a  minimum, 

Euler.  /^. 

r*  +  a: 


(12).     Let  w  = 


a:*  —  j:'  +  1 
If  X  =  1,    u  =  2,  a  maximum. 
If  a:  =  —  1,    M  =  —  2,  a  minimum. 


The  other  values  of  a:,  in  the  equation  ^  =  0,  are 


Ill 


±  v'  I  — ^  =fc  v/^1  \  ^  ^hich  are  all  of  them  imaginary, 


Euler*  Id. 

(IS).    Let  u  =  ^    ■    ,       ,  . 

If  a?  =  — L.^1 —     tt  =  -, ,  a  maxtmum. 
2  2 

« 

--  1  -  v^5  1 

2  2 

If  2*  =:  ^ —  f    t»  = ^  a  minimum. 

2k  2 

If  X  =  ^  ^    •    w  ss  —  - ,  a  mtntmum. 

2  2 

Euler.  /^. 

In  finding  the  maximum  and  minimum  values  of  functions 
under  a  fractional  form^  it  will  frequently  be  useful  to 
remark ; 

1st,   That  if  w  =  -»,  we  have  rfw  =  — <  — ;-?: 

consequently,  when  ^  s=  O,  we  must  have  either  t;  =:  0, 

dv      df/  J 

—  =  —--,  or  V  =  ». 

2«|ly.   Abo,  ^«  =  rf„|-.-_J+«J_------J 

ss II y  when  J»  s  0 ;  and  since  t/*  is  essentidly 

posidve,  the  sign  of  ^  will  depend  upon  that  v^d*v  —  vd^v', 

dx* 

when  we  substitute  for  x,  the  roots  of  ~  =  0. 
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and  therefore  4^  =  0,    when  «•  =  0,  !L£!'  =  !L^\ 


or 


V'»  =  00. 


4thly,    Also,  when  =  0,  we  find 

dx 

/jf»^/  — ff  y^^^  —  n'd^t?^_  ndv/dv  _    dv'\l 
from  which  the  sign  of  d^  u  may  be  easily  determined. 


(14).    Let  w  =  (L±i^. 

(a:  +  9,y 


,         (^  +  3)*    ,  V      ^ 


lfjr  =  0,    wzz— ,a  minimum. 
*  4  ' 

# 

If  X  ss  —  3,  «i  is  neither  a  maximum,  nor  a  minimum. 

Thb  function  becomes  a  maximum,  when  x  s  —  2^  a 
case  in  which  u  as  well  as  its  differential  coefficients  become 
infinitely  great ;  this  case  can  hardly  be  considered  as  an 
exception  to  the  general  proposition  in  Art.  48,  the  truth  of 
which  entirely  depends  upon  the  differential  coefficients  of 
the  function  being  finite  or  evanescent,  upon  the  substitu- 
tion of  a  particular  value  of  x.    It  may  be  explained  as 

follows  :  let  tf  3s -— ->,  and  therefore-  =  ^ — "^  ^)  k, 

(x-aYQ  u  V  * 

a  quantity  which  may  be  readily  shewn  to  become  a  mni- 

mum,  when  x  =  Ofif  n  be  an  even  number;   and  since  the 

minimum  values  of  -<  •  are  the  maximum  values  of  u,  it  is 

u  ^ 

obvious  that  in  this  case,  we  must  reckon  u  =  a>,  amopg  the 
maximum  values  of  the  function. 
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■ 

(15).    Letuzt^lJt^ 

If  j;*  =:  —  5,    u  = «  a  maximum. 

729 


Ifxzz^-'S,   u  :=0,  a  minimum. 
If  X  ss  —  2f    te  =:  QD,  a  maximum* 

(16).    Let  w  =  5^^-=-^ 
^    ^  (j:  +  l)» 

^  =  i£ZLil.(5-:r)  =  a 
if  X       (a:  +  1)*    ^ 

2 
li  X  zz  5i    u  ^  —  .a  maximum' 

27 
If  X  =  Ij    te  s  0^  a  minimum* 

Ifj:  =  —  l^ti  =  oo^  which  is  neither  a  maximum,  nor 
a  minimum* 


(17).    Let.^[L±^ 


i!f::=(LlL£>l(3^4x-x^). 
rfx      (1  +  X*)*  ^  ^ 

17  +  74^7" 
If  X  SB  —  2  +  \/7,    u  =  I    ,  a  maximum. 

17  —  7  v^ 
If  a:  =  —  2  —  ^/7,    u  =      ■        —  9  a  minimum. 

16 

There  is  no  maximum  or  minimum,  corresponding  to 
J  =  -  1,  or  X  s=  ±  \^-  1.    Euler.  Id.  Art.  267, 

p 
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(18).     Let  u  =  v^(a'  +  x^)  -  x. 

If  X  =  00,    M  =  0,  a  minimum. 
Euler.  A/,  ilff .  27 1 . 

(19).    Let  w  =  ^(1  +  8n:t*)  +  ^(1  -nx% 

If  J^ss  1  /  I  —  I ,    w  =  -Ji- —  1  a  maximum, 

•     If  a:  =  —  ^(a b\    u  =  ^^        ""  V   ^    a  maximum. 

If  the  function  had  been>y/|?^ J  •  {^^}  ,  it 
would  have  admitted  neither  of  a  maximum  nor  a  minimum. 

In  general^  if  any  function  u  be  a  maximum,  ox  a  mmi- 

intfm,  we  may  likewise  consider  u^  as  a  maximum,  or  a  mi/ii- 
97111171,  unless  m  be  an  odd  and  n  an  «ven  number  ;  in  wfiich 
case  it  is  necessary  that  the  maximum  and  minimum  values  of 
u  should  have  a  positive  sign. 

In  findings  however,  the  maximum  and  minimum  values 

of  u  from  those  of  u"",  there  may  exist  mimnmm  values 
of  the  second  function  which  have  no  such  values  corres- 
ponding to  them  in  the  first ;  for  the  maxima  and  minima 
oiv^  are  determined  equally  from  the  equation  t^^""*  =  0, 

d  u 
and  —  z:  0 ;   though  no  such  value  of  w*"  arises  from  the 

first  of  these  equations^  unless  tti  be  an  even  number. 
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But  this  statement  requires  some  madifiGation ;   for  if 

V  =  m"*,  it  does   not  always  follow  that  -~  =  Q,   when 

ax 

ft^'^'sO,  or  -r-  =0j  since  the  same  value  of  x  which  verifies 

ax 

the  first  equation.!  may  make  «p-  =  oo,  and  versa  vice\  it 

dx 

dV 
appears  therefore,  that    —  may  have  a  finite  value  under 

dx 

these  circumstances,  which  is  inconsistent  with  the  condi- 
tion of  a  maxiimum  or  minimum  value  of  F. 

(21).    Let  w^x  ^(a  x  —  a?')- 

If  a:  =  -T- ,    w  =  — ~ —  a  %  a  maxtmum. 
4*  lo 

Assume  V  =  ti%  frOm  which  we  get 

aa?  dx 

3a 
the  roots  of  which  equation  are —  >  0,  0 ;  the  first  of  which 

4 

makes  F  a  maximum  ;  but  2^=0,  when  x  =  a,  a  value  which 

makes  -j—  =:  oo,  and  ->=—   a  finite  quantity. 
0^7  dx 

(22).    Let  M  =  a:  (a?  —  a)*. 

If  J?  =3  -  ,  tis=  —  -.  a*   a  maximum. 
4*  4*     ' 

If  we  make  i^  =  w*  =  x*  (a?  —  a)®,,  we  find 

dV  du  ,  , 

-r—  =s  2w-—  zz^x  (x  -^  ay  (4x— a)  =  0  : 
dx  dx 

a  3* 

consequently,  ifa?  =  2,    V  ^  "Ti  a^^  a  maximum. 
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If  X  ^  a,  F  ^  0,  2L  minimum, 

H  X  siO,  F"  =  0,  a  minimum. 

In  this  case,  u*  admits  of  two  minimum  values  which 
have  no  existence  in  u. 

2 

(23).  Let  u  =  h  +  c(x  --  ay  :  it  is  obvious^  that  when 
xzza,  this  function  is  a  minimum  or  a  maximum,  according  as 
c  is  positive  or  negative  ;  a  case  in  which  we  have 

Let  F  ss^u-by  zzc^  {x-af,  an  expression  which  is  a 
minimum  or  a  maximum,  at  the  same  time  with  « :  making 
therefore 

dF 

^  =2c'(r^a)  =  0, 

ax 

we  find,  when  xssa,  FssO  or  u=6,  a  minimum  or  z  maxi^ 
mum,  according  to  the  sign  of  c. 

(24).  Art.  51.  To  find  the  maximum  and  minimum 
values  of  u  in  the  implicit  function, 

u^  +  mxu  +  a^  +  bx  +  nx^szO. 

du       P       mU'\'b-{-2nx       ^  ^, 

---  =  —  = =  0  :    consequentlv, 

dx       (2  2M  +  WX 

P=0,  or  (2=00  :   in  the  first  case, 

ih  "{•  %nx^  .       •     * 

u=i  — ' i ;  from  the  substitution  of  which  in  the 

m 

original  equation,  we  get 

2  n  i  ±  m  4/  {  w ^'  +  n  (m'-  4  n)  a'  J 

n  (m'—  4  n) 

and    ,f -^  -mfcH=V{n&'  +  n(m^-4n)aM 

wi'  —  4  w 
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the  negative  sign  prevailing  when  uis  z  minimum^  and  the 
positive  when  u  is  a  maximum* 

In  order    to  distinguish    the    maximum  and   minimum 
values  of  u  from  each  other,  we  must  examine  the  sign  of  . 

iP  u 

~-~  which  arises  from  the  substitution  of  those  values  of  x 
dx^ 

or  u,  which  make  --*  =  0 :  but,  in  general,  since,  in  this 

ax 

du      P  • 

case,  -r—  =  --  =:  0,  we  have 
dx      Q 

Pdx  +  QdussO. 

By  differentiating  a  second  time,  we  find 

dPdx  +  dQdu  +  Qd^u  =  0  (/8) 

since  dx  is  constant :  but  P  being  a  function  of  x  and  u, 
we  have 

d P  zzpdx  +  qdu, 

where  p  is  the  diff^erential  coefficient  of  P,  considering  x 
alone  as  variable  :  substituting  this  value  of  dP  in  equation 
(J3)  and  making  du=:0,  we  obtain 

d^  u  T) 

or  -—  =  —  ^ ,  which,  in  the  case  we  are  considering, 

CL  X  ^^ 

becomes  ±  — - — rr y-z — ,    ^    ,  ,  ,    according  as  the 

first  or  the  second  value  of  x  is  substituted. 

If  ^=0,  u  admits  of  neither  a  maximum^  nor  a  minimum'. 

It 
\.     If  97i''=i4n,  then  u  admits  but  of  one  value,  which  is 

7 — ,  a  minimum. 

mb 

Euler,  Inst.  Cak.  D^.  Pars  II,  Art.  277. 
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=  0: 


from  which  we  get  the  equation  to  determine  values  of  x,  or 

If  x^^l,  t{=I,a  maximum  J  or  u^O,  which  is  neither 
a  maximum,  nor  a  minimum.    Euler.  Id. 

(26).    Lit  jT'  +  w'ssfl'x. 

If  a:  =  —-7-  «  uzz^a  \  /  ~— ,  a  minimum. 
^S  V  3  v^3 

If  J  — •  w  saa  \  /  ■  ,  a  maximum. 

V3*  V  3  v^3 

(27),    Let  X*  u-^a  u*  — *"  a:=:0. 

If  a?  =  —  \  /  i — -  •  i£  =  —  <i  /  -^— ^ «  a  maximum. 
V      2    '  V   4a 

(28).    Letw*  +  2jp»w+4jp-3=0. 

If  J  ==  —  ^9  u  s=  2^  a  maximum. 

If  or  e=  1^  «i  =:  —  1,  which  is  neither  a  maximum,  nor 
a  minimum.    Euler.  /i. 

(29),    Let  w'  -f-a:'— 3  n  X  «i  =  0. 
The  e<)tiation  to  determine  the  values  of  x  is 

jr«  -*  2  a^  j'  xs  0. 
If  X  =  a  ^2,  u^a^^,  a  maximum. 
If  :r  =  0,  t£  s  0^  a  value  which  requires  a  particular 
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.    ,1.  du  „      d^Ut  '  0 

examination,  since  in  this  case  -—  as  well  as  -—;  becomes  -  . 

dx  dx^  0 

By  the  process  explained  in  Note  F,  page  650,  after  one. 
differentiation  of  the  equation  P  dx  +  QdurssO^  we  shall  find 

-=—  =5  0,  or  —  =s  ^  =  00 ,  since  w  =  0.    Also,  by  differen- 
dx  dx      u 

tiating  the  same  equation  a  second  time,  and  making  x  ss  Of 

i^rsO  and  rr-  ^  0«  we  shall  find  -; —  s  — »  which  indicates 
dx        ^  dx*      3a 

a  minimum  value  of  i/. 

du 
If  we  suppose  ■  -y  ==  oo  ^  all  the   other  differential  co- 
rf a? 

efficients  become  infinite  under  the  same  circumstances^  which 

shews  that  Taylor's  series  fails  to  give  the  developement  of 

u'  or  the  succeeding  value  of  u  when  «  =  0 :  we  must  have 

recourse,  therefore,  in  this  case,  to  other  methods. 

Thus,  if  in  the  place  of  j?  =  0,  we  poll  or  =:  0  +  A,  or  A, 
we  have,  liu^h^  , 

A«  +  J/*-  Sakh  =  0: 

and  if  we  suppose  h  so  small  that  all  the  terms  of  the  series 
for  h  in  terms  of  A,  after  the  first,  may  be  neglected,  we  shall 
find 

i=il,   +  V(SaA),  -  ^/(8aA). 
oa 

It  appears,  therefore,  that  u=a:0,  is  a  minimum^  since  this 
value  oi  u  ox  k  is  less  than  those  corresponding  to  x  ^h 
and  X  zz  —A :  the  other  values  of  k,  however,  give  no  minimum 
value  of  7/,  since  they  become  imaginary  when  h  is  negative. 
Euler.  lb. 


(SO).    Let  u*  —  4.  j^  xu  +  2*  =  0  : 
The  equation  which  gives  the  values  of  \x  is 
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li  X  zz—  a  *y  3,  uzZf-yO  ^27,  a  minimum. 


,  (SI),  um-   "" 


log  jr 


If  log  47=1,  or  if  J?sa;6,  use,  a  minimum.  This  is  the 
wdudoa of  the  following  question,  ''To  find  the  number 
which  bears  the  least  ratio  to  its  logarithm/^  Euler.  lb* 
Art.  272. 

(32).    To   find  the   number  a:,   whose  sfi^  root  is  the 

■■-*- 
greatest  possible :  or  let  m  =  x'. 

J.  '  ^  •      . 

'  If  j:  =  e,  u  =  £^,  a  maximum* 

(3S).  To  divide  a  number  a  into  such  a  tiumber  of  equal 
parts,  that  their  continued  product  may  be  a  maximum  \  or 


let 


Ifxss-,  u=:6^.a  maximum, 

€ 


(34).  A  debt  il<£  accumulating  at  compound  interest  is 
to  be  liquidated  by  payments  of  a£  at  the  end  of  the  first 
year,  2  a£  2A  the  end  of  the  second,  3  a i'  at  the  end  of  the 
third,  and  so  on  :  if  r  be  the  rate  of  interest  of  ]<£  for  one 
year,  after  what  number  of  years  will  the  debt  be  a  maxi^ 

mum?  orletM  =  il(l  +  r)'-  ^(1  +r)'-+-'  +  f  (l+r-f-ra:). 

If  ^  ^  ^og  ^  ^  -  ^og  { r^(^  +  0  -  ^'^]  log  (^  +  ^)  J 

log  (1  +  r) 
u  IS  a  maximum. 


m 

t{  A  be  greater  than  v    *  ^  ^    ,  the  debt  increases  con- 

tinualljr,  and  therefore  4dmitsi  nqt  of  ^  mmwum  vs^lue. 

I  •  '  •  •    • 

(35).    Let  «  =  (sin  a?/"  .  {  sin  («  -.  x)  p. 

If  sin  (/I  -  2x)  =  ( -— — 1  sin  a^  uhz  maximum  :  it 

is  evident  that  /i-r  2-4^1  and  therefore  x  mvf  be  det^rpu^ed  by 
means  of  trigonometrical  tables. 

(36).    Let  u  =  (tan  x^  \  tan  (fl-^  x)\  \ 

If  tan  (a  —  Q  x)  zz  (  -J )  tan  d^  ti  is  a  maximum^ 

(37).     Let  u  :=.  sin  x  cos  (a  —  x). 

tc  a   ^   ir  1  +  sin  a 

Itjr=:«+-7,    M=: — ,  a  maximum' 

2       4?'  2 

If  t  =  g-^^,   u=-^^"^^^^^\  a<ifmmi/m. 
2       4'  2 

In  thiSj  as  well  as  in  the  two  last  Examples,  there  are  an 
infinite  nufnber  of  values  of  x^  which  make  u  ^  maximum, 
or  a  mimptum. 

(38).     Let  2^  =  i?  sin  x. 

'^e  values  of  x  mus^  be  derived  from  thf  solutiqx)  of  the 
equation  r  =  —  tan  .r ;  one  of  these  V2|)ues  which  gives  ^.^ 
maximum  is  x  =  1 16M4' .  2 1" .  20'".    Euler,  J».  Art.  87?. 

(39).     Let  tt  =  ~      ^' 


sm  (a  -—  OP) 


ir 


Ifj?  =  a  +  2>    ^'-^  \/^  ^      ^^  *  minimum, 

(40).     Let  M  =  6*  sin  (^?  —  ^). 

IT  €*"■■?■ 

If  ^  =  fl  —  •- ,  M  =  — x^,  a  maximt/fH' 
4'  ^2 


• 

We  shall  now  proceed  to  the  solution  of  problems  in, 
Geometry^  which  involve  the  consideration  of  maxima  and 
minima f  an  application  of  this  method,  which  is  at  once 
interesting  and  important :  and  though  in  many  instances,  the 
analytical  solutions  of  questions  oJF  this  nature,  are  inferior 
both  in  brevity  and  elegance,  to  those  which  are  effected  by 
the  ordinary  processes  of  Geometry,  yet  for  the  most  part 
they  have  the  advantage  of  saperiw  generality. 

We  shall  give  no  examples  which  ouMpee  the  reader  to 
be  acquainted  with  Mechanics  and  the  other  branches  of 
Natural  Philosophy,  the  study  of  which  ought  properly  to 
follow,  not  precede,  that  of  the  Difierential  and  Integral 
Calculus. 

We  take -this  opportunity  of  referring  our  readers  to 
Mr.  Cresswell's  Treatise  on  Maxima  aild  Minima^  a  work 
written  in  the  most  rigorous  spirit  of  the  ancient  Geometry, 
and  which  lik|||rise  contains  the  analytical  solutions  of 
several  very  interesting  problems. 

(41).  Through  the  given  point  P,  to  draw  the  shortest 
line  iH  JIf  '  terminated  by  the  two  given  straight  Unes  A  B 
and  AC.    Fig.  1. 

If  we  draw  PQ  and  P  Qf  respectively  parallel  to  JtB  and 
jiC,  and  assume  MQssx^  P(2=tf»  P(2'==*»  *^^  theaai;le 
BACts.B :  then  the  equation  which  determines  x  ot  ill Qi 
when  MM^  is  the  least  possible,  is 

x^  —  fl'cos  ^ .  I*  +  tf  i  cos  0 ,  a?  —  a'  6  =  0. 

If  0  ==  90*,  this  equation  becomes 

:t'  —  fl'  6  =5  0,  from  which  we  find 

uzz'MM^  \a^  +^^|l 
Viuce's  FluxionSi  p,  35. 
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(42).  The  same  things  being  giren,  to  draw  MM'  so 
that  the  sum  of  the  lines  jIM  and  AM'  may  be  a  minimum* 

Kg-  1- 

If  a:  =  A/(a*),  then  u  =  JM-^-AM'  =  {  V^+  >/*  ]  % 
a  minimum.    Simpson's  Fluxions,  Vol.  I.  p.  £3. 

(43).  The  same  things  being  given,  to  draw  jMM'  in 
such  a  manner,  that  the  triangle  AMM'  may  be  a  minimum. 
Fig.  1. 

If    X  =  *,  «r  if  MP  =  AfP',  then  w  =  2a  6  sin  ^,  a 

(44).    To  bisect  a  triangle  by  the  shortest  line.     Fig.  2. 
Let  JB=ic,  AC=bf  BC=a  znA  AM^xi  then  if  x  = 
<i/ ( — J  aSid  therefore  AM  =  AM^^  we  have 

..  —  ;i>r:i>r       .   /  J(a+J-^)  (a  +  r-*))  .  . 

u  =:  jjf  JT  =1/1  ^ ^^ :  > ,  a  mtmmum. 

(45).  Given  the  base  and  altitude  of  a  triangle,  to  de- 
scribe it  so,  that  the  vertical  angle  may  be  a  maximum.   Fig.  3. 

'« 

het  CD  =  f,  -4i?  =  c  and  -4D  =  x :    then 

w  =  tan  ^  C  i?  ^ ti , 

* 

which  is  a  maximum^  when  x  ==  -« ,  or  when  the  triangle  is 
isosceles. 

(46).  To  find  the  least  isosceles  triangle  which  can  cir- 
cumscribe a  given  circle.     Fig.  4. 

Assume  CQ^-nr  and  PQ  =  ^ :    then 

.  C ,     ^       tan  ^  "I      .  .  . 

w  ==  r^  <  tan J"  »  is  a  mtmmum^ 

when  9  =  120^,  t^  «  ■   "^     r^,  and  the  triangle  is  equilateni^ 
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(47).  To  inscribe  the  greatest  rectangle  in  a  triangle. 
Fig.  5. 

Assume  AD  =  e,   BCssa^  and  AP  ss  x :  then  »  =: 

MM'N'N  is  a  maximum^  when  x  s=  1  or  when  the  sides  of 

2 

the  triangle  are  bisected. 

(48).  To  find  the  point  A  in  the  line  CE^  from  which 
.iff  subtends  the  greatest  angle.    Fig.  6. 

Let  AC^a^  BC:=b,  CD^x  and  the  angle  ^CZ>e»: 
if  x^^(ab\  we  have 

Ar\'D        (a—b)  \/(ab)  .And  .     _ 

tf  ss  tan  ADB  =  -^ '-r^ — ^ ,  a  maxtmum. 

2  v'(«*)-(a  +  *)co8a' 

Kw    ,v               (a—b)  s/(ah)  .  sin  (9  l-  i.  • 

Xss  —  VCa  *)i  w  =  -^ rr^^^-^ — •—, ::>  which  is 

^^     ^'  2  V(a*) +  («  +  *)  cos  ^* 

likewise  a  maxiiiiium,  corresponding  to  a  point  Z>  in  DC 
produced« 

(49).  To  find  the  point  P  in  ♦he  circumference  of  a 
circle  from  which  the  given  line  AB  subtends  the  greatest 
angle.    Fig.  7. 

Draw  PD  and  Cd  perpendicular  to  ABy  and  assume 
Ad  =:a,  Bd  zzbi  Cd  =  r,  CP  ss  r  and  cjp  zzxi  then  the 
equation  which  determines  the  values  of  x  is 

(r'-ab-d')  V(r*-x*)=(a-6)  (r*-c  x). 

If  c  =  0,  or  if  ^  and  B  be  two  points  taken  in  a  line 
passing  through    the   center  of  the  circle^    then   if 

x=!Viif:lz£)(rl^m,wehave 

r^—a  b 

usstan  APB  =    ^  ^  ^  ^^ — rr-Trr — —-r-*  a  moxtmum. 

V  {(o'-^)(6'-r^)l 
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If  a^bf  or  if  the  two  points  be  equidistant  from  the 
center  of  the  circle  and  upon  opposite  sides  of  it>  then 

a?  =:  r  and  u  =  — . 

(50).  In  the  trapezoid  ADCB,  the  two  equal  sides  AD, 
CB  and  one  of  the  parallel  sides  DC,  are  given,  to  find 
ABy  so  that  the  area  of  the  figure  may  be  a  maxiiamm* 
Fig.  8,  9. 

Let  AD^hy  DC=a  and  AP  ==x:  then  if 

a?  =  —  2  +  ^-^^  "^ r     we  have 

4  4 

a  maximum. 

Again,  if  a?=:  —  -  —  -^^-^ 2^  -we  find 

4  4 

a  minimum  ^  it  is  evident  that  in  this  case»  x  is  negative  and 
greater  than  -. ;  consequently  the  trapezoid  assumes  the  form 

of  the  double  triangle  represented  in  Fig.  9.  and  u  is  the 
difference  of  the  two  triangles. 

If  a  =  3^  xss^a  and  ussO,  or  the  triangles  are  in  this 
case  equal. 

If  a>b,  the  expression  for  u  becomes  imaginary,  or  the 
figure  decreases  continually  and  admits  not  of  a  minimum* 

If  assO,  the  trapezoid  becomes  a  triangle,  which  is  a 
maximum,  when  x  =  — ,  or  when  the4:wo  equal  sides  are  at 
right  angles  to  each  other. 
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if  we  make  -—  =  »  ,   we  find  x  iz  ±  b,  which  give 

ax 

values  of  u^  such  as  are  denbminated  by  Euler,  minima  of 
the  second  species'*^ :  the  first  value  makes  ABssa+^i,  and 
11=:  O9  which  may  be  considered  as  a  minimum  value  of  the  tra* 
pezoids  which  can  be  described  on  each  side  of  AB,  but  not 
in  the  sense  of  the  definition  :  the  same  remarks  are  appli- 
cable to  the  value  of  u  which  results  from  the  second  value 
of  X.    Maupertuisy  M6moires  de  VAcad.  des  Science j,  1728. 

*  (51).    To  find  the  greatest  space  which  can  be  included 
by  four  given  lines.     Fig.  10. 

Assume  ABs^a,  BCssi,  CD  =:c,  DA  =  d,  the  angle 
BADzzi>j  and  the  angle  jSCd=^ :  the  area  of  the  hapezium 

or    uzzadfXn^-^bcsinQ^ 

AIsOj  smce  <i  a  cos  0  —  o  c  cos  ^  =: •. ,  by 

d  u 
differentiating  this  equation  and  making  —  =  0,  we  shall 

Cv  X 

find 

cos  ^  COS  0  ...  r  n   .    . 

: —  =  -z — ^*  >  and  therefore  ^ +0=7r, 

sin  0      sm  4> 

or  the  trapezium  is  such  as  may  be  inscribed  in  a  circle ;  if 
therefore  /=  a+i+c+d,  /we  shall  get  the  maximum  area 

or    M  =  v/ {  (/—a)  (/—*)(/— tf)(/—cO  }  • 
Simpson's  Fluxions,  Vol.  I.  p.  39. 

(52).  To  draw  the  chord  PP^  parallel  to  the  diameter 
ABy  so  that  the  triangle  PP'Q  may  be  the  greatest  possible. 
Fig.  11. 

♦  Inst.  Calc.  DiflT.  Pars  II.  Art.  279» 
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If  AP  zz  d,  we  shall  find  cos  0  =.  781  nearly,  or  ^  = 
38*  4(/|  when  ti  is  a  maximum. 

(53).  To  iascribe  the  greatest  rectangle  in  a  segment  of 
a  drcle.     Fig.  1£. 

Let  CD=at  ADbB,  CA  =  r  and  2lfP=x:  if 
x={^/(9^;^^)-3«}.  then 

a  maximum. 

If  a=D,  and  therefore  &s=r,  we  find 

a:  z=  — 7-  and  w  =  r*, 

(54).  Given  the  length  of  a  circular  arc,  to  find  what 
portion  of  a  circle  it  must  be,  so  that  the  corresponding  seg- 
ment maybe  a  maximum.    Fig.  13. 

Let  a  s=  arc  QDQ'  and  CD-x:  the  segment  QDQ',  or 

11  =  a  r — X*  sm  -,  cos  -  . 

X  X 

If  X  =  — ,  or  if  the  segment  be  a  semi-circle,  then 

II  = ,  a  maximum* 

IT 

If  X  =  00,  t/  =  0,  a  minimum, 

A  solution  of  this  problem  is  given  in  Lib.  5.  Prop.  16* 
of  the  Mathematical  Collections  of  Pappus  Alexandrinus. 

In  the  same  manner,  we  should  find  that  a  hemisphere  in- 
cludes the  greatest  segment  of  a  sphere,  corresponding  to 
a  given  spherical  surface. 
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(55).  To  find  the  point  in  the  line  joining  the  centers  of 
two  spheres^  from  which  the  greatest  portion-  of  spherical 
surface  is  visible. 

Let  r  and  v*  be  the  radii  of  the  spheres  A  and  A*^  d  the 
distance  of  their  centers^  and  x  the  distance  of  the  required 
point  from  the  center  of  A  :  then  if 


X  =: 


r    a 


3  3 


3  3 


a  maxtmum. 


[Se).  To  find  the  point  P  in  the  line^S^^  so  that  if 
A  and  B  be  given  points^  we  shall  have  m  .  AP-^n  .  BP 
a  minimum.     Fig.  14. 

U  AQbio,  BQ^  =  *,  gg'  =  c  and  gP  =  Jt:  then  the 
equation  to  determine  the  values  of  x,  is 

^       ^     /«       m^^^n''a'\    .      2wV<:      ^  n*a*c*      ^ 
V  m^--r^    /  w*— «"         «»*—»• 

If  fn  =  n,  this  equation  becomes 

CresswelFs  Maxima  and  Minima^  p.  21  and  22£« 

In  a  paper  by  Leibnitz  in  the  Acta  Eruditorum  of  Leipsic 
for  I684f|  which  contained  the  first  published  explanation  of 
the  principles  of  the  Difierential  Calculus^  a  solution  is  given 
of  the  following  problem.  *'  If  A  and  B  be  two  points 
situated  in  two  different  and  uniform  media,  which  are 
separated  by  the  line  CD  and  whose  densities  are  in  the 
ratio  of  m  to  n;  to  find  the  path,  in  which  light  must 
move  from  ^  to  jB  in  the  shortest  possible  time,  its  velocity 
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1>e!tig  {ftoportional  to  Ae  density  of  the  nieditim.^  This 
problem  U  evidently  identical  with  the  one,  whose  solation 
we  have  giren^  and  is  remarkable  as  mvolving  the  pfrinciple 
of  the  *^  kast  acihn"  which  afterwards  became  so  celehfated 
in  die  hands  of  Maupertuis  and  Euler. 

(57).    Of  all  cones,  whose  convex  surface  is  given,  to 
find  tJiat  whose  ^tid  content  is  a  maximum. 

It  s  =  convex  surface  of  cone,    x  zz  radius  of  base^ 
then  if 

Consequently  the  maximum  cone  is  generated  by  the  revolu-  , 
tion  of  a  j^||^-angled  triangle,  whose  vertical  angle  is  35^ 
l&f  nearl] 

(58).    To  inscribe  the  greatest  cone  in  a  sphere.    ¥lg-  15. 

U  JC^r,  and  CP^^xi  then  if  jc  =  -  ,  u  =  ?^^, 

3  81      * 

a  maximum. 

(59).    To  cut  the  greatest  elltpse  from  a  given  cone. 
Fig.  16. 

LetJC=:sa,  CDzzb,  CP=:x:  if 

X   SSI     '■  ■  .  .J^  I  I      I  ,  ■  ,  „  _ 

filler  ^  wUl  be  a  minimum  or  a  maximum,  accordbg  as  the 
upper  or  lower  sign  prevails. 

If  a*  —  14  a*  V  +  A*  be  negative,  or  if  -  be  less  than 

b 

^Ar  <JSi  or  if  the  angle  CAD  be  greater  than  15^»  the  values 

of  X  are  imaginary,  and  the  area  of  the  section  increaaes 

continually  from  the  vertex  to  the  base  of  the  cone  and 

admits  not  of  a  maa^mnm  or  a  mimmtm. 

R 


i 


The  analytical  maximum  of  the  sections  of  the  cone^  de« 
termined  in  virtue  of  the  definitioni  may  be  less  than  the 
absolute  maximum^  a  circumstance  which  we  have  had 
occasion  to  notice  on  other  occasions  :  thus  the  base  of  the 
cone  ¥rill  be  the  greatest  section,  whenever  the  vertical  angle 
CAD  exceeds  1  !•  57'.    Simpson's  Fluxions^  Vol.  I,  p.  38. 

(60).  From  a  given  point  within  or  without  a  parabola« 
to  draw  the  shortest  line  to  the  curve.    Fig.  17. 

Let  B  be  the  given  point,  and  assume  AC^a,  CBssbf 
the  latus  rectum  =r  /  and  Bq  ssx:  the  equation  which  de- 
termines the  values  of  t  is 

from  which  expression,  it  is  easily  shewn  that^e  shortest 

line  is  the  normal  passing  through  B. 

•  * 

If  6  s=  0,  the  values  of  x  which  are  given  by  this  equa«- 

tion  are  -  and  a,  ^e  first  of  which  only,  makes  u  a  minimum 

in  the  sense  of  the  definition.    The  other  value  gives  a  mim- 
"mum  of  the  second  species,  such  as  was  remarked  in  Ex.  50. 

(61).  To  find  the  least  |>arabola  which  can  circumscribe 
a  given  circle.     Fig.  18. 

Let  BC  =  r,  and  CP  =  a? :    if  X  =  ^,  or  if  the  latus 

recftum  of  the  parabola  be  equal  to  the  radius  of  the  citcley 

9  r* 
then  u  =  '-x-^,  is  a  minimum. 
4 

(6^).  To  inscribe  die  greatest  parabola,  in  a  given  tri* 
single.    Fig.  19. 

Let  DB  =  DC=^b,  AJO^fh  the  angle  ADC=:e,  and 
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AP^x :  if  a?  =?  or  if  the  point  of  contact  bisect  eJich  aide 

of  the  triangle^  then  u  =:  |a ^  sin  0  >/3>  a  maximum*  This 
gives  also  the  solution  of  the  converse  problem ;  ^'  To  de-> 
scribe  the  least  triangle  round  a  given  segment  of  a  parabola." 

{^i)»    In  a  given  triangle^  to  inscribe  the  greatest  ellipse. 
Kg.  20. 

Let  BD  sz  DC  saci,  AD  =  cr,  the  angle  4DCnB,  and 
Dd::ix:  if 

£  a  9r  a  5  sin  ^ 

X  =  — •  u  n •  a  maximum. 

3   *  3>/3      * 

The  sides  of  the  triangle  are  bisected  in^the  points  of 
contact  M  and  Jk[\ 

If  a'  and"  j'  be  the  semi-axis  major  and  semi-axis  minor 
of  the  inscribed  ellipse^  we  shall  find 

m 

a'  =  i  y/{  a»  +  2  V3a*sin^-|-3*'  j 

+  i  >/  {a»-2  pJSab  sin  ^  +  3i"  { 
6 

fi'  =  i  V^  J  a»+2  >/3ai8in  ^4-3**  { 

—  g  >/  {a"-2  V3aisin^  +  3*'*  }  . 

(64).    To  determine  the  least  triangle  which  can  cir- 
cumscribe any  segment  of  an  ellipse.     Fig.  £1. 

Let  APB  be  the  elliptic  segment ;  assume  CPsza,  C& 
the  conjugate  diameter  =  i,  CExsc,  and  CQ=x :  if 

4  4  ' 

„      *  sin  0  {  4  a*-<»-c  v'ft* +8  a*)  }  ^ 
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The  oAer  valb*  6f  t,  ^lAaxlk  is  t  -  :IK±±^ ,  Cb^- 

tesponds  to  the  miniitaum  valu^  of  the  tti^ngfe  ^t^hidb  caii  te 
drcnmscribed  tovttA  this  btiher  tegmettt  of  the  ellipse.    If 

r^Oy    0?  ss  :t, 9    which  determines  the  least   triangle 

which  can  circumscribe  a  semi-elfipse,  ciit  off  by  any  diatneter* 

(65).  To  find  the  point  in  ^1  ellipse,  wiiere  die  portion 
of  the  tangent^  intercepted  by  a  perpendicular  frcHn  the 
center,  is  a  maximum.    Fig.  $2. 

Let  CJ=za^  CBzzb^  and  CDzzx:  if  xzz^{ab\ 

ii  ss  «  —  4i  a  f/uuchfmm. 

(66)  To  find  the  conjugate  diameters  erf  >  an  ellipse, 
whiidi  make  the  least  angle  with  each  other.   , 

Let  a  and  i^be  the  axes  of  the  ellipse,  Q  the  angle  which  the 
conjugate  diameters  make  with  eadi  other,  and  x  one  of  these 

diameters :  then  if  x  =  a/  f 1  or  if  the  diameters  be 

equal  to  each  other, 

.     ^        Qab      , 
If  fi=$m  r  ±=  ^ — r-^  is  a  mmimutn, 

(67).  .From  a  given  point  in  the  periphery  of  an  ellipse, 
to  draw  the  longef^t  line  to  the  periphery  again.    Fig.  23. 

Let  JC  =  a,  CB=:  b,  a^  - **=:A'^*,  CM^c,  PMt=,d, 
and  CM  =  x:  the  equation,  froril  which  the  vahies  of  x  are 
determined,  which  make  i«  a  maximum  or  a  minimumj  is 
e' a*— 2f  c' a^  +  (r»  +  d*- d' e*— a' «*)  a:''— 2  «•  r  ^' ar-flV*=0. 

If  r=0,  and  therefore  P  be  in  the  extremity  of  the  axis- 
minor,  we  shall  find 
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from  which  the  two  points  on  each  side  of  the  cMter  of  thft 
ellipse  are  determined,  through  which  the  longest  lines  are 
to  be  drawn* 

If  2  6*ssa%  the  longest  line  is  the  semi-axis  minor;  and 
when  2  £*  <  a*,  the  values  of  x  become  imaginary,  and  the 
line  admits  not  of  a  maximum  in  the  sense  of  the  definition. 

(68).  To  inscribe  the  greatest  ellipse  in  a  semi-circle. 
Fig.  23.  ^ 

Let  ^C=r,  CP=x:  if  a:  tz-^, 

«c  s: J  a  maxtmum. 

S  s/B 

(69).  To  find  the  least  ellipse  which  can  circumscribe 
a  given  trapezoid.    Fig.  24. 

Let  AB  be  parallel  to  DC^  and  draw  CP  bisecting  AB 
MtA  CK  conjugate*  diameters.  Assume  il(^  ss  tf>  DQ^^a\ 
gQ'^c,  the  angle  PCK^O^  CP^jf,  CK^jf,  and  CQ=a:. 

The  general  property  of  the  ellipse  gives  us 
and  by  making  — ^ — ^e,  and  ^:siZ9  we  shall  have 


X  = 


:  from  whence  we  find 


and  y  =  ^^-^^ ^-^— 
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Consequentif,  if 

or  if 

^  3(a'»-a») 

then     «  Bc>  sin  Byi/ 

a  minimum. 

It  is  not  necesdary  to  notice  the  negative  value  of  the 
radical  in  the  expression  for  Zy  since  in  that  case  2  or  :^ 

would  be  negative. 

IS  a'  ss  a,  or  if  the  trapezoid  become  a  parallelogram^ 
the  expression  for  u  given  abpve^  becomes  =s  p. :  it  will  be 

necessary  therefore  to  have  recourse  to  the  method  explained 
in  Art.  56.^  in  order  to  determine  its  value,  by  which  we 
shall  find  u= ^  sin  9  a  r.    Bossut.  CalcuL  Hiff.  p.  190. 

(70).  To  describe  about  a  given  trapezoid,  an  ellipse 
which  is  the  least  different  from  a  circle.    Fig.  24. 

Making  the  same  suppositions  as  in  the  preceding  ex- 
ample, and  assuming  a  and  /?  to  represent  the  two  semi-axes 
of  the  ellipse,  we  shall  find 

_  a  _  v/(lH-:g  +  2  sin  g y/^:)  +  ^(  1  +;g-2  sin  B \/z) 
^  "  ^  ""  V(l  +  z  +  2  sin  ^^%)-  >/(l  +2-2  sin  ^  ^z) 

which  is  a  minimum^  when  2:=1,  or  when  the  conjugate 
diameters  y  and  tf  are  equal  to  each  other.  Bossut.  Id. 
p.  192. 
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Bossttty  in  the  work  just  referred  to»  has  indicated  the 
steps  of  the  process  of  solution  of  &e  two  last  problems^ 
when  the  ellipses  are  to  be  described  round  any  qiiadrilaterai 
figure  whatever:  the  reader  may  likewise  consult  a  very 
elegant  solution  of  the  first  of  these  problems,  which  is  given 
by  Euler  in  the  Petersburg  Acts  for  1780. 


On  the  Values  of  Functions  which  under  certain 


circumstances  become  *-  . 

O 


Art.  82—53.    (1).     Let  i/  =  ^^^  f  Q'-^M  .  ^^  find 
its  value,  when  xzzO.  "  ^ 

4 

After  two  differentiations  of  the  numerator  and  denomi- 
nator of  this  fraction,  we  find,  -when  arzrO,  u  ss  — - . 

2  a 

Euler.  Inst.  Calc.  Dtff^  Pars  II.  Art.  358. 

(2).     Let  «i  =  ^  *. ;  ■■»■   '■;  /  ■       .      ■    '     '■  : 

^  '  V  \a^x\  ^^\a^x\ 

when .      A  =  0,    «i  =  s/a* 
Euler. /J. 

/ix     T^         x»-43f«  +  8j^— I6a:«+l6r 
(S).    Let  1*  = ^ -— ^ — — ♦  c 

when        X  2:  2,    II  =  16. 

(4 1.      Lifit  W  —B  «■■«  ^^  ■'■"     I  ■'—'■_■'■■    ■  '  ^* '       ,      "  «v      '       • 
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when  JTsxa^  we  find|  after  four  differentiations  of  the  nume- 
rator and  denominatovy  u^x-^Sm    Ealer.  let. 

< 

(5),     Utu=  ..^^  ,L'^s' 

when      a7=«,    w  =  «  =  3  a. 

0 

Joh.  Bemouilli.  Acta  Erudihtmm,  1704. 


(6).  i,et «  =  :^iH£i:g:^j^^fe:i^ 


1                                  0       16  a 
when      X  zza,    ti  =  -<  =5 

Joh.  Bernouilli*  Id, 


(7).    Let«  =  °^<^"'''-^^^-°^^^': 


Job.  Bernouilli.  /</. 


(8).    Ut  „  ._  «  +  'n/(«  «*-«  «  *)-  V(2«a:- a*) 


^  '  ^^ 


a— 0?+ V(a*--^') 


when      X  zz  Of    w  ss  -^  =  1. 

0 


Euler.  /</. 


,  0      5 

when      xs:fl,    ^^g'^g' 
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(10).    T,rt-  -""  >/(3ffl'a?-ax«)-ga:  ^(a«x). 

when      X  ss  a,    uzz^  ss-^a*. 

'  0       20 

(11).     Let  If  =        ^         ; 

1  — a?* 

when      X  1=  1,     M  =r  -  =:  w. 

0 

Euler.  Id.  Art.  360. 
(12).    Letter ^^_^, 

when      a?  =  1,    m  =  -  =  — ^ i. 

O  1.2 

Euler.  Id. 
(13).    Leti£  = ^^—^^ 


when      X  =s  1,    w  ==  «  =:  w?. 

'  0 

Euler.  Id. 

^^A\    T  .         T+^»— (w  +  l)*x»  +  *+(2w*  +  2w-l)x»  +  "-w"a?"  +  » 
(14.)    Lett*= i^ tl i__ J. : 

when      .=  1,    .^0^^Cn-H)(2.  +  l) 

0  1.2.3 

This  is  the  sum  of  the  series  1*  +  2*  +  3'  +  . . . .  +n*, 
Euler.  Id. 

(15).     Let  u  =: : 

when      oc  =  1,    w  ==  -.  =:  —-^ . 

'  0      2p 

Euler-  /(i. 

s 


1^ 


(16).    Let  uss 


€r  ^  af^ 


log  a  -i  Idg  X  ' 


,h» .-«,  .=j=.r. 


Euler.  /i/. 


(17).    Let  u  = 


_^      log  X 


wheiv 


0 
a?  =  1,    M  =  - 


o. 


Euler.  Id: 


(18),    Letwss 


€*  —  €'-' 


log  (1  +a?) 


0 


when      :p  =:  0.    «!=:-<»£, 

0 


Euler.  i^. 


(19> 


,    I^,^^flzi±2?l(i+£): 


r 


when      xszO,    i|s=-.=:l^ 


Euler.  /J. 


(20).    Let  u  = 


when      X  =  0,    w  =  -.  =:  -  . 

0      6 


(21).    Let  w  =  A  —  -^y  tan  op  = 


,  TT  0        2 

when       X  zi  ;*  i  «=:-=:- 

2*  0      T 


1  - 


2a? 


9r 


cot  a: 
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a?— 1      logx.       (x— l)loga: 

when      X cz  i.    jEe=->=-, 

'  Q      9 

Euler.  Id.  Ait*  389, 

(23).     Lettt=-i^-^^: 

^en      a:=l,    ii«  oo- oo  =-=:  —  - . 

0  2 

Euler.  M 

Whenever  the  numerator  and  denominator  of  a  fraction 
admit  not  of  developement  according  to  integral  and  positive 
values  of  the  increment  of  x  or  the  jbase  of  the  function^ 
which  is  frequently  the  case  when  a  particular  value  of  x  is 
^^suined  (Note  F,  and  Art.  5^)^  we  mfist  have  recourse  to 
the  direct  method  which  is  explained  in  Art.  56 :  a  process^ 
which  in  many  other  cases  will  .enable  us  to  determine  the 
values  of  fractions  under  the  circumstances  now  under  con? 
eideration,  much  more  readily  than  by  means  of  the  successive 
differentiation  of  the  numerator  and  denominator* 

(24).    Let  «  =  ^IziilL ; 

(x-a)* 

0  •ft- 

whea      X  ma,    tix=-=4  \/2  a^. 

(25).    Lett.=  ifl±£l(flz^: 

(Sx'-a'xXar^-a*)* 

when      X  n:af    u  =  -  zz 


• 


^      Ss/Sa^ 
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(26).    Letti^("^'^^f^<^-^^>^, 

when      a:  =  a,    w  =  -  =  — xtk^^) — 

0      1-^(3  a*) 


(27).    Let  w  s= —  +  -— ,  which  expresses 

the  sum  of  the  sepes, 

+  -■     ^    ;,  +  -rz ;  +  &c.  in  infinitum. 


If  we  reduce  u  to  the  form 


> 


we  shall  find,   when  a?  =s  0,  m  =  H  =  -j-^—  s;  2-^  a  result 

which  may  be  mor^  r@^4il7  4^4uced  by  the  methqd  given  in 
Art.  56.    Euler. /^, 


1  V 

■^       (28),    XiCt  u  =  — -  — ,  which  is  the  sum  of 

2a?*       2  a?  tan  IT j:', 

the  series 

Tn7«  +  ^r-7  +  -^T—i  +  &c.  /«  infinitum. 

When  ic=0,  w=  00—  00  r?  -  =  -~  ,  the  same  result  as 

0       6 


in  the  last  example. 

If  we  make  w  =  -L  -    Z 1_,  which  is 

2  X*       2  j:  tan  TT  JT        I  —  x* 

the  sum  of  the  same  series,  without  the  first  term,  we  shall 
find,  when  a:  =  1, 


■4 
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1  ,  1.0113 

2  2       0      2      4       4* 

which  is  the  sum  of  the  serie$ 

+         '   +  - — r  +   ■■       +  &c.  in  infinitum. 


1.3       2.4       3.5       4.6 
In  the  same  manner,  if  we  make 


U  =: 


2x*      2i?tan*j?      if-^x^* 

1 


which  is  a  sum  of  the  same  series,  omittinc:  the  term  - 
we  shall  find, 

when    x=n,  w  =  -— -  +  oo  —  oo  =  -— -  +  •—-■  =:  -— -  . 

2w*  2w'      4w*      4n* 

Euler.  i/. 


9 


W 


(29).    Let  w  ni  —  + r  %  which  is  the  sum  of 

^     ^  4  a:      2jr(€'r'-i)* 

the  series 

1  1  1 

+  ■  '  '■»»»,  +  ■!■»■.  -f  &c.  in  infinitum : 


II   III" 


V-j-x^   '■   3*+a:»   '   5*  +  x 

when      x=0,    «=  09—00  as  r?  =  — 

'  0       8 


•      wX 

(30).    Let  u  a -'  '  "  -'-';. J,'  ,    which   i|  the    sum   pf 

4  a:  cos  — . 
2 

the  series 

111 

4.       ■■      4-  ...     -  4-  8cc.  in  infinitum : 


l«_a:»      3«-.a;«       5*^^^ 


l4Si 

when      xssO,    uzi-^  ^  ~5 

'  0       8 

the  same  result  as  in  the  last  example. 

w  sm  — — 

If  we  make  u  =  ;j-J  —         ^^  which  is  the  sum 

4 a;  cos -^       l""*^ 
2 

of  the  same  series,  without  its  first  term,  we  shall  find,  when 

jTs  1,  fir:  00  —  OD  s=  .  ,  which  is  the  sum  of  the  series 

4 


— -  + +        '    +  &c.  in  infinitum^ 

2.4      4.6       6.8  ^ 


ISttler.  Id. 


On  the  Tangents  an4  Asymptotes  of  Curve  Lines^ 

(1).  Let  the  curve  be  the  hyperbola^  referred  to  its 
asymptote,  whq§e  equation  is 

ab 

X 

(a).  Sub-tangent  PT  =  --  j:,  or  the  abscissa  and  sub- 
tangent  are  equal  to  each  other,  but  on  different  sides  of  the 
;«rdinate. 

(6).    Equation  to  the  tangent  is  (Art.  67.) 


I 
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where  x'  and  y'  are  co-ordinates  to  the  tangent^  reckoned  from 
the  same  point  and  referred  to  the  same  axis,  as  the  co- 
ordinates of  the  curve, 

(c).     Equation  to  the  normal  is  (Art.  67.) 

ahx}f'zz  x'r"+  d'h^  —  x*^ 
where  af'  and  y"  are  co-ordinates  to  the  normal. 

(2).    Let  the  curve  be  the  Cissoid  of  Dipcles,  (Wood's 
jUgebray  Art.  496),  whose  equation  is 

2/*  = 


a  —  X 


So.-  2x 

(b).    Equation  to  the  tangent 

xh 

y  =  5  \  (S  a  -  9.x) x'  -  ax  \  , 

^        2  (/J  -  T)f  ^^  .  ^ 

(c).    If  X  =z  a,  y  becomes  infinite  and  coincides  with  the 
tangent,  or  in  other  words  is  an  asymptote  to  the  curve;    , 
This  may  likewise  be  shewn  by  the  method  given  in  Art.  70. 

(3).     Let    the  curve  be  the   Conchoid  of  Nicomedes 
(Wood's  Algebra,  Art.  49TT>  whose  equation  is 

{a  +  xf  {b^  -  x^)  =  x»  3/*. 
^  ^  x^  ^ab" 


r-      i 


(by    Equation  to  the  tangent 


N. 
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lfa?=0,  j/  becomes  ififinite  and  coincides  with  the  tan- 
gent, and  is  consequently  an  asymptote  tb  the  curve. 

(4).     Let  the   curve  be  the   Witch  (Agnesi's  Analytical 
Institutions^  Vol.  I.  Art.  242.),  whose  equation  is 

ax/(ax  —  ^*) 


Qi).     Equation  to  the  tangent 

1/'=-  — —r^ \  ax'  ^-^x^  -  Sadi;\. 

(c).    Equation  to  the  normal 

,  a^  L  2a:*y 

(d).     A  line  passing  through  the  origin  of  the  abscissae, 
at  right  angles  to  the  axis,  is  an  asymptote  to  the  curve. 

I 

(5).     Let  the  equation  of  the  curve  be 

y^  +  x^y  +  a  J/*  —  a  a:'  =5  0. 

(a).     P  1  ^  -2 — ^ ^ — ' :  m  this  case,  -f^  and  also 

^  2x{a-y)  dx 

y — f ,  becomes-,  when  ^==0,  2indy  =  0,  or  at  the  origin 

of  the  cp-oirdinates  :  this  indicates  a  multiple  point  of  the 
curve,  the  meaning  and  nature  of  which  will  be  more  fully 
explained  by  the  examples  given  in  the  next  section,  on  the 
*'  singular  or  remarkable  points  of  curve  lines ^ 


y> 
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(6).    Let  the  equation  of  the  curve  be 
{a)*    A  line  whose  equation  is, 


a 


y  =:  a/  +  -  , 

18  an  asymptote  to  the  curve :  this  may  be  constructed  as 

follows :   make  AR  s  AE  =  ^ :   then   the  line  passing 

through  R  and  E    is  the  asymptote  required.     Vince's 
Fluxiam,  p.  52« 


(7).    Let  the  curve  be  the  hyperbola  referred  to  its  azis» 
whose  equation  is 

(a).    The  linear  equation 

y  =  ±  -  I  x'  +  a) 

determines  the  position  of  the  two  asymptotes  of  the  curve. 

(8).    Let  the  equation  of  the  curve  be 

a  a?*  —  by^  +  r*  x^  =  0. 


1 


(a).    This  curve  admits  of  an  asymptote,  whose  equa- 
tion is 

y  ss  —  y.      Vince's  Fluxions,  p.  53.  ' 
b* 

If  we  investigate  series  for  y  in  terms  of  x,  by  means  of 

T 
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the  theorem  of  Lagrange,  we  shall  find  one  of  them,  involv- 
ing descending  powers  of  x,  which  is 

3^  =  71*^  +  — r-T • TT^  +  ^^• 

If  we  confine  ourselves  to  the  first  term,  we  shall  have 
a  linear  equation,  which  determines  the  position  of  the  recti- 
linear asymptote  of  the  curve*  If  we  include  two  terms 
of  the  series,  we  shall  have  the  equation  of  zcurvCy  which 
may  be  considered  as  an  asymptote  to  .the  original  curve, 
and  which  approximates  more  nearly  to  it  than  the  rectilinear 
asymptote  which  has  just  been  determined.  The  saine  is 
true,  of  the  curves  which  arise  from  including  three^  four, 
or  a  greater  number  of  terms  of  the  series,  in  the  equation 
of  the  asymptotic  curve.  This  method,  which  admits  of 
general  application,  was  given  by  Stirling,  in  a  Treatise  in 
illustration  of  Newton's  classification  of  lines  of  the  third 
order,  which  was  published  in  1717. 

(9).     Let  the  equation  of  the  curve  be 

In  this  case 

y  :=z  —  a —  — --  —  &c. 


x^        a** 


and^=— a,  is  the  equation  to  the  rectilinear  asymptote  of 
the  curve ;  it  is  not  necessary  to  explain  its  construction. 

(10).     Let  the  equation  of  the  curve  be 

^»  -  2  xf  +  x'^y  -  a^  =  0.     Fig.  22. 

The  series  which  involve  descending  powers  of  x  are 

(4).     y  zzx  -\ : + &c. 
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(3).    y=^4.^  +  ^^!+&c. 

Consequently  y  ^  !£y  and  ^  =  0,  are  the  equations  to  two 
asymptotes,  one  of  which  AT)  passes  through  the  origin  A 
of  the  co-ordinateS)  making  an  angle  of  45^  with  the  axis, 
and  the  other  is  co-incident  with  the  axis.  Stirling,  Ltnecs 
Teriii  Ordinis  Newtoniana.  p.  29,  51,   128. 

(11).    Let  xt/^—ey^idx^'^bx*  -^-cx  +  dy  be  the  equa- 
tion of  the  curve.     Fig.  23. 

The  series  for  y  are 

(1).    y^x^a  +  +  : — ^^—  +  &c. 

(2).    y  =  —  jrv/« + r — ^^- -8cc. 

•^  ^  2  Vfl  Sax  ^/a 

(3).    j^  =  f  +  -+  —  + •  +  &C. 

X       e        e  e 

^         -^  e         e  e 

b  ^ 

The  equations y  =:x  ^a  H ,  and;y  =  —x^a 


9,  s/a         ^  ^        2's/a 

represent  two  asymptotes,  which  cut  the  axis  at  a  distance 

AD  =  — ,  from  the  origin  of  the  co-ordinates  and  make 
Q,a 

angles  with  the  axis  whose  trigonometrical  tangents  are  v  a 
and  —  y/a.  From  the  third  series,  it  appears  that  y  is  in- 
finite, when  0^=0,  and  is  likewise  an  asymptote  to  the  curve 
at  that  point.  These  three  asymptotes  form  a  t^angle  Ddl 
of  given  species  and  magnitude :  if  ^  =  0,  this  triangle 
vanishes  in  a  point  A,  and  if  a  =3  0;  it  coincides  with  the  linp 
AD. 
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If  a  be  negative^  the  curve  has  only  one  asymptotei  the 
equations  for  the  two  first  involving  imaginary  quantities. 

If  asO|  and  £=0,  the  two  first  series  for  y  become 

and  the  equations  for  the  two  asymptotes,  are  y=>/c5  and 
^  =:  —  Vcj  which  correspond  to  two  lines  drawn  parallel  to 
the  axis^  at  a  distance  =  \/c^  above  and  below  it. 

If  c  =:  O9  these  two  asymptotes  coincide  with  the  axis^ 
which  is  therefore  an  asymptote  to  the  curve.  Stirling^ 
Lin.  Ten.  Ord.  Newt.  p.  87. 

(12),    Let  xy  ::z  ax^+ia^  +  cx-^d. 

The  ordinate  passing  through  the  origin  of  the  co- 
ordinates, is  an  asymptote  to  the  curve. 

(IS).  Let  y  -  2 a?»y—x* +2 aa?*y"— 5  0  0:^=50,  be  the 
equation  of  the  curve.    Fig.  24. 

The  series  for^  are 

which  furnish  the  equations  to  the  two  asymptotes  of  the 
curve. 

,,  ^v      T    .  ax^  +  b x^  +  cx^  +  dx  +  e     ^.     ^^ 
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The  equation  to  the  asymptote,  determined  by  this 
method  is 

^   f      r 

There  are^  however,  in  this  case,  other  asymptotes  whose 
equations  cannot  be  determined  by  this  developement :  for 
if  we  msdce  x  equal  to  a  root  of  the  equation 

/je  +  ^  x' +  Aa:  +  ft  =  0, 

y  becomes  infinite  and  is  an  asymptote  to  the  curve :  and  if  all 
the  roots  of  die  equation  be  possible,  there  is  an  asymptote 
corresponding  to  each  of  them.  Stirling,  Lin.  Tert.  Ord. 
Newt.  p.  SS. 

Newton,  in  his  Enfsmeratio  Linearum  Tertii  Ordinis^  haSi 
shewn  that  all  curve  lines  of  the  third  order  are  comprdiended 
under  some  one  of  these  four  equations ; 

(1).  :Fy*  —  e^saa^'  +  ftj^^-fcx +  £?. 

(2).  dT^  =:  aa:*+*x*+^x+</. 

(3).  y  ==  aa?'+Jx'  +  cj:+d. 

(4).  y  zz  ax^  +  bx^  +  cx+df 

in  which  a,  *,  c,  d,  e  may  be  positive,  negative,  or  evanescent, 
excepting  those  cases  in  which  the  equation  would  thus 
become  one  of  an  inferior  order  of  curves.  ^ 

He  distinguished  65  difierent  species  of  curves  compre- 
hended under  the  first  equation,  which  constitute  eleven 
distinct  classes :  four  new  species  were  subsequently  dis- 
covered by  his  commentator  Stirling,  and  four  mote  by 
De  Gua*. 

The  first  class  contains  9  species,  the  second  14?,  the 


*    Usage  de  V Analyse  de  Descartes.    1 74fO. 
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third  4,  and  the  fourth  9:  The  curves  comprehended  In 
these  four  classes  are  named  redundant  hyperbolas,  from 
their  possessing  six  hyperbolic  branches,  a  number  greater 
than  in  the  conical  hyperbola.  They  admit  of  three  asymptotes, 
which  in  the  fourth  class  only,  pass  through  (he  same  point. 
In  all  these  classes  a  is  positive  j  in  the  second  e>  as  0 ;  in  the 
third  e  =:  0  and  b*  ss  4ac,  and  in  the  fourth  also  ^  =  0. 

The  fifth  class  consists  of  6  species,  and  the  sixth  of  7 ; 
each  admitting  of  one  asymptote ;  they  are  named  defective 
hyperbolas  from  their  possessing  only  two  hyperbolic  branches. 
In  both  these  classes,  a  is  negative,  and  in  the. second  e=0 : 
amongst  these  is  comprehended  the  Cissoid  of  Diodes. 

The  seventh  class  includes  7  species  arid  the  eighth  4 
species,  each  possessing  one  asymptote  and  two  hyperbolic 
and  two  parabolic  branches,  and  therefore  called  parabolic 
hyperbolas:  in  both  thes^  classes  a=0,  and  in  the  second 

The  ninth  class  includes  4  species,  which  are  called 
hyperbolisms  of  the  hyperbola,  possessing  six  /hyperbolic 
branches  and  three  asymptotes,  two  of  which  are  parallel  and 
the  third  perpendicular  to  the  axis  :  the  tenth  class  consists 
of  three  species,  called  hyperholisms  of  the  ellipse,  possessing 
one  asymptote  and  two  hyperbolic  branches :  the  eleventh 
class  consists  of  2  species,  called  hyperholisms  of  the  parabola, 
each '  curve  possessing  two  asymptotes  and  four  hyperbolic 
branches:  in  these  three  classes  asO,  and  3=0,  and  c  is 
positive  in  the  first,  negative  in  the  second,  and  evanescent  in 
the  third. 

The  curves  comprehended  in  this  equation  have  one 
diameter  when  ^  =  0,  and  three  diameters  when  ^  =z  0  and 
i*  =  4  a  r. 

The  second  equation  comprehends  only  one  species  of/ 
curves,  to  which  Newton  has  given   the  name  of  Trident^ 
possessing  one  asymptote,  two  hyperbolic  and  two  parabolic 
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branches.     The  third  includes  5  species,  each  possessing  two 
parabolic  branches :  amongst  these,  is  the  semi'^cubical  para-    ^ 
Moj  remarkable  as  the  first  curve  whose  rectification  was    X 
efiected.    The  fourth  equation  comprehends  only  one  species 
of  curves,  commonly  called  the  cubical  parabola. 

The  Reader  who  is  familiar  with  the  description  of  curves 
from  the  properties  of  their  algebraical  equations  and  the 
determination  of  their  asymptotes  and  singular  points,  will 
find  little  difiiculty  in  distinguishing  most  of  the  different 
species  of  curves  comprehended  in  these  classes,  particularly 
if  assisted  by  Newton's  Enumeration  and  the  figures  which 
accompany  it :  this  enquiry,  however,  is  sometimes  attended 
with  considerable  difliculties,  since  some  of  the  species 
escaped  the  scrutinizing  accuracy  of  Newton,  and  some  of 
them  are  probably  yet  unknown. 

A  similar  classification  of  curves  of  the  fourth  order 
would  comprehend  more  than  .5000  species,  a  work  of  such 
immense  labour  and  difiiculty  that  no  analyst  has  hitherto 
had  the  courage  to  undertake  it. 

Cramer  ^  has  given  a  classification  of  curves  of  different 
orders,  by  the  consideration  of  the  number  and  nature  of 
their  infinite  branches,  a  divisjon  which  is  very  simple  and 
natural,  but  too  general  to  be  of  much  service :  he  has  thus 
made  five  classes  of  curves  of  the  third  order,  nine  of  curves  of 
the  fourth  order  and  eleven  of  curves  of  the  fifth  order :  the 
distribution  of  the  curves  comprehended  in  these  classes,  into 
genera  would  be  attended  with  the  same  difilculties  as  New- 
ton's enumeration  of  species. 

This  enumeration,  however,  though  not  destitute  of  in- 
terest, is  of  little  real  utility :  for  the  properties  of  every 
curve  are  most  readily  deduced  by  direct  methods  from  the 
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4 

particular  equation^  by  which  it  is  expressed^  without  re- 
ference to  any  general  class  of  curves  or  any  general  equadon. 
Our  attention  will  be  thus  directed^  as  it  ought  to  be,  to 
curves  which  are  remarkable  for  curious  and  instructive 
properties^  or  which  result  from  the  application  of  mathe* 
matics  to  physical  problems. 


On  the  Singular  or  Remarkable  Points  of  Curve 

Lines. 

Art.  77— *93.    (I).    Let  the  equation  of  the  curve  be 

This  curve,  which  is  a  cubic  parabola^  has  a  point  of 
inflexion  or  contrary  flexure^  at  the  origin  of  the  co-ordinates. 
Fig.  26. 

(2).    Lety  =  ^'<^^^-^') ,  (Ex.  5.  p.  144.) 

If  a?  =  — ,  and  therefore  y=s  =t-y;  i  there  is  a  point  of 

inflexion  corresponding  to  each  of  these  points  in  the  two 
similar  branches  of  the  curve. 

(3).    Let  xy*  =1  ex  —  d. 

3d  y  •— ^ 

If  a:  =  — ,  and  v=:  ±  \  /  —  >  there  is  a  point  of  inflexion 
corresponding  to  each  of  these  points.     Fig.  27. 

This  curve  is  termed  an  hyperbolism  of  an  ellipse,  and 
constitutes  the  63d  of  Newton's  and  the  67th  of  Stirling's 
enumeration  of  lines  of  the  third  order. 
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<4).     Let^  "  ax^  -  i'y  =  0.  -  . 

A  point  of  inflexion,  when  x  =  0  and  j/sO.     Fig.  28. 

This  curve  belongs  to  the  class  of  curves^  to  which  New- 
ton has  given  the  name  of  Trident-  ^      ^'^  ^-      .:'^.  >   .^'■ 

(5).    Let  ax'  +  ^y+^=0.     Fig.  29. 

Two  points  of  inflexion,  one  corresponding  to  r  =  0,  and 
y  zz  --  c  1/7  >  and  the  other  to  or  =  —  r  \/  -  and  y  =  0. 
Cramer.  Lignes  Curves.    Art.   198. 

(6).     Let  a?y  +  ax""  ■{-  b^  =zO. 

If  a  and  b  have  the  same  sign,  there  are  two  points  of 
inflexion,  corresponding  to  x  =  ±  i  4/  s  (3  +  >/ 1 2)  -  >  ;  and 
if  a  and  b  have  different  signs,  these  two  points  correspond 
to  a:  =  ±  b  4/  j  (3  -  >/ 12)  -  I .  Cramer,  /rf.  Art.  199- 
Newton  Enum.  Lin.  Tert.  Ord,  Species  53,  56. 

(7).     Let  x^  -  a^x*  +  a^y  :=:0.     Fig.  30. 
There  is  a  point  of  inflexion  corresponding  to  each  of  the 
points  determined  by  making  x  =  .±  — ^  and  therefore  y  = 

^  .    Cramer.  Id.  Art.  199- 
36 

(8).    Let  a*y  =  x*/ 

There  is  a  point  of  double  inflexion  at  the  origin  of  the 
co-ordinates,  which  is  likewise  termed  a  point  of  serpentement 
or  of  undulation  and  may  be  considered  as  arising  from  the 
union  of  four  points  of  the  curve.     Such  points  as  these  are 

u 
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points  of  inflexion,  in  an  analytical  rather  than  a  geometrical 
sense,  since  the  curve  itself  presents  no  visible  character  of 
a  change  in  the  nature  of  its  curvature. 

It  will  aid  the  student  in  conceiving  the  nature  of  this 
point,  to  consider  the  curve  whose  equation  is 

fl»^  =  a^-  (b\+  c'')x*  +b^c*: 

if  we  make  b  and  c  equal  to  nothing,  the  equation  will  coin- 
cide with  that  given  above,  and  the  four  points  corresponding 
to  a;  s=  ^,  xzz^b,  xz^c  and  x^—Cy  will  unite  into  one, 
which  is  a  point  of  undulation.    Fig.  31.  ' 

(9).    Let  fl*y  =  x^.    Fig.  32. 

If  OTsO  and  5^=0,  there  is  a  point  of  triple  inflexion, 
which  is  coincident,  in  its  geometrical  characters,  with  a 
point  of  simple  inflexion :  it  obviously  arises  from  the  union 
of  five  points  of  the  curve. 

(10).  The  corresponding  point  in  the  curve,  whose  equa- 
tion is  a^y  =  J% 

is  one  of  double  undulation.  It  is  unnecessary  to  discuss  the 
nature  of  this  ppint  in  ^  similar  parabolic  curves  of  Higher 
orders.  v 

(11).  Let(^'  -far*)'  —  4ay  (ar^  +  y*  -2  ay +  2  a")  =0. 
Fig.  33. 

A  point  of  double  inflexion  or  of  undulation,  at  the  origin 
of  the  co-ordinates.    Cramer  Id.  Art.  186.  ' 

(12).  Let  there  be  a  series  of  curves  whose  equations 
axe 

(1).    y  =  ^  +  (X  -  a)t 
(2).    11/  =  b  -\-  (x-a)^. 
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(3).      S  ^  X  +  (JT— fl)^. 

,    (4).    y  =s  X  •{-  (J7  — fl)3. 

There  is^  a  point  of  infle:ipion  in  all  these:  curves^  cor- 
responding to  xssa. 

In  the  firsti  the  tangent  at  the  point  of  inflexion  Ay  is  per- 
pendicular to  the  axis.     Fig.  34. 

In  the  second,  the  tangent  at*  A^  is  parallel  to  the  axis. 
Fig.  S5. 

In  the  third  and  fourth^  the  tangent  at  A  is  inclined  at 
an  angle  of  45^  to  the  axis.     Fig.  36. 


(IS).    Let  a y*  -  ^  -  i  0?*  =  0.    Fig.  S7. 


dx 


At  the  origin  of  the  co-ordinates,  we  find   ^^  as  ^ 

ax 

^/-i ,  which  indicates  a  node  or  double  point. 

If  6=0,  the  curve  becomes  the  semi'Cubical parabola  i  in 
this  case,  the  two  tangents  coincide  with  each  other  and  the 
node  is  changed  into  a  point  of  rebroussement  or  cusp  of  the 
first  kind. 

If  ^  be  negative,  the  values  of  -^  become  imaginary, 

and  this  point  is  an  insulated  or  conjugate  point.    Newton. 
Enum.  Ian.  Tert*  Ord.  Species  68,  70,  69* 

(14).  Lety  -  8^3  -  12a:/  +  l6y^  +  48a:y  +4 ;r'  - 
64  ic  =  0.     Fig.  38. 

If  ^as2  and  v=24,  we  find  -7^  =  :i=  VB,  which  in- 

dx 

dicates  a  double  point  arising  from  the  intersection  of  two  of 

the  four  branches  of  the  curve. 
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This  example  was  appealed  to  by  RoUe,  one  of  the  earliest 
adversaries  of  the  Differential  Calculus,  to  prove  that  its 
processes  sometimes  lead  to  erroneous  results :  he  made  no 
distinction  between  the  whole  curve  denoted  by  the  given 
equation  and  diat  which  corr^ponds  to  one  of  its  factors 
y — € — ^(4  x) — ^(4 + 2  a:)  =0,  and  supposed  that  a  fracticm 
whose  numerator  and  denominator  are  evanescent,  must 
itself  be  evanescent.  A  full  explanation  of  these  difficulties 
was  afterwards  given  by  Saurin*. 

(15).     Let  j;^  — ayjT*  +  *y  =0.     Fig.  39. 

A  triple  point  at  the  origin  of  the  co-ordinates,  arising 
from  the  intersection  of  three  branches  of  the  curve  :  the 

values  of  -^  at  this  point,  are  ±  \ /-^  and  0. 
ax  V    a 

This  is  another  of  RoUe's  instances,  which  was  likewise 
explained  by  Saurin. 

(16).  Let  X*  -  2y/£ax^  +  2  a*jr*  -  a^— a*y*  =:0. 
Fig.  40. 

If  x=0,  there  is  a  double  pointy  where  -—-  =  ±  ^2. 

If  X  =  a  ^2  and^  =  0,  there  is  a  double  pwnt  in  every 

respect  similar  to  the  former.     At  both  these  points,  there  is 

an  inflexion  in  that  branch,  whose  tangent  is  determined  by 

d  y 
making  —-  zz  —a/2.     Cramer.  Lignes  Curves.  Art.  186. 
dx 

(17).     Let:r*-2a3^'-3a=*/-2a^x*  +  a*  =  0.    Fig.  41. 

Three  double  points  corresponding  to  x  :=.  a  and  y  ==  0, 
T  =  ~  fl  and  y  =  0,  and  x  =  0  and  y  -=:  —  a:  iox  the  first 

two  points  —£  =  ±  4  /-,  and  for  the  third  ^=  ±  \  /-  . 
^  dx  \    S  dx  \    S 
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(18);.    Let  ^*  -f  y  —  2  a^^  +  9.bx^i/  zz  0.     Fig.  42. 

A  triple  point  or  d(mble  node  zt  the  origin  of  the  co-ordi- 
nates. 

If  ^  =  0^  the  inferior  ovals  disappear  and  vamsh  in  at 
point  ^^  which  may  be  considered  as  an  invisible  triple  p^nt. 

It  a  znOy  the  superior  oval  disappears  and  the  point  A 
is  a  triple  pointy  arising  from  the  coincidence  of  two  tangents 
and  a  third  tangent  coincident  with  the  axis. 

If  the  equation  bey— a?*  +  2  iar^  r=  0,  the  point  A  will 
be  a  triple  point  of  a  similar  nature,  though  the  form  of  thtf 
curve  will  be  different.    IPig.  43. 

(19).     Let  a'/ =  a?*. 

A  cusp  of  the  first  kind,  when  a?  =r  0  and  jf  =:  0. 

(20).    Let  (jry  +  l)'+(^-l)'  (a:- 2)  =  0.    Fig.  44. 

If  0?  ^  1  and^  =  —  1,  there  is  a  cusp  of  the  first  kind 
Newton.  Lin.  Tert.  Ord.  Species  35. 

(21).     Let  y-b  +  (x-a)'^.     Fig.  43. 

If  xiza  znd  yzzb,  there  is  a  cusp  of  the  first  kind. 

(22).     Let  y  =  ^  +  rap*  +  (x  —  a)^.    Fig.  46. 

If  <r = a  and  yzzb-^-ca^^  there  is  a  cusp  of  the  second  kind. 

(23).     Let^  =  ±  {x-^ay  ^{x-b)  +  c.     Fig.  47. 

If  x=a  2Lndy=c,  the  two  branches  have  a  common  tan- 
gent  parallel  to  the  axis^  but  no  cusp ;  there  is  an  oval  be- 
tween x=  a,  and  :r=:(. 
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(24).     Let  j^Bs  ± {x  -ay  s/{x  - *)  +  c.     Fig.  48. 

If  jp  ss  n^  and  y  ^  Cf  the  two^branches  have  a  common 
tangent  and  equal  and  similar  curvature  at  their  point  of  in- 
tersectioh^  but  no  cusp ;  there  is  likewise  an  oval  between 

In  this,  (as  well  as  in  the  last  example),  we  must  suppose 
a>b\  if  a  <  ^,  the  double  point  in  question  is,  in  both  cases, 
a  conjugate  point* 

(25).    Let  y*  +  a  a:*  -  V'xy'  =  0.    Fig.  49. 

At  the  point  A^  the  origin  of  the  co-ordinates,  there  is 
an  infkctim  of  the  infinite  branch  CAD  and  a  cusp  of  the 
first  kind :  the  point  A  is  properly  a  triple  pomt.  Cramer. 
Id.  Art.  221. 

(26).    Let  fl»/  -  2  a  6  jr*y  -  ar*  =  0.    Fig.  50. 

At  the  origin  of  the  co-ordinates,  we  find  what  is  called 
an  oscu^inflexion,  or  two  branches  of  the  curve  touch  each 
other  at  A3  one  of  which  experiences  an  fii/^^ji^/i  .at  that 
point.    Cramer.  Id.  Art.  220. 

(27).    Let  «*-  a  x^y  -  axy^ + J  a*  y*  =  0.    Fig.  5 1 . 

At  the  origin  of  the  co-ordinates,  we  find  a  cusp  of  the 
second  species.    Cramer.  Id.  Art.  220. 

(28).    Let  (x^  +  y)*  -  4  «•  x^y*  =  0.     Eg.  52. 

A  quadruple  point  at  the  origin  of  the  co-ordinates. 

This  curve  is  thus  constructed :  If  a  circle  be  described 
whose  radius  AB  =:  a,  and  if  AM  be  always  taken  equal  to 
a  sin  QBAMf  the  point  M  will  trace  out  the  curve. 
Cramer.  Id,  Art.  170. 

(29).  Let  j:y*  +  x3-(2  6+a)j:*  +  (6*  +  2a*)j:-a**=a. 
Fig.  53. 

A  double.point  corresponding  to  x=:b  and^=0. 


The  construction  of  this  curvq  is  as  follows :   take  C 
any  point  in  the  diameter  AB  of  z  circle  :   draw  the  ordinate  • 
P  N,  join  AN'  and  dtaw  CM  parallel  to  AN:  the  point  ifcf 
traces  out  the  curve.    Cramer.  JJ.  Art.  174. 


(30).     Lety  +  x*-2#**«-2a«y*  +  a*=0.     Fig.  54. 

Four  double  points  cbrresponding  to  x  =s  a   and  i^  s  0, 
jr=:— /jr  and^sO,  j?=0,  and-^s=tf,  and  t=:0  and  y^^a. 

This  curve  arises  from  the  intersections  of  two  ovals^ 
whose,  equations  are 

if  +  xy v/2  +  X*  —  «^  =  0,  and 

y*  —  xy  ^Qt  +  x^  -^  a^  =  0, 

Cramer.  3,  173. 

The  description  of  curves  of  higher  orders  than  the  fourth 
and  the  determination  of  their  singular  points^  becomes,  in 
most  cases,  exceedingly  difficult,  from  the  extreme  compli- 
cation of  their  forms  and  the  dificultieti  attending;  the  solu- 
tion of  equations  of  higher  orders  than  the  fourth,  to  which 
these  investigations  commonly  lead.  Curves  of  this  kind^ 
however,  seldom  occur  in  physical  enquiries^  and  their  dis^ 
cussion  is  therefore  of  little  importance,  unless  as  a  subject 
of  analytical  curiosity. 

We  shall  have  occasion  to  notice  othet  instances,  of  sin» 
guhr  points,  in  enumerating  the  principal  properties  of  some 
particular  curves  which  have  become  celebrated  from  histori- 
cal or  other  circumstances.  The  reader  who  wishes  for 
further  information  upon  this  subject^  will  find  his  curiosity 
amply  gratified  by  the  complete  discussion  of  a  great  num* 
ber  of  excellent  examples^  in  the  very  elaborate  work  of 
Cramer  to  which  we  have  so  often  rtfdHrred. ' 
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On  the  Curvature  of  Curve  Lines. 

Art.  87—100.    Let  t  =  ^(fl»  -  *»)  or  ^^  ^-t  -  1. 


a^  a' 


If  we  make  a*  —  i*  =r  «•  ^%  we  find  the  radius  of  the 
circle  of  fcurvature/or 

7  = 7 w    — —    y  ' 

If  a  and  /3  be  the  co-ordinates  of  the  center  of  the  circle 
of  curvature^  we  have 

a  = ,  and  ^  = ria'  -  x'^f  j 


a* 


9^nd  by  elihiinating  a  and  /?  froni  these  equations^  we  get 

3ft  ft        ft  4       4  ft 

or  making  ^1^  =  .',   ^1^  =  *', 

a  s  x'  and  /?  ^y,  the  equation  of  the  evdute  becomes 

4-       •^/x-i- 


gr  -  (17=  •• 


fl*  ^—  ^* 
The  evolute  has  a  cusp   at  E;  also   CjB=    .  ^  , 

CQs5:Cfi'=  "'"^  and  die  arc  EQ=  ^^^ .    Fig.  55. 

a  a  b 

In  the  case  of  the  hyperbola  the  equation  of  the  evolute  is 


C0'-6.)*=>- 


fyyhere  a  =  -. 1-,  and  V  =  — 7 — 

a  0 


161 

<2)»    Let  xy  ssa*,  or  let  the  curve  be  the  rectangular 
hyperbola  referred  to  its  asymptotes. 

In  order  to  determiii^  the  equation  of  the  evolute,  we  find 

2  Car'      tf»         Vx      a/  >       2  Vx      af 

consequently 

^Y^|=4^(a+/3;-^/(«-/3), 
and  therefore 

(4.  fl)"^  =  (a  +  /S)"^  -  (a  -  fif. 

The  evolute  has  a  cusp  at  E  \  and  two  infinite  branches 
EQL  and  £Q'.    Fig.  56. 

(3).    Let  a^y-zLO^i  the  equation  of  the  cubical  parabola, 


6a*x 


This  expression  is  a  minimum^  or  the  curvature  is  the 
greatest  when 

/I  «  a 

X  zz  -3 —  and  v  = • 

^45  ^      ^91125 

Also  o  = .  — ,    p  =:  —  +  — ; 

^  «      2    a*'  6x      2a«' 

X 
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The  elimination  of  x  from  these  equations,  leads  to  a  verf 
complicated  expression  for  the  equation  of  the  evolute^  which 
does  not  seem  to  admit  of  reduction. 

(4).  Let  ay^  zzx^,  which  is  the  equation  to  the  semi- 
cubical  parabola : 


3      V         4  a/  • 


If  X  =0,  7  zO,  or  the  curvature  at  the  vertex  is  infinite. 


9^' 


The  equation  of  the  evolute  is 

256  4  8 

+  72/1  a'  -f  24fl*a*  +  2a^a  =0. 

(5).     Let  iT-'y  =a:-; 

'^  ■"""        m(/«  —  1) J?"""' 

Jf  m  >  2,  7  is  infinite  when  x=0,  as  in  Example  8 ;  the 
curve  experiences  an  inflexion  at  this  point. 

If  w  <  2,  7  =  0,  when  x  =  0,  and  there  is  a  cusp  at  that 
point. 

(6).     Let  J/  =  ^V^(^^-^'),    (Ex.  4.  p-  144,) 

__    {  fl^  -f-  4gx^  -  4j?*  }  i 
^  "  2a^x^{3a-'4x) 

If  T  =  0,  7  =  00  :   at  thi^  point  j/  =  oo ,  and  the  curve 
coincides  with  its  asymptote. 
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So 
I{  X  s=:  — )  7  c=  00,   which  corresponds  to  a  point  of 
4 

inflexion, 

-  g*  + IQgJ^— 12  a* 

The  only  difficulty  attending  the  determination  of  the 
equation  of  the  evolute  of  an  algebraical  curve,  v  arises  from 
the  elimination  of  x  from  the  expressions  for  a  and  /3j  which 
generally  requires  the  resolution  of  equations  of  higher 
orders. 


On  the  Conchoid  of  Nicomedes,  .  the  dssoid  of 
Diodes  and  other  remarkable  Cuf^es,  both  Alge- 
braical  and  Transcendental. 

(1).    On  the  Conchoid  of  Nicomedes.    Fig.  57,  58. 

If  a  line  be  drawn  from  the  poii^t  P,  cutting  the  in- 
definite straight  line  CD  in  ii,  and  if  RM  be  taken  equal  to 
a  given  line  \  the  curve  EBe  traced  out  by  M,  in  the  different 
positions  of  P3f,  is  called  the  C!onchoid  of  Nicomedes. 

4 

If  ii  m  be  taken  equal  to  RMy  the  curve  Fbf  traced  out 
by  m»  is  called  the  inferior  conchoid. 

The  indefinite  line  CD  is  called  the  rule,  and  the  given 
line  RMf  the  modulus  of  the  conchoid. 

If  a  line  PAB  at  right  angles  to  CD,  be  considered  as 
the  axis  of  the  abscissae,  and  if  we  make  AB  or  JSM  =  a, 

APzzb,  AHzzXy  and  HM^y,  we  shall  find 

_  (b+xy{a*^x') 


i) 
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which  is  the  equation  to  a  curve  of  the  fourth  order. 

-    The  determination  of  the  points  of  inilexion  of  this  curve^ 
depends  upon  the  solution  of  the  equation 

If  as=b,  or  if  the  inferior  conchoid  pass  through  the  pole 
P,  the  roots  of  this  equation  are  ii(>/3--l)>  ^a  and 
-ra  (  >/  3  -f- 1 )  5  the  first  of  which  corresponds  to  two  pointjs  of 
inflexion  in  the  similar  branches  EB  and  e  B,  and  the  second 
indicates  a  cusp  of  the^first  kind  at  the  pole  of  the  conchoid  : 
the  third  root  gives  imaginary  values  of  i/  and  therefore  cor- 
responds to  no  point  of  the  curve. 

If  b  be  greater  than  a,  there  are  four  points  of  inflexion, 
two  in  the  superior,  and  two  in  the  inferibr  conchoid :  the 
pole  P  is  in  this  case  a  conjugate  point. 

If  b  be  less  than  a,  there  are  two  points  of  inflexion  in 
the  superior  conchoid :  the  pole  P  is  a  double  point  and 
there  is  an  oval  included  between  P  and  b.     Fig.  58. 

The  polar  equation  of  this  curve  is 

u  = +  ^/a\ 

cos  6 

where  u  =  PM  and  6  =  angle  MPB, 

If  its  rectangular  co-ordinates  be  expressed  by  trigono- 
metrical quantities,  the  conchoid,  from  the  nature  of  the 
resulting  equation,  may  be  considered  as  a  cycloidal  curve  : 

thus,      y  '=^b  tan  6  -h  ^c^  .  sin  ^,     and 

X  =  V^*  -cos  ^. 

The  whole  area  included  by  the  curve  BE  and  its  asymptote 
AD  is  infinite  :  but  the  solid  generated  by  the  revolution  of 
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the  same  area  round  AD  is  iinite  and  equal  to  a  hemisphere 
whose  radius  is  a,  together  with  a  cylinder  whose  base  is 

V  a^  and  whose  altitude  is  — .    This  property  was  discov^ed 

byWaUis*. 

NicomedeSy  who  appears  to  have  flourished  about  two 
centuries  before  the  Christian  aera,  made  use  of  this  curve  in 
the  practical  solution  of  the  two  problems  so  celebrated 
among  the  geometers  of  antiquity,  namely  the  trisection  of 
an  angle  and  the  insertion  of  two  mean  proportionals 
between  two  given  lines,  upon  which  problem  the  duplica- 
tion of  a  cube  depended  :  it  was  peculiarly  adapted  for  this 
purpose,  in  consequence  of  its  admitting  of  a  very  simple 
mechanical  description  t. 

A  method  nearly  similar  may  be  made  use  of  to  describe 
die  ellipse  and  hyperbola :  for  if  we  make  RQ  constantly 
equal  to  a  and  draw  QM  at  right  angles  to  AD,  the  point  M 
will  trace  out  an  hyperbola,  whose  asymptotes  are  KD  and 
KL,  the^  point  K  being  determined  by  making  AK=za,  and 
KL  being  parallel  to  AB. 

Again,  if  PRM  be  drawn  from  different  points  of  AP 
in  such  a  manner  that  the  part  PR  may  be  constantly  equal 
to  b  and  RM  to  a,  then  the  curve  traced  out  by  JH  will  be 
an  ellipse  whose  semi-axes  are  a +3  and  a  and  whose  centre 
is  A.  Also,  if  m  be  tak6n  in  RP  or  RP  produced,  the 
point  m  will  describe  an  ellipse,  whose  semi-axes  are  a 
and  ^-  a,  if  a  be  less  than  b ;  and  a  and  a^b  when  a  is  greater 
^han  b. 

It  is  obvious  that  all  these  motions  may  be  executed 
mechanically. 


*  Wallisii  Opera.  Tom.  I.  p.  350. 

"    t  Montiicla.  Histoire  des  Mathematiqites,  Tom.  !•  p,  236*  and 
Newton,  Appendix  ad  Arith.  Univtrsakm.    Art.  5. 
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(2).    On  the  Cissoid  of  Diodes.     Fig.  59. 

If  PQ  and  pqhe  two  ordinates,  drawn  at  equal  distances 
from  A  and  JB,  the  extremities  of  the  diameter  of  a  circle ; 
and  if  we  join  J  q  cutting  PQ  or  Pg  produced  in  My  the 
curve  traced  out  by  the  point  M  is  the  Cissoid  of  Diocles. 

If  we  make  ABs=q,  APmx  and  PM^y^  we  find 


^ 


a—x 


The  curve  consists  of  two  infinite  hyperbolic  branches 
AE  and  ^^,t  with  a  cusp  at  ^,  and  an  asymptote  passing 
through  B  at  right  angles  to  jiB.  ^ 

The  area  APM  of  the  Cissoid,  is  equal  to  three  times  the 
circular  segment  AQA  diminished  by  the  triangle  AQP^  and 
consequently  the  whole  area  of  the  curve  between  its  infinite 
branches  and  asymptote,  is  equal  to  three  times  the  area  of 
the  generating  circle :  the  solid  generated  by  the  revolution  of 
this  area  round  ^jB  is/  infinite. 

The  polar  equation  of  the  curve  u  =         ^^ — . 
^         ^  cos  e 

This  curve  maybe  generated  mechanically  as  follows. 
Produce  CA  to  E  making  AEzzAC ;  and  let  the  ordinate  CD 
be  produced  indefinitely ;  let  the  indefinite  line  KF  and  the 
line  FH  which  is  equal  to  AB  and  bisected  in  JIf ,  be  placed 
at  right  angles  to  each  other:  then  if  KF  pass  constantly 
through  the  point  E  and  the  point  H  mov?  along  CD  or  CI) 
produced,  the  point  M  will  trace  out  the  Cissoid*.     Fig.  60. 

Diocles  the  inventor  of  this  curve  flourished  in  the  sixth 
century  after  Christ,  and  was  one  of  the  latest  geometers  of 
the  school  of  Alexandria :  if  we  take  for  granted  the  geo- 
metrical description  of  the  cissoid,  it  will   afford  an  easy 

,11        I       II        M  ■■— ■»  ■■■  ■  —  ^  ■■■  ■        ■■     i«       ■  I     ■  *  .   ■■■!■■■-■■  .1.         ■  .  ■   ■      ■    ■  —  y   -    M  ■  ■ 

*  Newton.  App,  ad  Arith.  Universalcm  Sect.  46. 
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solution  of  the  same  problems  which  Suggested  the  invention 
of  the  conchoid. 

If  we  suppose  ^  JB  to  be  the  axis  or  a  portion  of  the  axis 
of  any  other  curve^  an  infinite  number  of  cissoidal  curves  may 
be  described,  by  a  similar  construction.  Thus  suppose  the 
locus  of  q  to  be  die  side  a  i  of  the  rectangle  Aab  B,  Fig.  61, 
the  point  M  will  trace  out  a  curve,  whose  equation  is 

X  i  zs  {a  ^  x)yy 

which,  by  making  a  —  x^xf  and  y-f  i=y,  may  be  trans* 
formed  into 

the  equation  to  the  rectangular  hyperbola.  Any  other  hy- 
perbola may  be  described,  supposing  PQ  and  pq  to  make 
any  given  angle  with  AB, 

If  we  suppose  the  generating  curve  to  be  the  cissoid,  the 
secondary  cissoid  will  be  the  generating  circle  of  the  first : 
but  if  we  reverse  the  position  of  the  generating  cissoid,  this 
secondary  curve  will  have  for  its  equation 


a  I" 


y  = 


(a  — -  xy 


and  the  continuation  of  this  process,  will  give  us  a  series  of 
curves  whose  equations  are 


x"^  .  x^ 


And  generally,  if  the  equation  ^  =  >^  ;r,  of  the  gene- 
rating curve  be  required,  so  that  the  cissoidal  curve  corre- 
sponding, may  be  any  given  curve  whose  equation  isyzz<t>xi 
we  shall  find 

,  xdyia  —  x) 
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(3).    On  the  Lemniscata  of  James  Bernoulli. 

If  frpm  the  center  C  of  an  equilateral  hyperbola  AQ, 
a  perpendicular  be  let  fall  upon  the  tangent  QJJlf^  the  curve 
traced  out  by  the  point  M  in  different  positions  of  the  tan- 
gent, is  called  the  lemniscata.    Fig.  62. 

If  ACzza,  CP:=:ai:  and  PMszy^  the  equation  to  the 
curv^  is 

which  is  therefore  of  the  fourth  order. 

It  consists  of  two  oval  figures  forming  a  double  point  at  C, 
with  an  inflexion  of  each  branch  at  that  point,  the  tangents 
making  an  angle  of  45^  with  the  axis. 

This  curve  consisting  of  two  ovals  which  intersect  each 
other,  admits  of  complete  quadrature  an4  its  whole  area=a% 

Its  polar  equation  is 

u  =:  a  .  cos  2  6, 
where  u  »  CM  and  ^  =  the  angle  ACM. 

If  we  take  s  to  represent  the  arc  AM^  we  shall  find 

,  a^  du 

or,  if  ^  =:  1, 

J  du 

as  = . 

This  curve  was  first  considered  by  James  Bernoulli*, 
*  Jacobi  Bernoullii^  Opera.  Tom.  I.  p.  609. 
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who  shewed  that  its  arcs  were  equal  to  those  of  the  Elastic 
curve,  whose  differential  equation  is 

d    —       x"^  dx 

the  abscissa  x  corresponding  to  the  chord  u  of  the  arc  of  the 
L^mnisc;ata. 

He  also  shewed  its  use  in  the  construction  of  the  curve, 
whose  diiFerential  equation  is 

(xdx  +ydt/)^y  =  (ydx  --xdy)  ^a, 

upon  which  a  body  descending  by  the  action  of  gravity,  will 
recede  uniformly  from  the  point  from  which  the  motion 
begins. 

Fagnani,  in  the  same  work  in  which  he  demonstrated 
that  it  was  possible  to  determine,  in  an  infinite  number  of 
ways,  two  arcs  of  an  ellipse  or  hyperbola,  whose  diiference 
is  assignable  geometrically,  also  exhibited  analogous  and  still 
more  remarkable  properties  in  the  Lemniscata :  thus  if  the 

chord  CM  =  tt,  and  CN  =  4/  \ ^  ?  ,  supposing  a  =  I, 

then  the  arc  CM  is  equal  to  the  arc  jiN :  and  again,  if  we 
take   CN'  =:  ^^\/(^-^*) ,  then  the  arc  CN'  is  equal  to 

twice  the  arc  CM.  The  second  of  these  properties  was 
generalized  by  Euler*,  who  shewed  that  if  we  take  the 
chord  of  CM=u  and  the  chord  CN  of  n  times  that  arcs::, 
then  the  chord  of  an  arc,  which  is  (w4- 1)  times  CN,  is 


\ 


*  Nov,  Comnent^  Petrop,  17(il 

Y 
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• 

Euler  in  the  same  Memoir  has  mentioned  several  other  pro^ 
perties  of  the  arcs  of  this  curve,  which  are  deducible  from 
the  preceding ;  and  the  same  subject  is  discussed  with  great 
elegance  and  generality  by  Legendre  in  his  work  upon  El- 
liptic Transcendents*. 

This  is  not  the  only  curve  to  which  the  name  of  liCm- 
niscata  has  been  given  :  if  we  describe  a  circle,  with  a  centre 
C  and  radius  CJ,  and  make  PM  or  y  constantly  equal  to 
c .  sin  ^ .  cos  By  where  0  is  the  a»gle  JCQ^  we  shall  find  a 
curve  whose  equation  is  ,       z 

which  in  its  form  and  singular  points  is  precisely  similar  to 
the  former^  diough  its  arcs  present  no  analogous  properties. 
Fig.  63. 

(4).    On  the  Semi-cubical  Parabola. 

The  equation  of  this  curve  is 

•      ay^  ss  x\  ^^ 

This  curve  is  the  evolute  of  the  conical  parabola  f ;  and 
its  arc,  reckoned  from  the  origin  of  the  co-ordinates  h  equal 

(5).    On  the  Logarithmic  Curve. 

This  curve  was  imagined  by  James  Gregory  §  :  its  most 
important  properties  were  discovered  by  Huygens||. 

If  AP^Xj  and  PAf=^,' Pig.  (64.)  its  equation  is 


^  Exercises  du  Cakul  Integrah  p.  39. 

t  MxiygeTis  Horologium  Oscillatorium. 

I  This  (jurve  was  rectified  by  Neil  in  1657,  in  consequertce  of 
a  remark  made  by  Waliis  in  his  Arithmetica  Infinitorum  in  a  Scho- 
lium to  the  38th  Proposition,    WallisH  Opera.  Tom.  I.  ^^.551. 

§  Geomelrice  Pars  Universalis,  Padua  1668. 

n  In  his  treatise  De  Causa  Gravitatis,  Opera  Relijua,  Tom.  II. 
p.  149. 
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The  ordinate  AB:=:ly  and  is  therefore  independent  of  a,  or 
the  base  of  the  system  of  logarithms  which  are  represented 
by  the  abscissae  of  the  curvej  the  corresponding  ordinates 
representing  the  numbers. 

The  subtangent  PT  zz  , ,  or  the  modulus  of  the 

log  a 

system  of  logarithms. 

The  area  ABMP = PT  ( PM--  4B),  and  the  whole  area 
included  between  the  curve,  the  axis  or  asymptote  CP^  and 
the  ordinate  PM^  is  equal  to  twice  the  triangle  PTM. 

The  solid  generated  by  the  revolution  of  the  same  area, 
round  the  axis  CP^  is  equal  to  one  half  the  cylinder^  whose 
altitude  is  PT  and  the  radius  of  whose  base  is  PM. 

(6).    On  the  Quadratrix  of  Dinostratusj  &c. 
If  CJf  =  1,  AP  =:x,  PM=:i^,  Fig.  65,  then 

3/  =  (l-^)tan~ 

is  the  equation  of  the  curve. 

The  following  method  of  determining  the  point  B  is 
given  by  John  Bernoulli  *• 

Join  AD  and  draw  CE  perpendicular  to  it ;  with  centre 
C  and  radius  CE  describe  the  circular  arc  SF,  cutting  CD 
in  F'f  join  EF  and  draw  CE^  perpendicular  to  it ;  describe 
the  circular  arc  EF,  with  centre  C  and  radius  CEf,  and 
proceed  as  before :  the  point  F  approximates  nearer  and 
nearer  to  the  point  JB  after  each  operation,  and  ultimately 
coincides  with  it.  The  points  E,  E',  E^'  &C'  are  also  points 
in  the  curve;  and  by  drawing  the  chord  of  any  other  arc 
AU  of  the  quadrantj  and  repeating  the  same  operations  as 
before^  any  number  of  pcnnts  whatever  of  the  curve  may  be 
determined. 


*  Commercium  BpistolkuM  Ldlmtzii  ct  Bcmoidlii,  Tom,  IL 
p.  177. 
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The  distance  CB=cos  7  cos  -  cos  -r; ,    &c.   in  infinitum 

4         8         16 

=:  ?  ,  and  is  consequently  a  third  proportional  to  -the  qua- 
drantal  arc  and  the  radius. 

It  is  obvious  from  the  mode  of  describing  this  curve, 
that  if  it  be  continued  without  the  circle,  it  will  consist  of  a 
seriea  of  infinite  hyperbolic  branches,  cutting  the  axis  ACT 
produced  in  points  which  are  separated  from  each  other  by 
a  distance  equal  to  the  diameter  of  the  circle. 

The  tangent  at  B  is  parallel  to  the  axis. 

If  we  assume  CMxzU  and  the  angle  BCMssOp  we  find 

u  = 


ir  sm  6 
which  is  the  polar  equation  of  the  curve. 

If  we  suppose  the  radius  AC  of  the  circle  to  move  pa- 
rallel to  itself  and  uniformly  through  the  quadrant  AD, 
whilst  the  ordinate  PM  moves  uniformly  through  AC,  their 
common  intersection  will  trace  out  a  curve  whose  equation  is 

y  =  sm  — 

and  wluch  is  called  the  Quadratrix  of  Tschirnhausen.  Fig.  66. 

This  curve  has  likewise  an  infinite  course,  consisting  of  an 
infinite  number  of  curves  similar  and  equal  to  that  included 
in  the  circle  and  referred  to  the  same  axis  indefinitely 
produced.  This  curve  is  the  projection  of  a  curve  of 
double  curvature,  called  the  /le/ix,  upon  a  plane  coinciding 
with  the  axis  of  the  cylinder,  upon  whose  surface  it  is 
described. 
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Its  polar  equation  is 

.    ^             V  u  cos  6 
u  smd  :=.  cos -. 

The  area  ACD  of  the  curve  is  a  third  proportional  to  the  square 
described  upon  the  radius  and  the  area  of  the  semicircle. 

If  we  divide  any  abscissa  AP,  in  either  of  these  curves  in 
any  ratio  whatever,  the  radii  in  one  case  and  the  sines-  m. 
the  other,  which  pass  through  the  extremities  of  the  cor- 
responding ordinates,  will  divide  the  zrc  AQ  in  the  same 
ratio :  the  mechanical  description  of  these  curves,  therefore, 
would  furnish  us  with  the  multisection  of  an  arc. 

The  following  curve  is  called  the  Tiitectrix  from  its  cha-- 
racteristic  property*. 

With  centres  ^  and  jB,  Fig.  (67.)  and  the  same  radius^ 
ABi  describe  two  circles:  draw  any  line  AQ^  meeting  the 
second  circle  in  Q,  and  in  AQ  and  AQ  iproduced>  make 
QP=iQP'  =:AB:  the  points  P  and  P'  are  points  of  the  curve< 

Its  polar  equation  is 

w  =  2  cos  ^  ±  1, 

where  u  =^  AP  or  AF  and  0  =  the  angle  PAB. ' 

Its  equation,  when  referred  to  rectangular  co-ordinatjss,  is 

or  ^  +  (2j:*  —  ^xA-  l)y  +  J?'(^*  -  4j:  +  3)  =  0. 

'         '  .  .' " 

If  we  draw  any  line  jB£i^  cutting  the  curve  in  E  and 
the  circle  in  jF,  and  then  join  AE  and  produce  it  to  meet'  the 
circle  in  f^  the  arc  BF  is  always  triple  of  the  arc  Bf,  The 
description  of  this  curve,  would  therefore  enable  us  to  trisect 
any  arc  from  0  to  360°. 


*  Trisection  de  V Angle,  par  Azemar  et  Garnier,  Paris  I8O9. 
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(7.)    On  the  Tractory,  Syntractory,  &c. 

Let  BE  (Fig.  68.)  be  a  curve,  referred  to  the  axis  JC, 
whose  tangent  MT  is  always  equal  to  the  given  line  JB : 
if  wemake  >d[£sa>  APssx^  and  PM=zy,  the  diffenentia^ 
equation  of  the  curve  is 

If 
which  becomes  by  Integration 

Huygens  and  subsequent  writers  on  the  properties  of  this 
curve,  have  considered  it  as  described  mechanically,  by  at* 
taching  one  extremity  of  a  string,  whose  length  is  ABy  to 
a  weight  at.  By  whilst  die  other  is  drawn  along  the  line*  or 
directrix  AC :  the  weight  B  was  supposed  to  trace  out  the 
curve. 

This  conclu^on,  however,  is  erroneous,  unless  we  sup- 
pose die  friction  of  the  plane  of  traction  to  be  infinitely  great, 
so  that  the  momentum  of  the  weight  which  is  generated  by 
its  motion,  may  be  instantly  destroyed  :  the  mechanical  trac- 
tory o£  a  straight  line  upon  a  perfectly  smooth  plane  is 
an  inverted  semicycloid,  the  extremity  of  whose  base  is  in  B 
and  whose  axis  is  equal  and  parallel  to  AB :  the  motion  of 
the  weight  B  being  supposed  to  commence  from 'JB''^* 

The  arc  BM  ==  a  log  -* ;  consequendy,  if  we  describe 

a  logarithmic  curve  BFj  whose  axis  is  CA  produced  and 
whose  subtangent  is  AB ;  and  draw  Mp  m  parallel  to  CA^ 
meeting  the  logarithmic  curve  in  m ;  then  the  Ymepm  is  equal 
to  the  arc  BM. 

If  with  centre  A  and  radius  AB^  we  describe  the  qua- 
drant Bm'b\  then  the  area  of  the  quadrant  is  equal  to  the 
whole  area  included  between  ABy  the  curve,  and  the  asymp- 
tote or  axis  AC. 


*  Eulcr  Nova  Comm.  Peirop.  1784. 
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The  solid  generated  by  the  revolution  of  the  same  area 
round  AC  is  equal  t(  one-half  the  hemisphere  whose  radius 
is  ^  B ;  and  its  surface  \g  equal  to  that  of  the  same  hemisphere. 

The  line  Mp m!  ^  AT  ^  a\og\''  '^  V^^^'  "" ^''H 

t  y  y 

0 

=  a  log  cot  5  ,  if  ^  be  the  angle  m'A  k    Consequently,  if  0 

be  the  co-latitude  of  a  place  upon  the  surface  of  the  earth» 
Mp  ni  or  ^7  will  represent  the  length  of  a  degree  of  latitude 
upton  Wright  or  Mercator's  Projection  of  the  sphere,  the  length 
of  a  degree  of  longitude  being  represented  by  A1&  *• 

If  from  the  points  M  and  T,  we  draw  perpendiculars  to  MT 
and  -irrespectively,  meeting  each  other  in  (),  the  line  MO 
is  the  radius  of  curvature  of  the  curve. 

as 

The  locus  of  the  point  0  or  the  evolute  of  the  curve  is  the 
common  catenary^  whose  Vertex  is  IR  aad  the  constant  in 
whose  equation  is  w^£. 

If  a  point  m  (Fig.  69.)  be  taken  in  TM  or  in  TM,  or 
MT  produced,  so  that  TM.  may  1)e  constantly  equal  to  ^,  a 
given  line,  then  the  curve  traced  out  by  m  has  been  termed 
by  Riccati^  the  Syntractory  f. 

K  Ap-::z  Xy  and  pm  =sijff  its  equation  is 


or 


*-  y  *' 

U  b  <ay  the  syntractory  has  a  point  of  inflexion  corres- 


ponding  to  ^  = 


v/(2/»  -*) 


*  Perks,  Philosophical  Transactions,  17 15. 

t  Vincenzio  Riccati,  Commcnf.  Bonofnensia,  Tom.  III.  1755. 


m 
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If  j  >  a,  the  curve  has  no  point  of  infleiion  :  but  when 
jf  sa  VT7,  the  tangent  is  at  right  angles  to  the  axis. 
(Fig-  70.) 

tf  b  be  negative,  there  is  a  point  of  inflexion  when  y  =: 


V(2a  +  ^) 

In  all  three  cases,  the  tangent  corresponding  to  x  ss  0 
ini  y  =  bf  is  parallel  to  the  axis. 

rfhe  investigation  of  the  equation  of  the  tractotyf  when  the 
directrix^  along  which  one  extremity  of  the  string  is  supposed 
to  be  drawn,  is  no  longer  a  straight  line,  buj:  any  assigned 
curve,  become;  a  problem  of  great  and  in  most  cases  of  almost 
insuperable  difficulty  :  Euler  has  solved  the  problem,  ^en 
the  directrix  is  a  circle  and  the  curve  of  traction  is  either 
-within  or  without  the  circle*.  .    . 

The  following  curve  is  equitangential  in  a  certain  sense, 
and  possesses  some  curious  properties.  To  find  the  nature 
of  the  curve,  the  portion  of  whose  tangent  intercepted  by  a 
perpendicular  from  a  given  point,  is  always  equal  to  a  given 
lint. 

Let  A  (Fig.  7i .)  be  the  given  point,  ME  the  curve,  a  = 
MT,  the  portion  of  the  tangent  MF  intercepted  by  the  per- 
V  If    pendicular  AT,  x  =  AP  and  y  =  MP.    The  differential 
equation  of  the  curve  is 


X  =   -y 


dx  V   \        dx^/  '  ^? 


a-  particular   solution  of  which  equation  gives  us,  making 


a 


X  =z tan ""  ^  -  , 

v/(a'  +  V')      s/ia'  +  V')  a 


Euler,  Id. 
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a*  ■      av         ^    '     , « 

W.  =  5 r-  +  ^- r-r  •  tan         -  . 

/ 

If  we  make  -4ilf=M=v^(a:*+^°),  these  equations  give  us 

tan" *  -  =  ^  =  J^-^ i , 

a  a 

which  is  a  polar  equation  of  the  curve. 

But  this  result;  may  be  more  simply  obtgine^*  by  inyestiT 
gating  the  polar  equation  of  the  curve  in  the  first  instance  : 
we  shall  thus  find 

e  +  sec~*-  =:  ^  -=1^^ '\ 

a  ^  a 

the  construction  of  which  is  as  follows :  with  pen^e  A  and 
radius  AB^a^  describe  a  circle  BEQ  and  from  M  draw 
MQ  a  tangent  to  the  circle ;  then  MQ  is  coi^tantly  equal 
to  tie  circular  arc  BEQ^.    Fig.  72. 

The  curve  BM  is  obviously  the  involute  oiikie  circle. 

At  the  point  jB,  the  tangent  to  the  curve  coincided  with 
the  radius  AB, 

The  area  BAM  =  ^^^f  ??* ;  and  the  sector  BAQ  = 

6AB  ^ 

the  triangle  MAQ. 

The  arc  of  the  curve  BM  is  a  third  proportional  to  the 
diameter  of  the  circle  and  the  radius  vector  AM. 

The  locus  of  the  extremity  of  the  perpendicular  AY 
upon  the  tangent  MT^  is  the  spiral  of  Archimedes^  whose 
polar  equation  is  a& ^\i^  where  vl  is  the  radius  vector,  and 
&  the  angle  described  by  it  from  the  origin  of  the  curv;e. 

The  point  from  which  &  is  reckoned,  will  be  determined 
by  drawing  A  b  at  right  angles  to  AB  \  we  thus  have  nff^ 
arc  b  e=arc  QEB^AY. 
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The  involute  of  the  circle,  therefore,  is  the  curve  of  trac- 
tion, where  the  spiral  of  Archimedes  is  the  base  or  directrix. 

Amongst  curves,  related  to  this,  is  the  following :  To  find 
the  curve,  the  portion  of  whose  tangent  intercepted  by  the 
spiral  subtangent,  or  by  a  perpendicular  to  the  radius  vector, 
is  always  equal  to  the  s^me  given  line. 

Let  AM  =  u  (Fig.  73.)  and  MT  =  a,  the  portion  of  the 
tangent  intercepted  by  JIT  the  subtangent ;  then  the  polar 
equation  of  the  curve  is 

g,^v/(«'-«')_cos-!f, 
u  a 

where  ^=0,  when  ««=«• 

In  order-4:o  construct  the  curve,  we  must  describe  a  cir- 
cle, with  centre  A  and  radius  AB=ay  and  from  M  draw 
ME  perpendicular  to  AM^  meeting  the  circle  in  E : 
draw  also  Em  z  tangent  to  the  circle  at  JS,  meeting -4M 
produced  in  m ;  the  point  B  is  determined,  by  making  the 
arc  BE  equal  to  the  tangent  E  m. 

It  is  evident,  that  the  point  m  is  in  the  involute  of  the 
circle,  commencing  from  the  point  B.  The  lines  A  m, 
AB  and  AM  are  in  continued  proportion*. 

This  curve  is  called  the  Complicated  Tractrix. 

The  arc  JBAf  =«  log-  ,  which  becomes  infinite  when  ussO. 

u 

The  area  JB^ilf  is  equal  to  one  half  the  circular  area 
EDM'y  and  the  whole  area,  between  uzza  and  m=cO,  is  equal 
to  one  eighth  of  the  whole  area  of  the  circle. 

The  locus  of  the  point  T  is  expressed  by  the  equation 

V  =  -— sm     *  —, 


T"'-   ■— — 


*  Gotes.  Harmonia  Mmsurarum,  p.  84. 
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where  V  is  reckoned  from  the  point  h^  determined  by  making 
B  h  equal  to  a  quadrant. 

The  circle  is  an  asymptote  to  this  curve. 

This  is  the  curve,  which  is  the  directrix  of  the  ComplU 
cated  Tractrix^  considered  as  a  curve  of  Traction. 

(8).    On  the  Catenary. 

Thia  is  the  curve  formed  by  a  perfectly  flexible  and  uni«> 
form  chain,  suspended  from  two  given  points. 

The  reader  will  find  an  elaborate  discussion  of  the  equa- 
tions and  properties  of  this  curve  and  of  others  related  to  it, 
in  Vol.  I,  p.  169,  of  a  Treatise  on  Mechanics,  by  William 
Whewell,  M.  A.  Fellow  of  Trinity  College,  Cambridge  : 
1819. 

(9).  On  the  spiral  of  Archimedes,  the  Hyperbolic  spiral,^ 
the  Lituus,  &c. 

The  equation  of  the  spiral  of  Archimedes  is 

u  :=i  ad 
where  u  and  6  are  the  polar  co-ordinates. 

Ifu  :=:  r,  when  ^  =  2  tt,  then  a  =  — -  ,  and  the  equation 
becomes  • 

r 

u  zz  — .  6, 
2v 

The  equation  between  the  perpendicular  p  upon  the 
tangent  and  the  radius  vector  u,  is 

u'dS  u" 


P  = 


v/(d  M' + M*  d  6*)       s/^d!'  -f  tt') ' 


•  3 

The  area  of  the  spiral  AEM  (Fig.  74.)  =  — -  =  '^-^  ;  and 
if  M  =  r,  the  whole  area  BE  Ay  included  within  the  circle 
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BDB,  whose  radius  AB:=.r^  is  one  third  of  the  area  of  that 
circle. 

The  arc  of  the  spiral  included  between  its  origin  and  the 
radius  vector  u^  is  equal  to  that  of  a  parabola^  whose  latus 
rectum  is  £  et^  inctifoied  bet#een[  the  vertex  a!nd  an  ordKaate 
= w  5  and  the  corresponding  a^eia  of  the  spiral  is  equal  to  dm 
half  the  corresponding  area  of  the  parabola. 

If  ^  sa  the  angle  AMTy  between  AM  and  the  tangent 
iif^  then 

tan  0  ±:  -  =:  0. 
a 

llie  subtangent  JT  =  — . 

a 

The  locus  of  the  point  7  is  a  curve,  whose  equation  is 

#here  ^  and  0  are  the  polar  co-ordinates^  0  being  reckbned 
from  a  point  b^  determined  by  making  Bb  zz  90^ 

In  the  same  manner,  if  7^  be  the  Extremity  6f  the  sub- 
tangent  of  the  curve  which  is  the  locus  of  T,  T'  of  that 
traced  out  by  T',  T''  of  that  traced  out  by  T\  and  so  on, 
the  polar  equations  of  these  curves  will  be 

2    '        2.3       '  1.2.3.4     *         2.3.4.5     ' 

We  thus  find  a  series  of  parabolic  spirals  of  ascending 
orders,  in  which  the  polar  co-ordinates  0  are  reckoned  from 
points  which  are  90^  distant  from  each  other. 

Amongst  the  spirals  comprehended  in  the  general  polar 
equation 

u  =  a0  — % 

the  most  remarkable  is  that,  in  which  n  =  1,  which  is  termed 
the  hyperbolic  spiral,  from  the  analogy  subsisting  between  its 
polar  equation, .  and  the  equation  to  rectangular  co-ordinates 
of  the  conical  hyperbola,  when  referred  to  its  asymptotes. 
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If  we  describe  a  citcle  with  centre  A  (fig,  75.)>  and 
radius  ABr=,ay  and  if  we  suppose  the  curve  to  cut  the  circle 
m  Dj  the  point  B^  from  which  0  is  reckoned,  is  det^mined 
by  making  the  arc  BDzza ;  and  whatever  be  the  radius  of  the 
circle  whose  centre  is  ji,  the  arc  intercepted  between  AB  or 
AB  produced  and  the  curve,  is  constantly  equal  to  a. 

• 

If  i>  n  the  angle  AMTy  then  tan  ^^0.  The  subtangent 
AT  '^  a. 

If  we  draw  AE  perpendicular  to  AB  and  the  indefinite 
line  EX  parallel  to  it,  the  line  EX  is  an  asymptote  to  the 
curve* 

The  area  of  the  spiral  from  its  origin  to  the  point  M  = 

- —  =  the  triangle  TAM. 

The  radius  vector  makes  an  infinite  number  of  revolutions, 
before  the  point  M  reaches  the  centre  A  \  but  the  arc  ACM 
is  finite,  being 

The  equation  between  p  and  u  is 

It  is  sometimes  convenient  to  transform  equations  of  spi- 
ral curves,  expressed  in  terms  of  p  and  w,  into  others,  which 
are  expressed  by  polar  co-ordinates* 

Thus,  let 

_         bu 

the  polar  equation  is 

g  =  ^  log  {''  +  ^^' -""'>}, 
where  c  =  ^{a"  —  b^). 
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If  a  circle  be  described  with  centre  A  (Fig.  76*)9  and 
radius  ABtsc^  then  0  is  measured  from  the  point  B%  where 
the  spiral  touches  the  circle,  and  out  of  which  it  can  never 
pass. 

Againy  let 

bu 

this  equation  represents  different  curves^  when  azzb,  a  <  b, 
and  a>  b. 

In  the  first  case,  the  curve  is  the  fyperbolic  spiral,  which 
we  have  considered  before. 

In  the  second, 


,  =  .*iogJ^A«l±£!):i£|, 


where  c  =  \/(a^  —  6').  ^ 

With  centre  A  (Fig.  77.),  and  radius  AB=:cy  describe  a 
circle,  cutting  the  curve  in  C  ;  0  is  measured  from  the  point 
B,  determined  by  making  the  arc  BC  =  b  log  (\/2—  1). 

If  M  =  0,  6  =  00 ,  and  if  m  =  oo ,  0  =  0. 

In  the  third  case, 

^  =  -  sec  "*  *  -  , 
c  c 

cB 
OT  u  zz  c  sec  — ; 

b 

where  c  =  \/(6'  —  a^). 

With  centre  A  (Fig.  78.),  and  radius  AB  =  c,  describe 
a  circle ;  0  is  measured  from  B,  where  the  spiral  touches  the 
circle. 
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An  indefinite  line  EX  parallel  to  AB  and  at  a  distance 
tsb,  is,  in  both  these  cases,  an  asymptote  to  the  curve. 

Aftio&gst  these,  tazy  be  comprehended  the  more  simple 
case,  where 


which  gives 


bit 
a- 


0  ,      u 


the  polar  equation  of  the  logarithmic  spiral,  which  will  be 
more  particularly  considered  hereafter. 

These  five  curves,  which  are  known  by  the  name  of 
Cotes*s  sphrals*,  comprehend  all  the , trajectories  described 
by  a  body  projected  in  any  direction,  and  with  any  velocity, 
when  attracted  to  a  given  point,  by  a  force  varying  inversely 
as  the  cube  of  the  distance. 

The  following  curve,  whose  polar  equation  is 

is  called  the  Lituus-^,  from  its  form. 

If  a  circle  be  described  with  centre  A  (Fig.  79.)  and 
radius  ABsza,  cutting  the  curve  in  C^then  the  d  is  reckoned 
from  the  point  B,  determined  by  making  the  arc  CB  =  o. 

The  radius  AB  produced,  is  an  asymptote  to  the  curve.. 

Wherever  the  point  M  is  taken,  the  sector  A  ME  is  equal 
to  the  sector  ABC, 

If  ^  =  the  angle  AMT^  then  tan  0  =  2  6. 


*  Cotes.  Harmonia  Mensurarum,  Pars  II.  p.  31. 
t  Id.  lb.  Pars  III.  p.  85. 


■  r 
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The  triangle  AMT  =  2  sector  ABC^  and  is  therefore  a 
constant  quantity. 

The  area  CAM  =:  a*  log  ^  ;  and  die  area  CAM  is  con- 

stantly  equal  to  the  area  CMEB. 

It  is  unnecessary  to  mention  the  properties  of  other  spiral 
curves,  included  in  the  more  general  equation 

w»  =  a*  ^, 

few  of  which  are  sufficiently  remarkable  to  merit  particular 
attention. 

(10).    On  the  Logarithmic  Spiral. 

The  characteristic  property  of  this  curve  is,  that  the 
^ngle  between  the  radius  vector  and  the  curye  }s  cpn^tandy 
the  same  ^  it  has  hence  been  termed  the  Equiangular  Spiral* 

If  (j)  represent  this  constant  angle,  the  equation  of  the 
curve  expressed  in  terms  of  p  and  u  is 

p  ss  u  sin  0, 

which  being  transformed  into  an  equation  of  polar  co-ordi- 
nates, gives 

c^"^  ^  a  =  tan  0  .  log  -  . 

With  centre  A  (Fig.^0.)  and  radius  iiJB  as  r,  describe 
a  circle  cutting  the  curve  in  By  then  d  is  measured  from 
the  point  £,  and  the  arc  EC  is  equal  to  the  logarithm  of 

AM 

-— — -  to  modulus  r  tan  0,  or  the  subtangent  of  the  curve  at 
AJj 

i? ;  it  is  hence  called  the  Logarithmic  Spiral, 

The  triangle  AMT  is  constantly  similar  to  itself. 

The  whole  arc  of  the  curve,  between  A  and  M,  is  equal 
to  the  tangent  MT;  the  corresponding  area  is  equal  to  one 
half  the  area  of  the  triangle  AMT, 
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Those  logarithmic  spirals  are  similar  and  equaly  in  which 
the  angle  AMT  or  ^  is  the  same. 

The  radius  of  the  circle  of  curvature  MO  ss  ~^  =  « 

dp 

•r— i-> ,  and  its  chord  passine  throuirh  the  centre  A  zz    ^    ^ 

sm  0  r  o  o  j^ 

as  2  I/. 

The  evolute  of  this  curve  is  a  logarithmic  spiral  similar  to 
the  briginal^  the  distance  from  B  of  the  point  from  which  B 
is  measured,  being  =s  r  tan  0  log  tan  ^  . 

The  involute  of  this  curve  is  the  locus  of  the  point  7*,  which 
is  also  a  spiral  similar  to  the  original :  and  in  general,  the  loci 
of  all  points,  which  are  the  extremities  of  lines  making  con- 
stantly the  same  angle  with  the  radius  vector  AM  and  which 
bear  a  constant  ratio  to  it,  are  logarithmic  spirals,  similar  and 
therefore  equal  to  the  original. 

Consequently,  its  causticy  by  reflected  rays,  the  focus  of 
incidence  being  A^  which  is  traced  out  by  the  point  n, 
determined  by  making  Ma  =  MA^  and  the  angle  OMa^s 
the  angle  OMA ;  as  well  as  its  caustic,  by  refracted  rays, 
traced  out  by  the  point  ^,  determined  by  making  the  angle 
AMb  equal  to  the  angle  of  deviation  and  drawing  O  ^  at 
right  angles  to  Mb;  are  logarithmic  spirals  similar  to  the 
.  original. 

The  properties  of  this  curve  appeared  so  remarkable  to 
James  Bernoulli,  that  he  usually  denominated  it  spira  mira^ 
bilis :  and  in  a  paper  in  the  Leipsic  Acts"*^,  in  which  he  no* 
ticed  its  singular  property  of  reproducing  itself  in  its  evolute, 
caustic,  &c.,  he  concludes  with  this  quaint  and  singular  para- 
graph. 

^^  Cum  autem  ob  proprietatem  tarn  singularem  tamque 
admirabilem  mire  mihi  placeat  Spira  h%c  mirabilis,  sic  ut 

*  Armo  1692. 
A  A 
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ejus  contemplatione  satiari  vix  queam ;  cogitavi^  illam  ad 
varias  res  symbolice  repraesentandas  non  inconcinne  adhiberi 
posse.  Quoniam  enim  semper  sibi  similem  et  eandem  spira^m 
gignit,  utcunque  volvatur,  evolvatur,  radiet;  hinc  potarit  esse 
vel  sobolis  parentibus  per  omnia  similis  Emblema ;  Simillima 
Filia  Matri.  Vel  (si  rem  aetemae  Veritatis  Fidei  mysteriis 
accommodare  non  est  prohibitum)  ipsius  aeternae  generationis 
Filiiy  qui  Patris  veluti  imago^  et  ab  illo  ut  Lumen  a  Lumine 
emanans,  eidem  6fxoov<no^  existit,  qualiscunque  adumbratio. 
Aut,  si  mavis,  quia  curva  nostra  mirabilis  in  ipsa  miitatione 
semper  sibi  constantissime  manet  similis  et  numero  eadem, 
poterit  esse,  vel  fortitudinis  et  constantiae  in  adversitatibus ;  vel 
etiam  carnis  nostras  post  varias  alterationeSi  et  tandem  ipsam 
quoque  mortem,  ejusdem  numero  resurrecturae  symbolum; 
adeo  quidem,  ut  si  Archimedem  imitandi  hodienum  consuetudo 
obtineret,  libenter  spiram  banc  tumulo  meo  juberem  incidi  cum 
Epigraphe  :  Eadem  numero  tnutata  resurgo. 

(11).    On  the  Cycloid  and  Cycloidal  Curves.         v 

If  AE,  (Fig.  81.)  the  radius  of  the  generating  circles (7, 
AP  zsi  x^  PM  =y,  and  the  angle  AEM  =  6,  then  the 
equations  of  the  common  cycloid  are, 

y  =  a  (sin  0  +^)  and  a?  =  a  (1  -  cos  &). 

The  equations  of  the  trochoidal  curves  described  by  a 
point  within  or  without  the  generating  circle  and  moving 
with  its  plane,  are 

y  ^  a  (sin  0  +  wi  ^)  and  .»  =  a  (1  —  cos  0). 

These  equations  may  be  made  more  general,  by  supposing 

^  =  a  («  sin  ^  +  w  ^)  and  x  ^a(\  ^  cos  6). 

If  «  =  0  and  w  =:  1,  these  equations  belong  to  a  curve, 
called  the  Companion  of  the  Cycloid,^ 

It  is  unnecessary  to  put  these  equations  under  a  more 
general  form;  since  they  include  all  those  cycloidal  curves, 
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generated  upon  a  rectilinear  base^  which  have  been  the  object 
of  particular  remark. 

(1).  We  will  now  mention  the  principal  properties  of  the 
common  cycloid.  " 

A  tangent  MT^  at  the  point  My  is  parallel  to  AQ^  the  cor- 
responding chord  of  the  generating  circle. 

If  Q/  be  a  tangent  to  the- circle  at  (2»  meeting  MT  in  t^ 
then  Qt  —  QM  =:  the  arc  JQ. 

The  locus  of  the  point  t  is  the  involute  of  the  generating 
circle. 

If  tangents  be  drawn  to  two  points  M  and  M'  of  the 
cycloid  and  produced  to  meet  in  ^^  the  angle  Mt'  M'  is  equal 
to  the  angle  (XAQ[  of  the  circle. 

If  the  rectangle  CLUD  (Fig.  82.),  be  completed,  and  if 
Mf  and  iWY  intersect  LL  in  0  and  O',  the  line  00'  is  con- 
stantly equal  to  the  arc  Q,AQ^  of  the  circle. 

If  the  points  Q  and  Q'  be  the  extremities  of  a  diameter, 
die  angle  M^  ilf  is  a  right  angle,  and  the  locus  of  the  point 
/  is  a  curtate  cycloid,  whose  equations  are 

y  =  — I   sm  0  +  —  I,  and  j:  =- —  (1  —  cos  6)  : 

the  curve  passes  through  L  and  L',  and  its  base,  which  is 
parallel  to  L  L'  at  the  distance  ^  below  it^  is  double  of  the 

axis.  . 

In  all  other  cases  when  the  arc  QA(^zia  0,  and  the  angle 

Mi Mlzzir  —  ^ ,-  the  locus  of  the  point  t'  is  also  a  curtate 

cycloid,  whose  equations  are 

^  ^  2  sin  i 

y  s  -^  hin  6  + ?  0  J  and  a:  =  ^J±-^(\^zo^^\ 

2  sm  5  ^  ®^"  5 


s 
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Th^  curve  passes  through  two  points/  and  /'in  AL  and 
jiL'  or  in  these  lines  produced,  which  are  determiaed,  by 
making  AI^zlAT  ^a<p\  and  its  base  intersects  AB  or 
AB  produced,  in  ^  point  K  deternoined  by  making  AK  = 

IKt> 

^^•■■*"  • 

2  tan  I 

The  arc  AM  =:  twice  the  chord  AQ^  and*  the  whole  arc 
CAD  of  the  cycloid  is  equal  to  four  tim^  ABf^ihe  diameter 
of  the  generating  circle. 

If  the  rectangle  APMR  be  completed,  the  area  AMR  is 
equal  to  the  segment  AQP  of  the  circle. 

The  whole  area  of  the  cycloid  is  three  times  the  area  of 
the  generating  circle. 

The  ordinate  PM  is  proportional  to  the  mixtilineal  area 
ABQf  included  between  the  arc  AQ,  the  diameter  AB  and 
the  chord  BQ. 

The  area  AMM'y  cut  ofF  by  the  double  ordinate  MM' 
wluch  bisects  AE^  is  equal  to  the  equilateral  triangle  BQf^V 
This  quadrature  was  discovered  by  Huygens.    (Fig.  8S.> 

If  the  ordinate  EF  be  drawn  from  the  centre  of  the 
generating  circle,  the  cycloidal  segment  AFMA  is  equal  to 
the  triangle  EBq,  or  to  half  the  square  described  upon  the 
radius  of  the  circle. 

If  two  ordinates  PM  and  PMf  be  drawn  in  such  a  man- 
ner, that  AP'sz  EP,  and  the  points  M  and  M'  be  joined,  the 
area  AMM  is  equal  to  the  sum  or  difference  of  the  triangles 
JBPQ  and  BP'Q^y  according  as  the  ordinates  are  upon  the 
same  or  different  sides  of  the  axis.    (Fig.  84.) 

If  a  double  ordinate  MP'Mj  pass  through  P'  and  the 
lines  PM  and  PM'  be  drawn;  then,  if  AP'  =  £P,  the 
cycloidal  sector  MPM'A  is  equal  to  the  isosceles  triangle 
BQQ;.    (Fig.  85.) 

If  AQzzB  and  AQzznO^  and  if  the  points  P  and  P'  be 
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determined  by  the  solution  of  the  equation 

t  n  y  2 

then  the  area  MMFP  is  equal  to  EA<^  +  A^F-EAQ 
—  AQP,  which  ate  known  quantities'*^.    (Fig.  84.) 

The  radius  of  curvature  of  the  cycloid  at  the  point  iJf = 
6 

The  evolute  of  each  semicycloid,  is  an  equal  semicycloid 
in  a  reversed  position. 

If  a  series  of  equal  cycloids  be  described,  whose  bases  are 
in  the  same  straight  line,  the  curve  which  cuts  them  all  at 
right  angles^  is  an  equal  cycloid  in  a  inverted  position  :  this 
is  one  of  the  simplest  cases  of  the  problem  of  orthogonal 
trajectories  f- 

If  apy  curve  whatever  AB  (Fig.  85.)>  whose  tangems  a 
A  and  B  are  at  right  angles  to  its  rectangular  co-ordinates 
^C.and  BC  respectively,,  be  evolved  into  the  curve  BA',  be- 
ginning from  B ;  if  again,  BA'  be  evolved  into  the  curve 
B'A\  beginning  from  A',  and  B'A'  into  B'^",  beginning 
from  JB',  and  so  on  continually  :  each  successive  evolute  will 
approximate  more  and  more  to  a  common  cycloid,  whose 

*  These,  quadratures  were  discovered  by  John  Bernoulli,  in 
1609,  a  century  after  the  idea  of  this  curve  first  occurred  to 
Galileo :  after  enumerating  the  controversies  to  which  this  curve 
ga^e  rise,  and  the  many  wonderful  properties  which  it  possessed, 
he  proceeds  thus :  '^  At  vero  non  prius  de  palsestrl  discedelr<e  velle 
videtur,  quam  per  integrum  exactum  saeculum  omnia  sua  exuisset 
mysteria,  nobisque  pandisset  quicquid  in  extremis  haberet  re- 
oessibus  suis.  Prodit  enim,  ecce  denuo,  in  scenam  nobilis  nostra 
curva,  spectatoribus  quasi  cum  agonizante  hoc  saeculo  valedictura, 
ut  tandem  candide  sistat  infinitorum  suorum  segmentorum,  aliorum- 
que  spatiorum  quadraturam,'^  Johannis  Bemoullii.  Opera^  Tom,  I; 
p.  324,  390. 

t  Johannis  Bernoullii.  Opera.  Tom.  II.  p.  521.. 


190 

axis  is  equal  and  parallel  to  AC,  and  will  ultimately  coincide 
with  it. 

This  singular  property,  the  discovery  of  John  Bernoulli, 
was  first  demonstrated  by  Euler''^. 

Several  problems  concerning  the  solids  of  revolution 
round  the  axis  and  base,  their  surfaces,  and  the  centres  of 
gravity  of  those  solids  and  surfaces,  and  of  different  portions 
of  them,  were  proposed  by  Pascal  under  the  assumed  name 
of  Dettonville^  and  resolved  by  him  and  Wallis  f  in  1658  and 
1659.  Those  problems  were  of  extreme  difficulty  for  the 
time  at  which  they  were  proposed,  but  they  lead  to  no  result 
worth  notice. 

(£)•  The  prolate  and  curtate  cycloids  are  included  under 
the  equations 

y  =  a  (sin  d  •{-  m&)  and  x  =  a  (1  —  cos  Q). 

The  greatest  ordinate  of  the  curtate  cycloid,  corresponds  to 

a?  =  a  (1  +  m). 

The  prolate  cycloid  has  a  point  of  inflexion  corresponding  to 

o  (I  +  w) 
m 

In  both  cases,  the  base  of  the  trochoid  is  a  tangent  to  it, 
at  the  points  where  it  meets  the  curve. 

The  whole  trochoidal  area  =  (^  w  +  1)  times  the  area  of 
the  generating  circle.t 

The  arc  AM  (Fig.  86),   of   the   trochoid  is  equal   to 

g^g  (g  +  b)  j^uitipiied  j^^q  ^n  elliptic  arc  BM  (Fig.  87.)  whose 
b 

semi-axes  are  1  and ,  corresponding  to  an  abscissa  CP, 

o  •{•  a 


*  Comm.  Petrop.   1766  ;  Legendre  Exercices  du  Calc.  IrUeg, 
Tom.  11.  ^.  541.  1817. 

t  Wallisii  Opera.  Tom.  I.  p.  491. 
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reckoned  from  the  centre  C,  which  is  equal  to  sin  -  ;  when 
b  is  less  than  a^  or  for  the  prolate  cycloidi  the  semi-axts 
minor  of  the  ellipse  is ;  *. 

The  prolate  cycloid  is  the  trochoid  of  Wallis  and  Newton, 
and  was  applied  by  them  to  divide  the  area  of  an  ellipse  in  a 
given  ratio  f. 

(3).    The  companion  of  the  cycloid^  whose  equations  are 
y  =  a  0  and  X  =:  a  (I  -  cos  6).    Fig.  (88). 

possesses  many  properties  analogous  to  those  of  the  common 
cycloid. 

An  ordinate  to  the  centre  meets  the  curve  in  a  point  of 
inflexion^  and  the  area  which  it  cuts  off,  is  equal  to  the  square 
described  upon  the  radius  of  the  circle. 

The  whole  area  of  the  curve  is  equal  to  twice  that  of  its 
generating  circle. 

If  the  line  AC  be  drawn,  cutting  the  curve  in  H^  the  area 
^JS:H=theareaifA;C. 

If  the  rectangle  APMm  be  completed,  and  the  chord 
•  AQ^  be  drawn,  the  external  area  AMm  of  the  curve  is  equal 
to  twice  the  segment  ALQ  of  the  circle. 

If  the  points  P  and  F  (Fig.  89.)>  be  equidistant  from  the 
centre  E  of  the  generating  circle,  and  the  points  M  and  Af , 
the  extremities  of  the  corresponding  ordinates,  be  joined,  the 
segment  MAM'  of  the  curve  is  equal  to  the  rectangle  under 
the  ordinate  PQ,  and  the  diameter  of  the  circle  J. 


*  Wallisii  Opera,  Tom.  I.  p.  539. 

t  Id.  p^540.     Newton,  Princ,  Lib.  1.  Sect,  vi.  Prop.  3J. 
t  Joh.  Bern.  Opera,  Tom.  I.  p.  334. 
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(4).     If  the  equations  are 

d  ^  aQy  and  a?  =  —  (1  ■—  cos  B\ 

m 

the  portion  of  the  curve  which  they  represent^  which  is  cut 
off  by  a  double  ordinate,  passing  through  the  centre  of  the 
generating  circle,  constitutes  the  harmonic  curve,  or  one  of  the 
figures  which  a  vibrating  chord  may  assume  in  its  different 
positions.     Fig.  90. ' 

The  radius  of  curvature  or 

aXnC-  Ar  sin'  B  \  i 
wi*  cos  Q 

which  varies  very  nearly  inversely  as  cos  ^  ox  p  M,  when  m 
is  considerable. 

If  any  two  harmonic  curves  be  constructed  upon  equal 
bases  and  upon  the  same  straight  line,  but  whose  centres  are  at 
any  given  distance  from  each  other,  the  curve  whose  ordinate 
IS  equal  to  the  sum  of  the  corresponding  ordinates  of  the 
given  curves,  is  likewise  an  harmonic  curve. 

(5).  If  one  circle  revolve  upon  another  as  its  base  and  in 
the  same  plane  with  it,  the  curve  described  by  any  point  in 
its  plane,  is  called  the  Epitrochoid,  which  becomes  the  £pi- 
cycloidf  when  the  describing  point  is  in  the  circumference  of 
the  revolving  circle.  If  a  circle  revolve,  in  a  similar  manner, 
upon  the  concave  part  of  the  circumference  of  another  circle, 
the  curve  described  by  a  point  in  its  plane,  is  called  the  Hy^ 
potrochoidf  which  becomes  the  Hypocycloidy  when  that  point  is 
in  the  circumference. 

If  a  be  the  radius  of  the  base,  h  the  radius  of  the  gene- 
rating circle,  ^  the  angle  ^CQ,  (Fig.  ^\.\  A  and  Q  being 
the  points  of  the  base,  which  are  first  and  last  in  contact  with 
the  generating  circle,  CP^x^  and  Pili=y,  then  the  equa- 
tions of  the  Epicycloid  are 
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a?  =  (a  +  6)  COS  0  —  0  cos  — r — .  B 

b 

a  +  b       '    ^"■^'  ' 
y  =  (a  +  b)  sin  0  —  6  sin  — r —  .  B 


If  ibe  negative,  these  equations  represent  the  correspond- 
ing HtfpocyMd  \  in  this  case  Fig.  9^* 

a:  =  (a  —  6)  cos  ^  +  i  cos  — j —  .  B 

a-b       '^^' 
y  =  (a  —  6)  sin  ^  —  fc  sin  — - —  .  B 


If  b'  be  the  distance  of  the  describing  point  from  the 
centre  of  the  generating  circle,  the  equations  of  the  Epitro- 
choid  are 

.«•«=:  (a  +  b)  cos  ^  -  6'  cos  ^^-^ '  ^  1 
y  =  (a  +  ft)sina-ft'sin2-L£.aJ 

The  equations  of  the  corresponding  Htfpotrochoid  are 
a:.  =  (a  —  fc)  cos  B  •\-  V  cos  — r —  .  B  \ 

y  =  (a  -^'6)  sin  d  --  6'  sin  ^^-^ —  .B  J 

If  in  the  general  equations  (/3),  for  the  hypocycloid,  we 
suppose  ^  =  a  +  c,  we  shall  find,  making B  zzff, 

a:  —  («  H-  c)cos  ^  —  c  cos  ^ ^^', 


y  ^{a  +  c)sin  ^  —  c  sin  ^^ ^, 


B  fi 
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which  are  the  equations  of  the  epicycloid^  whose  base  is  a  and 
generating  circle  c  *.  , 

Again,  if, .  in  the  same  equations  (/3),  we  suppose  b  zz 


a  +  c 


,  we  find 


2 

If  we  also  make  b  =:  — ^^  ,  and  ( )  ^  =  ^,  we 

find 

equations  which  are  identical  with  those  preceding  (c) :  the 
same  hypocycloids  are  therefore  generated,  by  generating  circles 

whose  radu  are and  . 

The  angle  MTP,  between  the  tangent  to  the  epiqcloid  at  M 
and  the  axis  is  =  f  — ^7—  I  ^  •  when  the  curve  is  the  fypa- 

cycloidy  the  corresponding  angle  is=T  — I  — "^ —  1  Q, 
The  arc  AM  (Fig.  91.),  of  the  epicycloid 
= f  1  —  cos   —  1 

*  Euler,  ^c/«  Petrop,   1784;  de  duplici  genesi  tam  epicycloid 
dum  qiiam  hypocycloidum. 
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=: ^^  ver.  sm  -^ , 

a  2 

where  ^  =  •—  =r  the  angle  MBQ^  or  the  angle  subtended 
b 

by  the  arc  of  the  generating  circle  which  has  been  in  contact 

with  the  base ;  in  Uie  Jypocycloidy  this  arc 

SB  — i L  ver.  sin  -  *. 

a  2 

The  radius  of  ^curvature  of  the  epicycloid 

=  —  — i L  •  sm  I . 

The  evolute  of  the  epicycloid  is  an  epicycloid  similar  to 
the  original,  the  radii  of  >vhose  base  and  generating  circle 

are — •  and  — =-— : ,  and  therefore  in  the  proportion  of 

a  to  b. 

The  centre  of  the  base  of  the  evolute  is  in  the  centre  C  of 
the  original  epicycloid  (Fig.  93.) ;  it  consists  of  two  semi- 
epicycloids  AE  and  BE^  which  pass  through  A  and  B  the 
extreme  points  of  the  original  curve,  forming  a  cusp  at  E. 

The  same  is  true,  muta$is  mutandiSf  of  the  evolute  of  the 
hypocycloid.     Fig.  94. 

The  equation  between  C2"or  p  the  perpendicular  upon  the 
tangent  of  the  epicycloid,  and  the  radius  vector  CM  or  Up  is 

« 

»«  —  — .1 c^  where  e  =  a  -f  2  ^ ; 

e*  —  or 

in  the  hypocycloid  this  becomes 

v  =  — ^ = — ^,  where  e  =  a  —  2  ^. 


t  Newton  Princip.  Lib.  I.  Sect.  x.  Prop.  48,  49. 
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Tho^  area  CAM^  included  between  the  arc  AM  of  the 
epicycloid,  the  radius  CA  and  the  radius  vector  CM^ 

=  (l±^n^±?i>{a-*sin4; 

and  the  corresponding  area  of  the  hypocycloid 

2  X         a        ^  S 

If  AE  be  a  semicycloidal  arc  (Fig.  95.),  B  the  centre  of 
the  generating  circle  at  E^  and  BH  at  right  angles  to  ED  \ 
and  if  a  circular  arc  /fM  be  described  with  centre  C  and 

radius  CH\  the  curvilinear  space  EHM  =  ^ 1 — ,  and 


the  corresponding  space  ehm  in  the  hypocycloid 


a 
(a-*)£ 


If  ^  =  ^  ,    the  hypocycloid  is  a  straight  line,   and   the 

space  e  A  m  becomes  equal  to  the  triangle  hfe ;  the  quadra- 
ture, is  in  this  case  identified  with  that  of  Hippocrates  of 
Chios*. 

We  have  seen  before  (p.  190.)  that  the  rectification  of  the 
trochoid  depends,  upon  that  of  an  elliptic  arc ;  in  a  similar 
manner,  we  shall  find  that  the  arc  AM  of  the  epitrochoid 

(Fig.  96.)  is  =:  ^^ -^ multiplied  into  an  elliptic  arc 

y ^ 

-B^(Fig.  87. )>  whose  semi-axes  are  1  and  7 — -,  and  whose 

b  '\-  b 

abscissa  CP  =  cos  ^  5  when  V  is  less  than  b  the  semi-axes  of 

L U 

the  ellipse  are  1  and  - — -  .     The  same  proposition  is  true, 

b  •\-b 

mutatis  mutandis^  of  the  arc  of  the  hypotrochoid. 

All  these  curves  are  expressible  by  finite  algebraical  equa- 
tions, whenever  ^j  is  to  A  in  the  proportion  of  two  finite  inte- 


P-* 


*  Caswell.  PhiU  Transact,  1695;  Halley,  Id.  1695. 
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gral  numbers.  For  in  no  other  case  will  the  cuiVe  return 
into  itself,  but  its  course  will  be  infinite  and  the  same  straight 
line  will  cut  it  in  an  infinite  number  of  points. 

The  same  conclusion  may  be  drawn  from  a  consideration 
of  their  equations  :  for  whenever  a  and  b  are  to  each  other 
in   the  proportion  of  integral   numbers,    cos  6j   sin  B^   cos 

6  &c.  are  expressible  by  finite  series  (see  p.  80.)  in  terms 

of  sin  /  or  cos  i,  where  /  is  some  common  sub-multiple  of  6  and 

f       -    )  B :   the  elimination  of  cos  t  or  sin  /  from  the  re-t 

suiting  expressions  for  x  and  y^  will  lead  to  an  algebraical 

equation  of  finite  dimensions. 

* 

Thus  if /I  =:  bi  the  equations  for  the  epicycloid  become 

X  =i'a  (2  cos  6  —  cos  2  B) 
^  ^  =  tf  (2  sin  0  ^  sin  ^  0) 

from  which,  we  deduce,  by  eliminating  the  trigonometrical 
quantities,  the  algebraical  equation  of  the  curve, 

» 

(x*  +y  -  axf  =  a'  { (X  -  of  +f\  ; 
which  is  therefore  of  the  fourth  order. 

This  curve  from  its  heart>shape  form,  has  been  called  the 
GW»/<&*.  (Fig.97.) 

Its  polar  equation  is 

M  =  tf  (1  —  cos  V^), 
where  u  =  AM  and  >^  =:  the  angle  MAF* 

Its  greatest  ordinate  is  ±5  —        ^,  which  corresponds  to 

X    "B"    "^  • 

4 


*  Castiglione.  PhiL  Traiuact,  Yl^X. 
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Its  whole  area  is  equal  to  six  times  the  area  of  the  gene- 
rating circle. 

This  curve  is  one  of  the  caustics  of  the  circle^  the  radi- 
ating point  being  in  the  circumference  *. 

The  equation  of  the  epitrochoid,  when  a  ^  b,   is 

-  o^*' (2  /»-*')  H-  2  x»  3^'  -  2  (2  J  -  b')  xj/" 

+  ii(a  -  2A')y  +y  =  0: 

which'  beconieSi  by  putting  x  +  ^i  in  the  place  of  x,  or  by 
making  the  point  J  the  origin  of  the  co-ordinates^ 

x*  +  2^V  «-(«*  —  *'")  J?'  +2  (a?  +*0^y  +  y-«V=^' 
AgaiU)  if  (  =  3>  the  equation  of  the  epicycloid  with  two 

cusps^  is 

a'^y^  =  (J?*  —  2  tf  a:  +  ^^y  ; 

or  if  A  be  the  origin  of  the  co-ordinates^ 

This  curve  is  one  of  the  caustics  of  a  circle^  when  the 
incident  rays  are  parallel  to  a  diameter  f. 

If  *=2  >  *^  general  equations  for  the  h/poct/cloid{^^  p.  IQS. 
become 


X  z=i  a  COS.  Bj\ 


In  this  case,  therefore,  the  h/pocycloid  becomes  the  dia- 
meter of  the  circle  which  passes  through  A. 


*  Wood's  Optics,  Prop.  99. 
t  Id.         /J.         Prop.  98, 

/ 


199 

The  general  equations  for  the  kypotrochoid,  in  this  case, 
become 

^  ~  Cs  ■*"  *  /  ^^  ^* 

J^=  (I  -  A')sin6: 

these  are  the  equations  to  an  ellipse^  whose  semi-axes  are 

5  +  *'  and  -  -  b'. 
2  9, 

!£*  =  -,  the  equation  of  the  Jypocycloid  is 
3 

the  co-ordinates  being  reckoned  from  A^ 

If  6  =:  ^,  the  equation  of  the  fypocyclaid  is 

the  co-ordinates  being  also  reckoned  from  ^. 

This  is  the  curve,  which  has  been  considered  by  John 
Bernoulli,  in  the.  solution  of  the  following  problem.  A  line 
DE  (Fig.  98.)  is  moveable  between  the  lines  AC  and  CJB, 
which  are  at  right  angles  to  each  other :  to  find  the  curve 
which  touches  it  in  all  its  positions'*^.  In  a  certain  sense, 
therefore  the  hypocycloid  with  four  cusps,  may  be  considered 
as  an  equitangential  curve. 

If  a  be  infinite,  the.  epicycloid  and  hypocycloid  coincide 
with  the  common  cycloid :  if  b  be  infinite,  they  coincide  with 
the  involute  of  the  circular  base.  The  epitrochoid  described, 
when  b  is  infinite,  by  the  point  C,  is  the  Spiral  of  Archi- 
medes, whose  equatioi\  is 

u^aO.    (See  p.  177.) 


*  Job.  Bern.  Opera,  Tom.  III.  p,  4'47« 
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On  the  Differentiation  of  Functions  of  tivo  or  more 

Variables. 


Art.  120-132.     Ex.  (1.)    Let  «  =  ~: 

.J         d  u  1         d  u  1 
a  «  =  — -  rfr  +  ---.  dy, 

ax  dy 

_  or**"" *  (jiy  dx  —  mx dy) 
__  . 

J     _   9,x y{ydx  ^  xdy) 
(3.)    Let«=logJ^--^L_^jj, 

X 

(4.)     Let  «  =  sin  — ^-, 

.    _  y  dx  -^  xdy 

(5.)     Let  «  =  log  tan-, 

y 

7     _  y  dx  —  j:dj^ 
y   sm  -  cos  - 

y      y 

The   following   theorem   of   Euler,   is    of    considerable 
importance   in    the   integration    of  homogeneous    differential 
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equations  :  if  n  be  the  sum  of  the  exponents  in  each  term  of 
the  homogeneous  function  u,  of  the  variables  j,  y^  Zy  &c.| 
and  if 


then 


,         du  J      n  du  J      ,  du  J     .Q, 
dx  ay  dz 


du  du  du       .    o 

dx  dy  dz 


Also,  if 


then 

(See  Art.  266.) 

The  four    last  Examples  afford  a  verification  of  this 
theorem,  for  the  case  in  vtrhich  «  =r  0. 

(6).     Let  «  =      '*'  ^.  J   where  n  =s  2. 
,    _  9.3^dx—3x^ydx—y*dX'\'Sxy'^dy  —  9,y*dy'\-x*dy 

du ^^-^j, i 

putting  X  and  y  in  the  place  oi  dx  and  rfy,  we  get 

(x^yY  "      X  -  y       ■"     "• 

(7).    Let  tt  =  — -5-,    where  «  sx  -  4 : 


.    _  —  4(j?dx  +  ydy) 

"^^ (T*  +  yy       ' 


-4(j:*  + j/*)  -4  . 

and ir^ — '  =  — ~ s-i  ss  —  4  «. 

(**  +  y*)'  (J-  +  /)* 


c  c 
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(8).     Letu=  ^^"^V<y     wherens  >-  l: 

and  —  ^(y  n/^  +  ■^"\/y  +  J^  >/^  +  y  v^y) 

(^  +  y)' 


(9).     Let  M  = ^—■' ;  where  w  =  1  : 

ax  +  ^z 

,    _  ax'^dy  +  bxzdy  +  hy  zdx  -^  b  xyd% 

and  ?£:yjiA£y£ ^ _£y_  ^^. 

(a  X  +  i  2)*         ax  +  bz 


(10).    Let  «  =  sin— *  ^^^ — ^:  where  n  =  0 : 
d«=: i/dx-xdy 


and  ^ X  ^,  .  ~    "^^ r-r  =  0  =  « »<. 

(II).     Let  M=  log   { i'  +  y  +  ^(2x^+y)  {  : 

^■+y  +  v/(2  3:j»+y) 
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and  putting  x  and  ^  in  the  place  of  dx  and  dj/y  we  get 

•^   ^    y   -r    — 

Hi 


^+y+N/(2J^i^+y) 


> 


The  reader  must  take  care  not  to  consider  functions  of 
this  nature  as  homogeneous*  which  are  only  apparently  so  : 
thus>  in  the  case  before  usy  if  we  make^  si  xt,  we  find 

M  =  log}  a:  +  x^  +  ^  v^(2/+^)  I 
=  logj?  +  log  {  l+/+^/(2/  +  0|  ; 
the  parts  of  which  expression  are  evidently  not  homogeneous. 

In  general*  if  u=^  v,  where  7;  is  a  homogeneous  function 
of  x,y^  Sic.^  then  u  is  not  a  homogeneous  function  of  these  | 
variables^  unless  u  be  also  a^homogeneous  function. of  v :  this 
consideration  would  exclude  the  example  just  given,  as  is 
evident  from  the  form  of  the  series  for  log  v. 

The  example  M=sin-*  V(a?*-y)5s:co8-»  %/{l^x^+y) 
would  place  this  remark  in  a  still  clearer  light. 

The  functions  given  in  Examples  Q,,  3^  4*  5  and  10,  are 
strictly  homogeneous;  in  the  sense  of  the  theorem. 

(12).    Let  usix  >/(^  ^y  +y)>  where  nss2 : 

Again, 

d'u  =  j-,dx^  +  j^^d.d,  +  ~dj,* 


m,  , 


x'dy* 


,  {2xy  -fy')^' 
and  putting  x  and  y  in  the  place  oi  dx  and  dy^  we  get 

_  ^^^ -roxy-r^y)  ^^^  ^(2 X y-^y^)zzn(n^  l)u. 

{2xy+y^y 

The  theorem  exj^ressed  by  the  equation 

£ptt  d^u 


dxdy      dydx 


,  Art.  122, 


\ 


is  of  great  importance  in  the  integration  of  differential  equa- 
tions* of  the  first  order  and  first  degree^  involving  two  va- 
riables, as  it  enables  us  to  ascertain  whether  they  result  from 
the  simple  differentiation  of  a  function  of  x  and  y^  or  from 
the  elimination  of  a  constant  from  the  equation  in  which  they 
are  involved.     (Art.  262.) 

03).    Let  u  =  x  sin  y  +  y  sin  a: : 

du 

^—  =  sm  tt  +  y  cos  or 

ax 

du 

-r—  =  sin  a:  -f  or  cos  y, 

dy 

d*u  d^u 

=  cos  y .+  cos  r  = 


dxdy  '   '  dydx' 


(14).     Let?e=a:^ 


dxdy^         T^-         '"^''-rf^^- 
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y  v/(*'  +y*) 


(15).    Let«  =  logx-JL.-        ^^ 


ilog  {^±±lJ^^t±Il\ 


dx  X 


3  > 


dpdx^  x"    «  x*V(a?*+/)' 

and  by  reduction  we  shall  find 


d»M 


dxdy      dydx       x^       3?*  >/(*'*+ y*) 

The  reader  may  make  use  of  this  or  of  any  of  the  pre- 
ceding Examples^  in  illustration  of  the  theorems^ 

d^u     __     d^u     _       d^u 
dxdy^      dy*dx       dydxdy^ 

d^u  d*u  d^u 


dx^dy*       dy*dx^       dydxdydx 
d*u  d^u  d^u 


dxdydxdy       dxdy^dx      dydx^dy 
&c.  &c. 


(16).     Let  M=   ^f^  ^ : 


(!)• 


a   —  z 
d^u  9,x      ,    d^u 


dxdy      a'  — 2*      dydx' 
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^        dxdz  ""  (a'-2*)'  ""  dzdx' 


W. 


dydz      {a^—z^y      dzdy' 
d^u  4x2  d^u 


dxdydz      {a^^-z^f      dydxdz 
d^u  d^u  d^u 


dxdzdy       dydzdx      dzdxdy 

_      d^u 
""  dzdydx* 


(17).    Let  14=-^^: 

;2'  +  «' 


d*^  _  ^^xy  zv  ^ 

dxdydzdv  ""  (z^  +  v*)*  ' 

the  same  result  may  be  obtained  by  as  many  processes  of 
differentiation^  as  are  denoted  by  all  the  different  permutations 
of  the  four  quantities  dx,  dy,  d  z^dv,  in  the  denominator 
of  d*  tt,  which  are  24  in  number.        ''; 

We  have  seen  (p.  72.)  in  what  inanner  the  Differential 
Calculus  may  be  applied  to  eliminate  one  or  more  constants 
from  an  equation  involving  two  variables :  when  the  equation 
involves  three  variableSi  we  may  apply  a  similar  process  to 
eliminate  functions^  whose  forms  are  absolutely  unknown. 

(18).     Let  the  equation  be 

z  =  xy<py, 

d  z 
ax 

from  which  two  equations  we  deduce  the  partial  differential 
equation 
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dz 
Z  —  0?---  =  0: 

ax 


in  which  <py  does  not  appear. 

(12).    Let  .  =  l^^iLlf , 

dz  ^  Z(py  +  1  ^ 
dx  ""  1  —  x^i^ 

and  by  eliminating  <p  y  from  these  two  equations,  we  get 

dx 


(20).    Let  2:  ==  0  ,(*^^^— ^)  • 


d 


i=-<«^)(^)> 


.  I  »■ « 


4£  =  ^Yl!li:£!^.«y. 

a^  ^     X    /     X 


(',    '■-    /   I  " 


by  eliminating.  ^'  f  ^^ I  from  the  two  last  equations. 


we  find 


^  +  C£l±l!!)  4f  =  0. 

ax       V  ^xy  ^  dy 


/■  •' 


.   A 


It  is  hardly  necessary  to  state,  that  if  u  •=•2 , 

0    1- 1   =0  M  =--ji--  , 

and  is  consequently  the  same,  whether  x  or  ^  be  considered 
as  variable. 


r  ;■'•':  *•■  -■'■  ■■:  .    '-■    ■••    •    - 


V..*    .■  .     ■  •      :  .'       .  -■      1  ^  .,. 

J.  ..  '   .     \  •  •  .  .     -^ 


208 


dz  _        ay        _     ,  /x\    £ . 
dy       ^/(x-+y*)      ^Ky/'y''' 

by  eliminating  ^'  f  -  1 ,  we  get 

iz         dz  ir*.«\       ^ 

x—.  +  y-^ a  ^{x^+f)  =  0. 

dx  dy 


(22).     Let  z  =z  (ar  +  yY  ^  (x'  - j/^ 

—  =  «  (ic  +y)«  - '  0  (a:'-/)  +  2  (a-  +  j/y  ^'  (^'-3^*)  X 
a  j:* 

^  -  a^x-^yy-'  <l,{x''^y^)^2{x-\-yy  ipf  {x^^y^)y', 
ay 

and  eliminating  0  (x*— j^*)  and  0'  (a?*  -  j/*)  from  these  three 
equations^  we  get 

dz   ^      dz  ^ 

3^-7^4-^:-—— flz  =  0. 

dx         dy  \ 


(23).     Let2=J  +  *G  '^■'^Si^) 

-=  "<!>'(-  +logy).~ 
a:  Va:  ^     x^ 


d 
d 


/   /I 


and  eliminating  ^'  ^-  +  log  yj,  we  get 


^  d z        dz      .  ,      ' 
ax         dy 


>•     1 


Since  ttus.  equation  involves  two  arbitrary  functions  of  x 
and  y,  'We  must  proceed  to  the  second  differential  coefficients 
of  Zf  in  order  to  eliminate  them  ;  this  process,  however,  will 
not  terminate  generally,  without  proceeding  to  the  third 
differential  coefficients  of  z  : 

If  we  eliminate  ^'  (-\  ,  from  these  equations,  we  find 

dx      X  ay         \x/ 
in  this  case  0  {-  ^  also  disappears :  but  in  general  we  shall 

find  ip  (x,y)  and  <p'  (x,y)  in  the  equation  resulting  from  this 
operation,  and  their  elimination  from  it  would  present  the 
same  difficulties,  as  that  of  ip  {r,y)  and  '/'  (x,  9)  from  the  pri- 
mitive equation. 

Again,  in  order  to  eliminate  <p  (-  \  from  equation  {/?),  we 

must  proceed  thus : 

ti  +  i , Si.  ^i,ii^-^'(i\,i 

dx^      x    dy  dx      I*    dy  \xJ    a-*  * 

y       X    dy^       X     dy  \x/    x 


dxdy       X    dy' 


xnd  eliminating  <p'  (~  \  from  these  equations,  we  fi 

dx'^  dxdy      ■^   dy^ 

a  partial  differential  equation  of  the  second  order. 


d 
d 
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(25.)    Let  s  =  J-  0  (0  +r^  (f.)  , 

theeliminatipnof  >^(-J  and  ^^'  (2^  from  these  three  equa- 
tions, wiij  likewise  cause  i>  (^)  and  <t>'  (^)  to  disappear, 

and  we  shall  have  op  -—-A-  y-^ wz=:0. 

dx         dy 

In  this  case,  however,  z  cannot  be  considered  as  involving 
two  different  arbitrary  functions  of  x  and  y,  as  they  may  both 
be  comprehended  in  one : 

(26.)    Let  2  =s  0  (y  +  a  x)  +  >K3^  —  ^  j:). 
In  this  case,  we  find 

dZ     ^     adz  r,        U.I  r        .  \ 

ax        ay 

.  ^  z      ad^z      ^ 
and  -T-j  ' — TT  =  ^• 

(27.)     Let  z  ss  (p(y  +  ax)yj^  (y-^  ax). 

If  we  denote  the  functions  (p  (y  +  ax)  and  yjy^  {y  —  a  x), 
by  (p  and  yj^,  we  find 

dz      adz       ^        .      .,       ^       ^' 

dx       dy  ip 

■r  . 
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Again, 

ox*      dydx  ar    0  0 

dxdy        dy*  dy    ip  0 

MultiplTing  the  last  equation  by  a,  and  subtracting  it  from 
the  former,  we  get 

d'«      a^d^'z      fy     /dz      ad%\  ^^ 


\dx       ay  ^ 


dx*        dy*  \dx       dy  /      0 

(—  _  fj^dz^   (dz      adz\ 
dx        dy  /    \dx        dy  / 

_  dz^      a^dz^ 
'^  dx»        dy*   ' 

(28.)    Let  z  s  0  (y  +  fl  a?)  +  jr^>ir(y  -  a  a?)    (I). 
~  ^a4>'  +yylr''axyylr'  (2). 

ox 

l£  sr  0'  +  X  >H-  X  »  >^'.       (3). 

We  have  now  four  functions  0,  0^,  \fr,  ^^'^  to  eliminate, 
and  only  three  equations  :  we  must  therefore  proceed  to  the 
second  differential  coefficients  of  z»  ' 

^  =  a*  0"  -  2  ay  >//  +  d*xy  >^"      (4). 
dx* 


■^ 
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dxdy 


=  a^"  +  '^  +  (y  -  ax)->l/  —  axy  \j>",      (5). 


^=0"  +2x>/,'+xy>/,":        (6). 

we  have  thus  six  equations  and  six  functions  0>  ^',  0% 
>^,  x/^',  and  y^/'  to  eliminate  from  them,  whicfartis  impossible, 
unless,  the  operation  for  the  elimination  of  one  of  them  should 
occasion  the  disappearance  of  one  or  more  of  the  others,  as 
in  the  four  last  Examples :  if  we  proceed  with  the  differen- 
tiation of  Zy  we  find 

Ji.=aM«/'-axy>^'''+3y>/."{        (7): 

-J^^a  {a4>"'^axyV'-^^'-i^y-ax)  V  ]    (8). 
a  X*  ay 


(Pz 


dx  dif 


^aip'"^axyV+9.ylr'^(^^ax-^y)V  (9). 


"tl  =  ^"'  +  xy  v/.'"  +  3  X  V'        (10). 

We  have  now  ten  equations  and  only  eight  functions 
0»  ^'*  ^'\  <p'"y  4^9  ^'>  ^"  and  x/^'",  to  eliminate  from  tfiem : 
we  ought  therefore  generally  to  have  two  partial  differential 
equations  of  the  third  order. 

One  of  these  is 

This  results  from  eliminating  from  equations  (4),  (5),  (6), 
(7),  (8),  (9),  (10). 
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By  eliminating  from  equations  (2),  (3),  (4),  (5),  (6),  (8), 
(10),  we  get 

^  j:       dji  2a{y  +  axf  '  57* 


dx  dy 
(3y^  +  Saxy^—  S  a^x^y  -^  a^x*)    ad*z 


2  (^  +  a  a?y  dy* 

xy(y^a  x)  C     d^z     _  a*^z^  _  .^. 

(y-ha:r)      tdF?;        7y"i   "  ^^^' 

A  third  might  also  be  found  in  this  case^  by  eliminating 
from  equations  (2),  (3),  (4),  (5),  (6),  (7),  (9):  .which  is 
one  more  than  we  should  have  got,  unless  the  operation 
had  exterminated  a  number  of  unknown  quantities  equal  to 
or  greater  than  the  number  of  equations  employed:  this 
howeyer  connot  be  considered  as  independent  of :  the  other 
two ;  for  if  it  be  subtracted  from  the  second  equation  (3)) 
the  first  (<»)  will  be  the  result. 


On  the  Maxima  and  Minima  of  Functions  (^  two 

Variahles. 

Ex.(i).    LetM^=y— Sy'  +  lsy-Sj^  +  Jr'— 3a?»— 3<r. 

If  Jli  =  0,  ^=2,  2  +  V3,  2-^3.  ,  "     ■'  •      "■'  '  "  ' 

J  - 

If  —  =  0,  J?=l-hV2,  l-v/2.         Ic  /,\.        > 
ax 


r5\v  -.-  ,.••  '  -  ■       *    '-'4' 


\       .  ■     •-/ 


:-■  •'./ 
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If  jfsa  and  «= 1—^2,  we  have 

D  =  ^  =  -  12 
Ay 


^      d^  u  V  ^  Mi-  ■'^  ^-<^  -^-^  «- 


"\ 


In  this  case  D  and  F  are  A?/A  negative,  and  DF>  R : 
therefore 


tt  =  3  +  ^\/9,^  a  maximum. 
If^s2-^S,ori^4->/3|  anda?=!l-ih\/2,  we  find^ 


_  ^  V   :>r  -^  /_  ^/^     ^^^^^^       ^.^-        _.:..:..  ^ 


y 


i>  =  24,  -B  =  0,  JF  =  6  v^2  : 

we  have  therjefore  D  and  F  both  positive,  and  DF  >  £^ : 
ccmsequently 

t^  =r  ~  6  --  4  \/2,  a  minimum* 

If  ys=2  +  v^3,  or  2  -  ^^3,  and  0?=  1  -  >/2,  we  find 

I>s24,  -EnO,  and  jF=  —6  ^2 :  in  this  case  D  and  i^*  have 

'    different  signs,  and. the  function  u  is  neither  a  maximum  nor 

a  minimum,    Euler.  Ca/r.  Di^.  Par/  IL  Cf;j9.  xi«  ^it.  £87. 

(2).    Letw=3^*-8y  +  18y— 8y— jp'  +  Sx^  +  Sa?, 

If  y=:2,  and  x  =  l  -v^2,  then  D  =  --12,  and  2^=6^/2 ; 
therefore  u  is  neither  a  maximum  nor  a  minimum. 

If  j/=2+  n/3  or  2  —  v/3,  and  ^=1-^2  ;  .then  Ds:24}, 
JS=0  and  F=^6^2  :  therefore 

M  —  4  —  4  \/2y  a  minimum. 
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If  3^  =  2,  and  j:  =  1  +  ^2  :  then 

JD  =  -  12,  JS  =  0,  and  i^  =  -  6  V2 : 
therefore  tt=:lS4-4V^i3  maximum.        Euler.  /^. 

(3).    Let  us:x^'\'Xy'{'f—ax—by: 

If^=iiZL*,andj^  =  ?^,wehave 
3  '^  3 

D=:2,  JE=  1,  i^=:2,  and  DF  >  E" : 

and  w  =  - — ^  a  — —    ^  minimum'    Euler*  i5. 

3 

/  (4).     Let  urra?'  +y  —  3«a:y: 
If  j:  =  Oy  and  3^  s  0,  t^  is  neither  a  maximum  nor  a  mi- 

If  :r  s=  a^  and  3^  =  a,  we  have  ^ 

D  szGa,  E  ac  -  3  fl,  and  jF  =:  6  fl,  and  DiF>  iB» : 

consequently  2^  =  —  a'  is  a  minimum  when  a  is  a  positive,  and 
a  maximum  when  a  is  a  negative  quantify.      Euler*  ii^. 

(5)      Let  tixsj*+y  — aic' j/  — aar^'+c*  j:'+c*3^*: 

-^  zz  4} x^--2  a y  X -^a  f  +  2  c*  X  =  0 

d  u 

—  4? 3/'— 2  ay  i*— a  Jp'  +  2c*^  =0. 
dt/ 

If  we  subtract  these  equations  from  each  other,  we  find 
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of  which  equation  x—j/  is  a  factor  :  consequently  yrrr,  and 
4  x^—3  ax^  +  2  c'  a:=0 :  which  gives 

.  8 

If  a:=:0,  and  3^  =  0,  we  have 

D  =  2.c\  E  =0,  and  f  =  2  c*|^ 
therefore  m  =  0,  is  a  minimum. 

If  ^:.3.4-^(9a'-S20^       ^^  j^^^^ 

8:  -^ 

jj  _  21  q*~32c'  +  7  fl  v/(9  a*-3Q  c')  _  p 

nnd^  lg^^  +  4«\/(9Q^-3gc') 

""  8 

27 
and  DF  >  JS^,  for  9  a*  >  32  c' ;  consequendy  u  zz a* 

+  -£  «« c*  -  i  c*  -  -^  (9  a"  -  32  c»)»,    which    is    a   wi/- 
nimum. 

If  X  =z  — ~^^ ^^^ — ^  =  V,  we  have 

8 

n  -  2lQ'~32g^~7a  V(9fl^--32  0  _  j. 

=        g         I  -  ^> 

and  iE  =-  1^^^-^^V(9^'~32.')^ 

8    ' 

and  DF<  £*; 

in  this  case,  therefore, 

256  16   ,  2  256^  " 

0 

is  neither  a  maximum  nor  a  minimum. 
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If  wc  considj^r  the  other  factor  of  -5 -^--  s  0   or 

ax      ay 

d  u 
and  eliminate^  from  this  eq^uation  and, the  equation  ~  s=  Oj 

we  shall  get  a  final  equation  of  six  dimensions^  the  solution 
of  which  wouid.be  required  in  prder  to  determine  the  other 
values  of  x  and  if,    Euler*  3. 

(6).    Iiettt5=;r*+j^4j*  +  xy-j(*: 

dx  I 

# 

eliminating  y  from  lihese  equations,  we  get 

=:x(4j:*-  iy(4x«  -  3). 
The  values  of  x  are  0,  ±  i  ,   ±  ^^^ . 

If  x  =3^s=0,  we  have  Ds=  —2,  £=  1  and  -Fss  -gj  tHerii- 
fore  n  :z  0»  is  a  mqximum. 

If  x=^=:  ±  i  ,  J3  =  i  =  i?=:  1 ;  in  thii  casct  I)P=  £% 

and  M  as  — -  -  ,  a  mimmum. 
8 


If  »  =  ±  ^^  andy  =  :p  ^,  we  havt  D  «  /!*«  7. 

2  2 

and  £  =  1 :  consequently  DF>£*  and 

9 
SI  =  —  -,  is  a  minimum-. 

11 


^1« 

(7).  Let  «•  =  fl  irN-2  *xv+^y  -tx—fy  :  this  is  the 
general  equation  of  curve  surfaces  of  the  second  order,  and 
it  is  proposed  to  find  in  what  cases  the  ordinate  2:  is  a  trtaxi* 
mum  or  a  minimum, 

rwi  >       du      _        ,  du      ^. 

The  equations  -7—  ==  0,  and  -7—  =  0,  gire  us 

ax      '  ay      _  .     . 

ec-fb  _    eb-^fa 

^  ^  2(ac-b*)' ^^H^c-b^y 

Also  t)z::2af  Ezz2bf  T^^c\  tf  and  therefore  2:  is  a  iniffi** 
ffmm  when  a  and  c  are  positive,  and  ae>  b*i  a  maximum  when 
a  and  r  are  negative  and ^a c>P\  but  neither  a  maximum 
fior  a  minimum^  when  a  and  r  have  different  signs,  or  when 
ae  ^^b*,  in  which  last  cases  the  surface  is  infinite  with  a  cont-* 
cal  asymptote.    Lagrange,  Misc,  Taurintn^ia,  Tom.  I  p.  81. 

(8).     Letu=:  ax^—bxy  +  xz'^yz. 

If  wp  make  '— -  =  0,  ^  =  0,  and  -j—  =:  0,  we  find 

ax  dy  dz 

stssysszssO:  again,  to  find  whether  usO|  is  zmopcimum  or 
a  minimum,  we  must  proceed  to  the  second  differential  co- 
efficients of  ti : 

D  =  -—r  =  2  <7,  £  =  -r 7-   =  —by      F    ZZ     --— -  =  0, 

C=— -  -  =  1,  i/=:-_  =  0,^  =  ---.-  =  1: 
dyaz  a  z*  azax 

and  Q.ak''-2bhk^2ki-\'2hi 
the  second  part  of  which  expression   may  evidently  become 
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negatire  and  greater  than  the  first;  consequently  u«:0|  is 
neither  a  maximum  flor  a  minimum. 

Considering  log  usu',  as  the  function,  and  making  — -  »  0, 

---.  a=  0,  -t-  =  0,  we  get 
«ry  az 

ay  =:  x%  j:  ;?  «y%  and  ty  =:  z%  or 
a  :  X  ::  X  :  ^  ::  ^  :  2:  ::  z  :  e, 

and  jTKtf  \A^-a=fl»w,^s=a  wi%  and  zszam^f  if  ffi=s  v/ -  . 

Again,  if  we  put  a^  m  (1 4-  m^^A^  we  find 

ajr  -a  ax  ay       mA  ajT        m  A 


Cs= 


dV  1        ,,      d*tt'  2        ,,        <i*w^ 


dydz 


—  — l^ — 7f  -^  ^  ■  ,  ^^= : — :;  •  A  cr  -- — -i—  zr  0  : 

m^A  dz^        m'^A  dxdz 


consequently  {DF^E')  (DH--K*)  =--T7;» 
and  DG-EK  =:  -  A^'    therefore 

and  the  value  of  u',  and  therefore  of  u^  determined  by  this 
process,  is  a  maximum. 

This  is  the  solution  of  a  well-known  mechanical  problem  : 
'^  to  find  the  niagnitudes  pf  the  perfectly  elastic  balls  x^y,  z, 
interposed  between  the  giren  balls  a  and  e,  so  that  the  ve- 
locity communicated  by  a,  moving  with  the  velocity  r, 
through  X,  y  and  z  to  e,  may  be  the  greatest  possible."  La- 
grange. Misc.  Taur,  Tom.  I.  p.  29. 


(Ifr).  L9tusz2xy+.^^X'^2yz:  whickf 8  subject  to  th« 
equation  of  condition 

Xf/z  =r  a':         (a). 

£liminadng  si  by  means  of  equation  (a),  we  find 

from  which  we  readily  find,  making  --  =  0,  and  *j—  =  0, 

dx  dz 

x==t/^a  and  therefor^  also  2  z=  a ;  and  t/  =:  6  a'  a  miuimum, 

* 

This  is  the  solution  of  the  following  problem :  **  Amongst 
all  paralleli^ipedons  of  givei^Tolukne,  to  find  that  which  has 
the  least  surface/' 

(11).  Let  w=:(a:  +  l)(y+l)(2  +  l):  which  is  subject  to 
the  equation  of  condition^ 

«'  *'  c'  =  A. 
Eliminating  Zy  we  find 

«=(x-Hl).(y4.1)  {l  4-^  -^  -  ii^]. 

C  log  c         log  ^  log  c   y 

,       ,.      du       ^    du      ^ 
and  making  -p-  =  0,  — -  =  0,  we  get 
dx  dy 

a'  + "  =  *»  +  *  and  therefore  also  =  c'  +  *. 

Therefore  ^=  '°g  ^^^-^  '°g  a  ^log  ^r^-glog^ 

3  log  a  "  3log^  * 

J  log  ab  A  —  9,  log  c  , 

and  z  =  —2 — — J s_  •  consequently 

3  log  r  1         / 

log  a  log  ^  log  c 


\ 


Arhich  is  a  maximum. 


'  ThU  18  the  aotutkm  of  the  lipllowiiig  probleot ;  ^^  ill  a>  hy 
Ci  be  die  prime  factco-s  ^f  a  number  A^  to  find  the  numbjcr  of 
times  each  factor  must  enter  into  that  number,  so  that  it  may 
admit  of  the  greatest  pos^ble  number  of  divisors." 

If  the  converse  problem  had  been  proposed  :  "  Given  the 
number  of  divisors  and  the  prime  factors  a^  b^coiTL  number, 
to  find  the  exponents  x,  y^  z  of  these  factors,  so  that  the 
number  may  be  the  greatest  possible ;"  we  should  have 
found  the  same  relation  subsisting  between  these  exponents 
as  in  the  solution  of  the  preceding  problem.  Waring.  MeJ. 
AJg.  p.  344. 

the  equation  of  condition  .being 
Eliminating  z,  we  find 

'=(.-,X>-l)(.-i){<'-^'-'>'»"'-'>C^-A)J 

Making  -7-  =  0,  and  -j-  ss  0,  we  find 
dx  ay 

* 

a'b^         ^  71        ^^ 

ah  impossible  equation,  unless  a'  +  '£=ti^  +  *  and  therefore  also 

The  values  of  x^  y^  z  are  determined  as  in  the  preceding 
example,  and 

u  zz  /  ^  \    '>■ — --- — ^ ,  a  maximum. 
(a^l)(*^1)(r-.l)' 
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Thh  1k  die  iQlution  of  tht  foltowmg  problem  :  ^<  If  a,  h 
che  Ae  pritfile  factors  of  a  number  A^  to  find  the^  lelatien^ 
subsisting  amoiig  llieir  exponents,  so  that  the  sum  of  the 
divisors  of  ^  may  be  die  greatest  possible."    Waring.  lb. 


V 


(1«). 


Xet«  =  ^(l-i)(l-i)(.-i).tl^ 


equation  of  conditioh  :being 

x^y^  z*  ==  A, 
Eliminating  z,  we  find 

making  -r-  =  0,  and  -r—  =  0,  we  get 
ax  ay 

,a  (j:—  1)  =  6  (y—  1)  and  thereforesc  («— 1> 
.  The  nature  of  the  equation 

ptevents  our  proceeding  further  in  the  direct  determination 
of  X  or  of  ^w. 

In  this  as  well  as  in' the  two  preceding  examples,  when 
the  parts  of  which  the  functions  are  composed,  are  symme- 
trical, the  conclusion  which  has  been  deduced  for  two  or 
three  variables,  may  be  extended  to  any  number :  the  same 
remark  may  be  extended  to  the  application  of  the  test  for 
determining  whether  the  result  is  a  maximum  or  a  minimum. 

In  the  last  example,  if  </^  be  a  number,  and  x,  ^,  z  its 
prime  factors,  u  is  the  expression  for  the  number  of  integers 
less  than  A^  which  are  also  prime  to  it.  Legendre.  Thhrie 
ies  Nombres,  p.  8.. 
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In  considering  any  of  these  examples  as  the  solutions  of 
^  problems  in  the  theory  of  numbers^  it  is  of  course  under- 
stood that  the  integers  which  approach  most  nearly  to  the 
tr«ie  values  of  x^  y,  z  Sic,  are  to  be  assumed. 


(13).    Let  M  =  cf  -f  ^(a:»  +  y% 

This  expression  is  evidently  a  minimum^  when  x  zzO^ 
and  y  ss  0  ;  but  in  this  case^  we  have 

which  are  both  infinite,  when  x  and  y  vanish. 

A  function  of  two  or  more  variables,  may  therefore  be  a 
fHaximum  or  a  minimum,  when  its  first  differential  coefficients 
are  infinite.  See  Example  15,  p.  1 1^*  For  an  explanation 
of  the  meaning  of  this  circumstance,  in  the  theory  of  curve 
"sui^aces,  see  Lacroix,  Traiti  du  Calc.  Diff.  p.  588. 

(14).  Given  the  three  sides  AB,  BC,  and  CD,  of  a 
quadrilateral  figure  :  to  find  the  angles  at  B  and  C  when  its 
:area  is  a  maximum.    Fig.  100. 

If  AB^a,  BC:^S,  CDzrc,  ir~0  =  the  angle  JBC  and 
«r-.^  =:  the  angle  BCD,  we  have  the  area  or 

n  =  a,b  sin  d'i- be  sin  e^  +  ac  sin  (0  +  ft*) 

^=:a   \bcos0  +  ccosie  +  e^\:=O    (a). 
do  , 

^  =  c\bc<n6'+acos(0  +  er)\=i).      03). 

By  eliminating  6',  we  find  that  the  determination  of  cos  6, 
depends  upon  the  solution  of  the  cubic  equation 
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only  one  root  of  which  is  possibly* 

The  conditions  expressed  by  the  equations  (a)  and  (/3)  are 
satisfied)  by  supposing  the  quadrilateral  figure  A  BCD  in- 
scribed in  a  semicircle^  of  which  the  unknown  side  AD^  is 
the  diameter'*' :  for  in  this  case,  if  we  describe  a  circle  upon 
BCf  cutting  AC  and  DB  in  n  and  vl^  and  AB  and  DC  pro- 
duced in  JVand  N',  we  hay)?  BNssCnor  b  cos.^s  -  c  cos 
(e^ff\  and  CN^Bti  or  6  cos  ^s=-a  cos  (^  +  ^).  It  is 
very  easily  shewn  that  these  conditions  cannot  be  fulfilled 
upon  any  otherhypothesis. 

The  diamefter  AD^^/  \  ^•  +  >'+r^  +  ^a  A  .cbstf  J 

r    .  ■■'■■■.  -  '  '■        ''  >    .      ■    ■ 

which  exf^t^sions  are  identieali  since  o^cbs'  $  ksc  cq€6^.  , 

If  we  suppose  the  figure  to  bepentagonaii  four  of  whose 
sides  a,  i,  o  d  are  given  ;  and  if  flr—^,  tt— 6',  w— ^'  be  the 
angles  included  by  a  and  t,  b  and  c^  c  and  4%  then  the  are^^or 

M=ii4  sin  e-\'bc  sin  ^-f  erf  sin  r +  a^  sin(a+a^)' 
+  Arfsin(6'^-a'0  +  «rfsin(^  +  ^  +  ^0 

^  ~  a  {  *  cos  a  +  r  cos  (^  +  ao  +  rf  cos  (tf+^+^0  1  =  0  (a). 
— ^=:d{^ccosa''  +  *cos(d'  +  r)+flcos(a  +  0'+r)}  =0  0^). 


..  ■  -^ 


Cressw«Il.  Maxima  and  Mimina*  p.  71 


^n  i  [  r  COS  a'  +  d[  COS  (^  +  a^O  { 

-t-a  {^cos(a  +  aO+^cos(a  +  ^+r  }  =0. 

This  last  equation  being  reduced,  by  means  of  the  first, 
becomes 

c  cos  ^— a  cos  ^  +  <2  cos  (a'  +  ^)=0.    (7X 

These^quations  are  also  satisfied,  by  suppoMng  the  pen- 
tagonal figure  inscribed  in  a  semicircle,  of  which  the  unknovm 
side  is  die  diameter*  Thus  suppose  ABODE  (Fig.  10 1.)  the 
pentagon  and  AE  the  diameter  of  the  circumscribed  circle  : 
produce  AB  and  ED  to  meet  in  jp,  AB  and  DC  to  meet  in 
Hy  and  JBC  and  ED  to  meet  in  K\  draw  Dd,  Cc  perpen- 
diculars upon  AF:  then  Bc^b  cos  a,  Bdzz^d  cos(a  +  ^ 
+  B')  and  dc:=zc  cos  (6-\-  ^) :  therefore  since  .Be  +  dr  — 
Bd'ziOi  die  first  equation  is  satisfied  by  this  hypothesis  :  and 
the  same  may  be  readily  shewn  of  the  second.  Again,  if  we 
join  A  and  C,  C  aiid  jE,  we  find 

AE"  =  a*  +  **  +  c*H-d*  +  2fl*cos  d  +  2rdcos6'' 

=  d'+b'  +i:^ +i/»+2  r  d  cos  a"  +  2  A  .  C5  .  cos  JffCiT : 

consequently  C£'  cos  .  ECK  zz  a  cos  $ :  draw  i)  m  and  EM 
perpendiculars  upon  CK  or  CK  produced  : 

then   Cm  zzc  cos  a',  and 

Mm  =  ED  sin  i)£Af=rf sin  |^-a'-r|  =df  cos  (0'  +  ^), 

consequently, 

C-W  =  c  cos  a'  +  d  cos  (a'H-a")  =  a  cos  a, 

which  is  the  condition  expressed  by  the  third  equation  (7). 

If  the  figure  be  hexagonal,  five  of  its  sides  being  a,  b,  c,  d,  e 
and  w  -  a,  v-^-B',  IT  —  a",  TT  -  a'^'i  the  angles  included  by  a  and  b, 
b  and  r,  r  and  d,  d  and  e  respectively,  then  the  area  or 
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M  =  «A  $in  fl  +  ifsin  &-\-cd%va.  V'Jrdtiva.  C" 

+  fl<:  sin  (tf  +  flO  +  *<^sin  (#'  +  r)  +  <:<r  sin(e"+ O 

+  «rf sin  (fl  +  0-  +  r)  +  **  sin  (e'+«"  +  «^') 

+  a*sin(«  +  tf'  +  fl"  +  fl"'). 

Makmg    ~  =  0,    ~=0,    --  =  0,^^=0,  we 

should  get  four  equations  of  condition,  which  would  be 
satisfied  by  supposing  the  hexagon  inscribed  in  a  semicircle^ 
of  which  the  sixth  side  x  is  determined  by  the  resolution  of 
the  cubic  equation 

x^  -(a*  +  C^  +  J3»)j:-2CDa  =0,    where 

C  =  v/  {  **+r*+2*<:cos^  }  andDz^v/  {  d»+tf»+2rf^cos^''  }  . 

(l^).  To  find  a  point  within  a  triangle,  from  which,  if 
lines  be  drawn  to  the  angular  points,  their  sum  is  the  least 
possible. 

Let  ABC  be  the  triangle  (Fig.  102),  P  the  point  re- 
quired: let  BC:=ia,  ACzzby  A£:=:Cf  PM  a  perpendicular 
upon  BC  =  y,  and  CM  ==  x :  then 

+  v/  }  ar^+y +  **-2  ^  {x  cos  C-\-y  sin  C)  }  , 
du  X  («— ^) 

X— *  cos  C 


v/  {  a:*+j/*  +  ^*-2^  (:r  cosC+j/  sin  C)  J 
djf  _  3^  ^ 

^  —  ^  sin  C 

V  {  r'+y  +  **rr.2^(a;cosC+5^sinC)  { 


=  0. 


=  0. 
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The  elimination  of  j?  or  of  ^  from  these  equations,  would 
lead  to  equations  of  great  complexity :  by  a  simple  artifiice) 
however,  they  may  be  made  to  exhibit  the  geometrical  con- 
ditions, upon  which  the  minimum  depends  :  let  ^  =  th^ 
angle  CP  Jf ,  e*  =  the  angle  BPM :  then 

.    ^ .    ff  ,^ ^  cos  C  —  X 

""  ^  \  x*4.y +  4»-2  b  (X  cos  C+y  sin  C)  \ 

P  ^  _  ^ ^sin  C—y 

cos  (f  +  cos  (T  -  ^  {^*+j^^H-4»-26(a:cosC+j^8inC)j' 

if  we  square  each  of  these  equations^and  add  them  together, 
we  find 

cos  {p  +  0=  -  4,  and  therefore  ^  +  a' = the  angle  BFC  =  1 20° : 

in  the  same  manner  we  may  shew  that  the  angle  APB^  and 
therefore  also  the  angle  AFC  is  =  120®*. 

If  we  represent  the  distances  AP<,  BP,  CP,  by  /,  «?,  2, 
we  find 

/*  +  /«  H-  V*  =  a* 
/*  +  /  2  +  2*  =  6* 

v*  +  v  2?  -f  jz*  =  ^* 

The  elimination  of  v  and  jz  from  these  equations  would 
lead  to  an  equation  of  four  dimensions,  from  which  the  valu^ 
of  t  may  be  determined  :  the  same  method  may  be  applied  to 
the  determination  of  v  and,  z^ 

(15).  To  find  the  point  within  a  quadrilateral  figure, 
from  which,  if  lines  be  drawn  to  the  angular  points,  their 
aggf  cg^te  is  the  least  possible. 

Let  A  BCD  (Fig.  103.)  be  the  four-sided  figure,  and  P 
the  point  required;  and  let  ABsza,  BC=bf  CDssd,  and 


*  Cresswell.  Maxima  and  Minma,  p.  120. 
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DAtsCf  PMy  which  is  perpendicular  to  AB  ^y^  and  JMszx : 
then 

+  \/  {  r*  +  jr»+.y»  -  2^:  (x  cos  ^  '+  y  sin  J)  ] 
+  J  *»4.(a-.:ry +3^»  -  2*  [(«— a:)  cos  if  +  y.sin  B]\ 

:^t  +  t'  +  i"+r: 


du    X    (a-ar)  ;  x— ^  cos  A 
dx    t 


-x) ;  X— r  cos  A    /(a-x)-6  cos  B\   *      ,  . 
—  +  -—7 (, ^;;; ;=0.  (a). 

From  C  and  D^  draw  Cr  and  Dd  perpendiculars  upon 
ABor  AB  produced :  call  the  angle  APMrze,  BPM-GTy 
cCP  zz  0,  and  dDP  =  4>  :  then  the  equations  (a)  and  (/3) 
give  us 

sin  B  —  sin  ^  =  sin  tp  —  sin  tp'y 

cos^  +  cos  Q'  =:  COS0  +  cos  fp\ 

equations  which  gan  only  be  satisfied,  by  making  ^  =  0i  and 
tf'  =  0' :  the  point  P,  therefore,  is  situated  in  the  concourse 
of  the  diagonals  AC  and  BD*. 

♦^ 
(16).    To  find  a  point  within  a  triangle/  from  which  if 
lines  be  drawn  to  the  angular  points,  the  sum  of  their  squares 
is  the'  least  possible. 

Making  use  of  the  same  construction  and  notation  as  in 
Ex.  14.,  we  have 

u=a:^  +if*  +  (a  -  xf  +y  +  j;*  +/  +  6*— 2  *  {x  cos  C  +  y  sin  C). 


*  Cresswell.  Maxima  and  Miniyna,  p.  117. 
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Making  ^  =  0,  and  ^.  =  0,  we  find 
ax  a  V 

a  +  *cosC         J          bsinC 
X  = ,  and  y  n 


■       consequendy  ^P  =  5*^^^i-^£l+|iLll^ , 

BP=:i^iii5!±Hi!l±l,  and  CP=.2^il£±2.^1z£lI 

3  3  ' 

This  point  is  the  centre  of  gravity  of  the  triangle. 

(17).  To  find  a  point  within  a  quadrilateral  figure  from 
which,  if  lines  be  drawn  to  the  angular  points^  the  sum  of 
their  squares  is  the  least  possible. 

Making  use  of  the  same  notation  and  construction  as  in 
Ex.  15.^  we  shall  find 

u  =  (:r*  +y)  +  {(a  --  xy  +  ^^] 
+  {c^  +  x'^  +  t/^  —  ^c^xcos  J  +  ^  sin  B\ 
+  {  b^+ia-xY  +  tf^  -  2*  (a  -  :r)  cos  5  +  3^  sin  B\  . 

Making  ~  =  0,  and  -^—  =  0,  we  find 
^dx  d!/ 

Q,a  +  c  cos  A  *-  b  cos  B 

X  == : • 


c  sm  A  ■\-  b  sin  B 
y- . 

4 

If  we  apply  the  test  of  a  mapcimum  or  mmimum  in  this 
case,  we  shall  find  , 

d^u  _  ^      d^u    _       d^u  _ 
dx*  ""    *  dxdy^    ^  dtp-'^ 
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consequently  DF  >  £^,  and  D  is  positive^  and  the  values  of 
X  and^  which  we  have  found,,  make  u  a  minimum. 

If  it  was  required  to  determine  a  similar  point  within  the 
pentagonal  figure  ABODE  (Fig.  104.),  we  should  find,  making 
AB  ==a,  BC=*,  CD:^€,  DE=zd,  EA=:e,  AM=^x,  and 
PM-y,  that 

M  =  (j:»  +  3^»)  +  {  (a  -  xy  +  y"  \ 

+  \  c*+a?*+3r*— 2  e  (x  cos  -rf+y  sin  A)  \ 

+  {  **+(«— a:)* +y*— 2*  [(a-a:)  cos  B-^y  sin  JB]  } 

+   \  d*+tf*+a?*  +y*  —  2e\x  cos  ^  -i-^  sin  il) 

+  2  d  [a:  cos  (4  +  JB)  ^y  sin  (il  +  JS)]  }  ; 

and  making  -r—  =:  0,  and  —  =  0,  we  get 

^^a  +  2eco8  A  —  b  cos  JB  —  rf  cos  (^4  +  JB) 

5  ' 

2  f  sin  ^  4-  3  sin  JB  —  d  sin  (-4  +  E) 

y ^  ^ 

If  the  figure  was  hexagonal  and  its  sides  a^.b,  c,  d,  e,/, 
we  should  find 

+  \b^  +.X''  +/  -  2/(x  cos  A  +  y  sin  ^)  { 

+  I  *'  +  (a  -  j:)*  +  /  -  2*  [(a  -  x)  cos  B  +  ij  sin  J8]  } 

.   +    {^'*-2^/cosi^+/*  +  x' +/-2/(j?cos^+j^sin^) 
+  2^[xcosU+i^)+j^sin(^+i^)]  ] 

+  {  ^'  -  2  *^  cos  C  +  **+(«  -  xY 
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+  3^»  -  2  6  f  («  —  x)  cos  B  +  1/  sin  B] 

+  2cl(a-  x)  cos  (B  +  C)  +  j^  sin  (B  +  C)]. 

Th^  co-ordinates  of  the  point  P  are 
_Sa  +  2/'cios  ^— 2  *  cos  jB  -^  cos  (^  +  F)  +  c  cos  (B  +  C) 

_2/8in  i4  +  S  ^  sin  jB  —  f  sin  {A  +  J*)  —  r  sin  (i?4-  C) 
^  6 

If  the  figure  was  heptagonal,  and  its  sides  a,  tf  Cyd,  e^f^g^ 
we  should  find 

M  =  (x'  +  ^f)  +  {  (a  -  t)*  +  y  J 

+  {  ^*  +  ^!  +/  —  ^g  (^  cos  ^  +^  sin  -rf)  } 
+  {  ^^  -H  (a  -  ^)*  +  y  -  2  ^  [(a  -  07)  cos  B^y  sin  5]  J 

+  {/*  -  9.fg  cos  G -Hg^  +  x^  +5^*  —  2g  (a:  cos  A  +y  sin  il) 

+  2/  [a^  cos  (J  +  G)  +^  sin  (^  +  G)]  \ 

+  {  c*-26ccos  C  +  **  +  (a-a:)'+/— 2*[(a— ar)cos  B 

-fj/sin  B]  +  2c  [(«-:r)cos(B  +  C)+y8in(J5  +  C)]  } 

+  {  e^-2efcos  pArf—^fg  cos  G4'g* 

—  2  f  g"  cos  (G  +  iO  +  f *  +y  —  2  ^  (JT  cos  ^  +y  sin  A) 

+  2/[tcos  (/f  +  G)-f5f  8in(J  +  G)j 
-^  2  ^  [jr  cos  ( J  +  G  +  jF)  +5^  sin  (^  +  G  +  i?*)]  { 

and  the  co-ordinates  of  the  point  P  are  x  = 

4-3g  cos  ^— 2fc  cos  B—^f  cos  (A+G)'¥c  cos  (jB+C)+gcos (A+G+F) 


'  sin  ^+?2  b  sin  JB-2/sin  (J  +  G)-c  8in(jB+C)  +e  sin  (A +  G  +  F) 


.  These  formulae  sufficiently  indicate  the  law  of  formation 
of  corresponding  formulae  for  polygons  of  any  number  of 
sides  whatever. 

(18).  To  find  the  point  within  a  triangular  pyramid, 
from  which  if  lines  be  drawn  to  the  angular  point^^  the  sum 
of  their  squares  is  the  least  possible. 

Let  ABCD  (Fig.  105.)  be  the  triangular  pyramid,  P  the 
point  required ;  let  PM  be  perpendicular  to  the  base  DBC, 
and  MQ  perpendicular  to  the  edge  DC :  let  d^  d\  d"  be  the 
edges  opposite  to  the  isolid  angle  at  D,  and  D,  U^  U'  the 
plane  angles  by  which  it  is  formed:  let  AD'zza^  DC^b^ 
DB=:c,  DQ=:x,  MQ—y,  PM=:z,  and  let  ^  represent  the 
angle  of  inclination  of  the  face  ADC  to  DBC :  then ' 

+  {  ^*.+y  +  2*  +  c*  -  2  r  (x  cos  D  +y  sin  D  \ 
+  {  ^*  +y  +  z^  +  a^  --  2axcos  D" 
—  2  a  sin  D'  (t/  cos  0  +  z  sin  <p)  ]  ; 

and  makin&c  -r—  =  0,  -—  =  0,  and  -—-  =  0,  we  find 
^  dx        ^  dy         '  dz 

h  +a  cos  D^  +  c  cos  D 


c  s\n  D  +a  sin  D'  cos  <^ 

.y  =  — ^ 4—' 

a  sin  £)'  sin  d> 

Z    Z=  : .      • 

4 

At       -r             .                  cos  D''  —  cos  D  cos  D' 
Also,  if  we   put   cos  (h  =  ; — =,-—, — — ,   we 

'^  ^  sin  jL)  sm  jD 

shall  find 

DP  =  ^  ^\a^+2cb  cos  D'+b^+Q.hccosD  +  c^+2acco$  D'} 
4 
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4 

CP  =  i  v^  {  S  *»  +  3  a!»  +  3  d'»  -  (a*  +  c*  +  d"*)  |  , 

4 

BP=1^/  {3d»  +  3d"»+Sr»-(a»  +  i»  +  d'»)}, 

^P=i  {3a»  +  3d'»  +  3d"»  -  (*»  +  c*  +  rf»){.      . 

The  point  P  is  the  centre  of  gravity  of  the  triangular 
pyramid.  ^ 

If  the  point  P  was  required  within  a  p;f  ramid^  whose 
base  is  a  quadrilateral  figure,  from  which,  if  lines  be  drawn  ^ 
to  the  angular  points,  the  sum  of  their  squares  is  the  least 
possible ;  if  we  make  ADzna  (Fig.  106),  DC=zd,  DE  =r  d",  • 
CBzia,  the  angle  CDEzzD,  the  angle  ADC^^iy^  the  angle 
DCB=Cf  the  angle  of  inclination  of  the  face  ADC  to  the 
base  DEBC  zz  (p,  x,  y^  z,  the  co-ordinates  of  the  point 
P,  referred  to  the  plane  DEBC  and  the  axis  DC,  their  origin 
being  at  D  :  then  we  shall  find 

uzz  [x^  +  t^-^z^]  +  {(d^xy+y^  +  z'\ 

+  {  ^^  +y  +  2'  +  df^-^d'  {X  cos  P  -hy  sin  D)  ] 

+  { (d-xy  +5^*  +z^  +  b^--Q.b  [{d-x)  cosC+y sin  C]  \ 

ft 

+  {  ^^  +^*  +  2*  +  a*  -  2ax  cos  iy 
—  2  a  sin  iy  (y  cos  ^  +  2  sin  ^)  J  j 

from  whence  we  get,  as  before 

2d+d'cos  D^a  cosIV  —  *co8  C 
x  = 3^ , 

G  6 
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d  sin  D  4-  ^  sin  C  -|-  a  sin  JD'  cos  ip 

a  sin  D'  sin  <b 

If  the  solid  be  an  irregular  triangular  prism,  within  which 
a  similar  point  P  is  required  to  be  determined  ;  if  we  make 
CJ5  =  fl  (Fig.  107.x  Cil  =  *,  AB-  c,  BE  =  /,  BC-Ii 
DA^r,  the  angle  EBC^B,  BCFzuC,  DAB  =  A\ 
<p  and  <p'  the  angles  of  inclination  of  the  quadrilateral  plane$ 
EBCFy  1>ABE  to  the  base  ABC,  xzzBQ,  y-QM  and 
z  =r  PM%  then  we  shall  find 

+  {  ar^  +5^*  +  2*  +r*-'2  ^  (a:  cos  B  +y  sin  5)  \ 
+  {  J:^*  +  3^*  +  2*  +  /*  -  2 /x  cos  5' 
—  2  /  sin  JB'  (3^  cos  ^  +  «  sin  ^)  } 
+  {  (a-x)«^y  +  z'  +  f»-2/'(a-^)cos  C 

—  2  /'  sin  C  {y  cos  ^  +  z  sin  0)  \ 
+  }  a:^  +  j^*  +  2*  +  r*  +  r»  -  S^r  cos  A 

—  2  (^:  —  /'  cos  ^')  (a:  cos  B  +  j^  sin  B) 
—  2  /"  sin  A'  [(^  sin  B  -^  y  cos  B)  cos  0'  -i-  2  sin  0'j  }  : 

and  makmg  —  =  0,  ---  =  0,  -—  =:  0,  we  find 
dx  dy  dz 

2  tf +2 /:  cos  B+/COS  B'— /'cos  C'-Tcos^'  cos  B  +/''  sin  ^' sin  JTcos ^ 

6 

_  g  c  sin  fi+(/  sin  £'+/' sin  C)  cos  (^  — /"  cos  A  sinB—l" sin  -f^' cos  i?cos  ^ 

^  _  (/  sin  B'  +  /'  sin  C)  sin  <p  +  /"  sin  J['  sin  0' 
z ^^ 

If  0=0'  =90°,  and  l=zr=zl\  or  if  the  quadrilateral  planes 
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ar^  perpendicular  to  the  bases  which  are  equal  and  parallel^ 
then 

a  +  c  cos  JB         _  r  sin  J3  / 

z  =  — - — ,  p--^,  ^=-5; 

the  point  P  is  the  centre  of  gravity  of  the  prism. 

(19).  To  find  a  point  within  a  trinngle^  from  which j 
if  perpendiculars  be  let  fa}l  upon  the  sides,  the  sum  of  their 
squares  is  the  least  possible : 

Let  ABC  (Fig.  108.)  be  the  triangle,  P  the  point  re- 
quired, PMf  PQ,  PR  the  perpendiculars  upon  the  sides, 
BM=:x^  PMzzzyi  P<2=y,  PR^y"i  then  we  have 

1/  ss  ^"^  +  {x  sin  B—y  cos  BY  +  {  (a— a?)  sin  C— y  cos  C  { *  5 

and  making  --->  s=  0  and  -7-  =  0,  we  find 
.     dx  ay 

ate  sin  jj      ,__abcsinB     -//_  f^fsinC 
Also  BP  =    ,   ,  ^^^  ■     ,  ^\%a'  +  2(?^P\ 


C^=  3rT^fT-TaV{2«*  +  2*'~.M 


a' 

+  ^ 

<i» 

+  c» 

(20).  To  find  a  point  within  a  triangular  pyramid,  from 
which  if  lines  be  drawn  perpendicular  to  the  several  faces, 
the  sum  of  their  squanes  is  the  least  possible. 

Making  use  of  the  same  notation  and  construction  as  ia 
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£z.  1 8.,  the  angles  of  inclination  of  the  faces  to  the  base,  being 
represented  by  (f>,  tp',  (p'\  and  the  perpendiculars  by  z,  z', 
z",  A  we  shall  find 

«=z* +  «'«  +  /'*  +  /"• 
as  z*  +    [y  sin  ^  —  j2  cos  0  J  * 

+   {(xsin  D  -^  2f  cos  D)  sin  0'  —  z  cos  0' }  * 

+    {  C(*  -  x)smC  -y  cos  C]  sin  0"  -  z  cos  0"  J  ». 

^.«.OI/  (ft/  rfw  111  1 

Making-T—  ==:  0,  -r-  =  0,  -—  =  0,  we  shall  get  three  equa^ 
^dx  dy  dz 

tions  for  the  determination  of  x,  y^  z,  of  the  form 

Ax+  By  +  Cz  =zD 

A'x  +  By+Cz^iy 

A''x  +  B"y  +  C'z  =  jy\ 

but  the  coefficients  Jl,  B,  C,  &c.  are  very  complicated,  and 
a  complete  solution  of  these  equations  would  be  a  work  of 
considerable  labour. 

A  more  simple  method  of  solving  this  problem,  is  the 
following  :  let  jB,  E',  £",  JS"',  represent  the  areas  of  the  faces 
DBC,  ADC,  ADBy  ABC,  and  let  V  be  the  solid  content 
or  volume  of  the  pyramid  :  then  we  have  x  =  z*  +  2'*  +  z"* 
+  2'"%  subject  to  the  equation  of  condition 

2V^Ez  +  Ez'  +  Wz!'  '\-  E"  z'". 

Eliminating  z"*,  we  shall  find  by  the  ordinary  process,  making 

dz  dz'        '    dz'' 

SVE 


z  = 


E^  +  E'^  +  E"-  +  E""- 


_ _SV  _       ( E  +  E  cos  0) 

'^  ""  sin  0    ~E\  +  ~E'^'+  E""  +  £'''* 


3 
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r 


sin  D  sin  <p  sin  4>' 


{£''8in0-f  jB'cosjPsin0'+jg(cos0^8in^  +co8i)cos^  sin^Ql 

(21).  Amongst  all  triangular  pyramids,  of  given  base  and 
altitude,  to  find  that  which  has  the  least  surface. 

Making  use  of  the  same  notation  as -in  the  preceding 
Example,  if  h  be  the  altitude  of  the  pyramid,  and  b^  c,  d  the 
sides  of  the  base^  we  find 

w  =:  -  (^  cosec  0  +  f  cosec  0'  +  d  cosec  <p") 

which  is  subject  to  the  equation  of  condition 

-  (*  cot  0  +  ^  cot  <p'  -^  d  cot  0")  =  £,  where  E  is  the  area  of 

the  base. 

Eliminating  0"  aiid  making  -y—  =  0,  -j^  :=  0, 

/      d  0  a  0 

we  get  0  =  0^  and  therefore  also  s  0^' :  or  the  faces  of  the 
pyramid  are  equally  inclined  to  the  base. 

Amongst  all  triangular  pyramids  of  given  volume/  the 
regular  tetraedron  has  the  least  surface.  This  is  an  imme- 
diate corollary  to  the  last  problem* 

The  same  proposition  is  true  of  pyramids  whose  bases 
are  any  polygonal  figures  whatever. 

(82).  From  a  given  point,  to  draw  the  shortest  line  to 
the  surface  of  a  given  sphere. 

Let  ay  3,  Ci  be  the  co-ordinates  of  the  given  point;  a,  /9,  7, 
the  co-ordinates  of  the  centre  of  the  sphere,  whose  radius  is 
r :   the  equation  of  the  sphere  is 

(X  -.  «)•  +  (y  -  /3)-  +  (J2  -  7)'=  r% 


/  ' 
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and 

u  =^  {  (1  -,  of  +  {y  -  br  +  (^  -  ^)M  I 

is  the  length  of  the  line  drawn  from  the  given  point  to  the 
point  in  the  sphere,  whose  co-ordinates«are  x^  y^  z. 

Eliminating  i%  —  cf  from  Uy  making  -7-  =;  0  and  -7-  z:  0 

■ax  ay 

and  putting  rf=  ^^  {  (a  -r.  «)»  +  (4  --  /8)»  +  (^  -  if\  ,  the 
distance  of  the  given  point  from  the  centre  fA  ihe  sphere^  we 
find 

X  ni  (t  ±   -.  (a  —  a) 

a 
y  =  /?  i:  J  (4  -  /3) 

2:  =  Y  ±  2  (f  —  7) 

and  u  ^  d  '^  r^  according  as  the  upper  or  lower  sign  pre- 
vails,  in  the  expressions  for  x^  y^  and  z ;  the  first  bdng  the 
expression  for  the  minimum  and  the  second  for  the  maximum 
vs^e  of  Un 

(23).    To  find  the  shortest  distance  between  two  given 
lin^Si  pot  in  the  same, plane. 

Let  a?asa0  +  a,  yasbz  +  fif 

and  x"  zza' z!  +  a,  y's  b' 2'+  /3', 

be  the  equations  of  the  given  lines  :  th^  distfiace  of  the  points 
whose  co-ordinates  are  Xy  y,  z,  and  x'y  y,  z',  or 

u-  ^  \(z-^zy^{x-  x'f  +  (y  -  yj  \ 

^—  =  -    {  2  -  2'  +  «  («  -  a'  +  tf  z  —  a  2') 

az      u 

+  ^(fi  -  f^'  +  bz-b'z')\    =0, 
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^  =  -  1    {  Z  -  2'  +  «'  («    -   a'  +  «  Z   -  a'zO 

+  *'(/3_/3'+iz-*'z'J=0. 
From  which  equations  we  find 

-  (a  _  a')'  +  (*  -  n  +  (a'  6  -  a  6')* 

t^b-  ab' 

,      (a  —  a)  (z  —  2') 
<rp  —  ab 

If  the  angles  which  this  shortest  line  makes  with  the 
given  lines  be  required,  we  find,  since  x,  y,  z  and  x',  y,  z' 
are  co-ordinates  of  two  points  in  it,  that 

X'-x'^^aXz - zO  and y -^ =*"  (z-ji") 


where  a"=  -7- ^r  and  b"  =  -7^! — ^,  thfe  equations  of  this 

a  b—ab  ab — ah 

line  being  x" = a"  z''  +  a '  and  y = *"  2''  +  /3'' :  consequently 

Q_  ad'  ^-bV  +  1 _ 

^°*      "■  ^/  |1  +  «*  +  *M  n/(1  +  «"*  +  O  }    "" 

since  a  ^'  +  *  6"  +  1=0; 

and  therefore  6f =90 :  in  the  same  manner,  it  may  be  shewn 
that  ^s=90;  the  shortest  line  is  therefore  perpendicular  to 
both  the  given  lines.      Lacroix.  Traith  du  Calc*  iHff.  p.  524. 

(24?).    To  inscribe  the  greatest  rectangular  parallelopipe-     ' 
don  in  a  given  ellipsoid. 
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Let  the  equation  of  the  ellipsoid  be 


&  *  (f  )•  -  (:-)' = ■• 


which  is  therefore  an  equation  of  condition  to 

which  is  the  expression  for  the  inscribed  parallelopipedon. 


If  we  eliminate  z,  and  make  ^—  =  0,  and  -—  =  0,  we 

ax  ay  • 


find 

a                b         ^  .  ^         c 
X  =  — ~  ,  y  = ,  and  %  = , 

t          S  abc 
and  u  = •  a  tnammum. 

(25).     From  a  given  point  in  the  surface  of  an  ellipsoid, 
to  draw  the  longest  line  to  the  surface  again. 

Let  a,  jBj  7  be  the  co-ordinates  of  the  given  point ;  then 
we  have 

which  is  subject  to  the  equation  of  condition 


©•^  ©■-(:-)•=  ■■ 


Eliminating  z  and  making  —  =  0,  and  —  s=  0,  we  find 

ax  ay 

the  following  equation  for  the  determination  of  a:, 

(aa)*  +  2(aay{e  +  e')ax+  {  a^  (e'' +  4 e /  +  e^) 
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-  {(ao)*(e*+4*^'+#")+(*/3<0'+(<^7«)*— a*«*^*}«* 
-  2a*aee'  (e  +  e')x^-  aV/'at*  =  0, 

fl*  —  If*  a*  ——  r* 

where  e  ;r ,  and  /  = .      See  Ex.  67,  p.  l36. 

In  most  of  the  preceding  examples,  we  have  not  put 
jdown  the  actual  verification  of  the  maxima  and  minima  by 
Lagrange's  test,  as  the  reader  will,  m  general,  find  little 
difficulty  in  supplying  it. 


On   Curve   Surfaces  and   Curves  of  Double  Cur^ 

vature. 

Art.  137 — 144.    Ex.  (1).   "Let  the  surface  be  that  of 
a  cone,  the  sections  perpendicular  to  whose  axis  are  circles. 

Its  equation  is 

^the  line  upon  which  z  is  measured  or  the  intersection  of  the 
planes  of  x  z  and  ^  z,  being  the  axis  of  the  cone,  the  origin 
of  X,  y  and  z  being  at  its  vertex,  and  e  being  ==  cot  ^,  where  ^ 
is  the  semi-angle  of  the  cone. 

c;.        d%       e*x        J  d  a      ^'  .V    ^i,  ^.        r  •.   ^ 

Smce  -;—  =  — ,  and  -—  = ,  the  equation  of  its  tan- 
ad:        2             ay        z 

gent  plane  is 

ax  ay 


'"//     •  /^ 


H  H 


^  ■     ».  '- 
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^     z  z 

or  2:  2'  =  e^  {X  X*  +  y  y). 

In  order  to  find  where  this  plane  cuts  the  axis  of  the 
oune,  we  must  make  1*'  t=  O,  y  =  0 :  this  gives  also  s'  =  0 : 
or  the  tangent  plane  passes  through  the  vertex  of  the  cone^ 
as  is  evident  from  the  nature, of  its  genesis. 

The  equations  of  the  normal  are 

z  f  '^.     ...     .. 

z                         -^ 
If  the  ppint  of  its  intersection  with  the  plane  of  x^  Zy  be 
required,  we  must  makey=  0 :  this  gives  us  — ^ »  1, 

and  therefore  jr—-j^+^=^=0;  or  the  normal  intersects  the 
axis  of  the  cone.   ^c>   .  i     :-      .        -y'     ' 

The  general  equation  of  conical  surfaces  is 

the  origin  of  the  co-ordinates  being  at  the  vertex :  they  are 
all  characterized  by  the  same  property,  as  the  cone  of  geo- 
metry, that  their  tangent  plane  constantly  passes  through  th£ 

1         .        dz      z      V   d z      m  .         #•«• 

vertex :  thus  smce  --—  =s: •  -7- ,  the  equation  of  this 

ax      X       X    ay 

plane  is 

z'. - z  =  f  (/  -  z)  +  y'^-^> .  0'  a\  : 
X  X  \x/ 

and  if  we  make  x'  =  0,  y  =  0,  we  have  also  z'  =  0,  as  in 
the  common  cone. 
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(2).    Let  the  curve  surface  be  the  ellip8okl>  whose  equa- 
ti<m  18 

©■*  (0' -(!)■  =  ■•    (•)• 

whf^e  a,  bf  c  are  the  semi-^zes  and  x^  y^  z  are  reckoned  fropi 
the  centre. 

If  we  make  j:=Oy  ^=0,  j^sO,  successively,  we  shall  have 
the  intersections  of  the  surface  with  the  planes  oixp^  xz^ 

y  Zf  which  are  expressed  by  the  equations 

*  • 

(!X+(0*-»'<''^'=l<-'-^)' 

diese  sectioiis  are  ellipses,  and  sure  sometimes  called  iSx<cprm^ 
eiped  eUyses  of  the  ellipsoid.  It  is  also  evident  from  the  £orm 
of  this  equation,  that  all  sections  parallel  to  each  principal 
section,  are  ellipses  similar  to  the  corresponding  principal 
ellipse.  ^ 

rt.  dz  ^x         m    dz  C*  V       t  .  r 

SiJice  -7-  = r*   and   --  =  —  T-^i,  the  equation  of 

dx  a^z  djf  V'Z  ,,^  ^ 

./ 

4he  tangent  plane  is 

^-z^--T-  {X'-  x)  -  ^^(y-y)  or 

If  we  make  z*  zz  0,  we  find 

li'  +  ^^  =  I.  (7). 
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which  is  the  equation  of  the  line  of  intersection  of  the  tan^ 

gent  plane  ^th  the  plane  of  x,  y:  this  line  makes  with  the 

b*  X 
a3ds  of  ;r  an  angle  whose  tangent  is  —  —  / 

The  distances  from  the  centre  or  origin  of  the  inter- 
sections of  the  tangent  plane  ^th  the  axes  of  x,  y  2nd  z 

these  three  points^  or  any  two  of  them  and  the  given  point 
upon  the  surface,  determine  the  tangent  plane.  ^ 

The  equation  to  a  line  perpendicular  to  that  expressed  by 
equation  (7)^  is 

y     =T7-   ^    +  —J     .    (0). 

"^  ,      b^x         y         ^  ^ 

which  is  the  projection  or  trace  upon  the  plane  of  x,  y,  of 
that  line  in  the  tangent  plane  which  makes  the  greatest  angle 
with  this  plane,  which  is  obviously  perpendicular  to  their 
common  intersection :  this  is  called  the  line  of  greatest  indi'- 
nation*  :  the  equartion  of  its  trace  upon  the  plane  of  x  ;^,  b 


c'^x         z 


These  two  equations  (3)  and  (i)  determine  the  line  in 
space. 

The  equations  of  the  normal  of  the  ellipsoid  are 

x'-^x  --—  {zf—  z)  = 
a  z 

in). 
/-^-^(z'-^)  = 

*  Lignc  de  plus  grande  pente.   Mongc.   Application  de  V Analyse 
^  la  Geometric*     p.  45. 
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If  csibj  or  if  the  ellipsoid  become  a  spheroid,  we  find^ 
when  /  s  0,  that  also  y'  =  0,  or  the  normal  intersects  the 
axis  of  X,  which  is  that  of  revolution,  at  a  distance  af  = 

^.    X  :   if  a  n  ft  =1  c>  the  ellipsoid  becomes  a  sphere^and 

when  tsf'zz  0,  we  have  also  /  =  0,  and  xfss  0 :  or  the  normal 
passes  through  the  centre  of  the  sphere. 

The  length  of  the  normal  between  the  surface  and  a 
point  whose  co-ordinates  are  xf,  /  /,  is  equal  to 

=  (^'-.)v^{l+^4^+^}, 
which  becomes,  when  /=0, 


If  0^  fff  ^'  be  the  angles  of  the  triangle  formed  by  the 
intersections  of  the  tangent  plane  with  the  planes  of  xy^ 
yz^  xz,  we  find 

tan  d  = ,  tan  0'  =  -  -;; — ,  and  tan  ^'=:  — -liL.; 

c/*xy  a*yz  ,  b*xz 

and  the  area  of  this  triangle 

Qxyz      <.a*      A*       c*3  2xyz 

and  the  areas  of  its  projections  upon  the  planes  of  xy^  xz,  yz 
are 

a^b"      a'e      b^c"-  .    , 

^^y^TTz^  ^y^,  respectively.- 
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If  <  be  infinite,  the  equation  («)  becomes 


( )  *  Q  = '. 


or  the  equation  of  a  cylinder,  whose  sections  perpendicular  to 
the  ws  of  z  9re  ellipsesj  equal  to  the  pxLacifml  eUq;>ae  of  lihp 
plane  of  xy :  the  equation  of  its  tangent  is 

a*   ^    4*         ' 

which  is  that  of  its  trace  upon  the  plane  oi  x  yi  it  is  there- 
fore constantly  parallel  to  the  axis  of  the  cylinder^  which  is 
in  this  case  the  axis  of  2 :  a  property  which  is  characteristic 
of  all  cylindric  j^urfaces  *, 

If  the  equation  be 

©■-(!)■- (fy='. 

it  will  represent  a  surface  of  the  second  order,  called  the 
figpet^ohid  of  one  xwfacef  or  the  h/perbohid  of  four  summits : 
'its  principal  sections  in  the  planes  of  :ry,  :r  js,  3^  2:  are  ex- 
pressed by  the  equations 

the  first  of  these  is  an  ellipse  and  the  others  are  hyperbolas ; 


■^  Monge,  lb.  p.  4. 

t  Hyperholoidc  a  line  nappe. 
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and  all  ^e  sections  parallel  to  each  of  these,   are  figiires 
respectively  similar  to  the  originals. 

The  four  summits  of  this  hfperboloid  are  the  extremities  of 
the  axes  of  the  principal  ellipse. 

The  ccmical  surface  whose  equation  is 


O'^O'-O'-"- 


whose  vertex  is  in  the  origin  of  the  co-ordinates^  is  an  asymp- 
totic surface  to  this  hyperboloid. 

li  a  :=,b^  the  principal  ellipse  becomes  a  circle  and  all 
sections  made  by  planes  passing  the  axis  of  z  are  hyperbolas 
equal  to  each  other :  in  this  case  the  surface  is  generated  by 
the  revolution  of  the  conical  hyperbola,  whose  semi-axes  are 
a  and  c^  round  its  minor  axis. 

The  surface  of  the  second  order  whose  equation  is 

is  called  the  hyperboloid  of  two  surfaces^  or  the  hyperboloid  of 
two  summits :  its  principal  sections  ^re  represented  by  the 
equations 

-©•-(0"=-. 


*  Hj/paboloide  a  deux  nappes. 
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the  first  two  are  hyperbolas  :  the  third  equation  is  impossible^, 
and  shews  that  no  part  of  the  surface  is  situated  in  the  plan& 
of  y  z:  its  two  summits  are  the  vertices  of  the  principal 
hyperbolas. 

This  hyperboloid  consists  of  two  distinct  surfaces  sepa- 
rated from  each  other^  like  the  two  portions  of  the  conical 
hyperbola :  the  former  is  one  continuous  surface. 

It  also  admits  of  a  conical  asymptote,  whose  equation  is 

li  c  -nby  all  sections  made  by  planes  passing  through  the 
axis  of  X  are  hyperbolas  equal  to  each  other  :  the  surface  is, 
in  this  case,  generated  by  the  revolution  of  the  hyperbola, 
which  constitutes  one  of  its  sections,  round  its  major  axis. 
The  reader  will  have  no  difficulty  in  the  solution  of  the  same 
problems  concerning  the  tangent  planes  and  normals  of  these 
surfaces,  which  have  been  previously  solved  in  the  case  of  the 
ellipsoid. 

(3).  Let  the  curve  surface  be  the  paraboloid,  whose 
equation  is 


z^ 


=:  4ax ^  , 


which  is  likewise  of  the  second  order ;  its  principal  sections 
are  represented  by  the  equations 

y^  ±z  4f  a'  Xf    25*.  =  *  a  ^,    «  =  ]/  k/  i y  : 

the  first  two  arfe  parabolas,  whose  latera  recta  are  4  a'  and 
4  a :  the  third  is  imaginary,  and  shews  that  no  part  of  the 
surface  is  situated  in  the  plane  oiy  z\  all  sections  parallel  to 
this  plane,  when  x  has  any  positive  value  a,  are  ellipses 
whose  equations  are 
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z*  +  -  ^'  =  4  a  a  : 
a 

this  surface  has  from  hence  been  called  the  elliptic  paraboloid: 
it  may  be  conceived  to  be  generated  by  the  second  section 
moving  parallel  to  itself,  in  such  a  manner  that  its  vertex 
may  be  constantly  found  in  the  first.  If  a  zz  a'j  the  elliptic 
sections  become  circular,  and  the  surface  is  the  paraboloid  of 
revolution. 

The  equation  of  its  tangent  plane  is 

a 

Its  sub-tangents  upon  the  axes  of  x^  y^  z,  are 

2  fl'x         ,  2  ax  .    . 

—  ^,    ,  and respectively. 

The  equations  of  the  normal  are 

'  z 

a  z      .         of 

The  co-ordinates  of  the  point  where  it  meetd  th^  plane  of 
dey  are, 

^xs  2  a  +  ^  and  ^  £=  — -, —  ^»  the  second  of  which  Vanishes 

a 
when  cl  :=.  a. 

Its  Tength  from  the  point  of  contact  to  this  point,  is 

and  if  0,  9^  ff'  be  the  angles  formed  by  the  intersections  of 
the  tangent  plane  with  the  planes  xy^  x  z^y  z,  we  find 

tanO=r-^,  tana'  =  --2iLandtane''=^?fli. 

1  I 
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If  the  equation  of  the  surface  be 

•  •  •  *       f  •  ■  • 

the  principal  sections  are 

the  first  two  of  which  are  parabolas^  whose  branches  are  oil 
different  sides  of  the  plane  of  y  z :  the  third  represents  two 
straight  lines  passing  through  the.origin^  on  different  sides  of 
the  plane  of  xy  and  making  an  angle  with  the  axis  of  y  whose 

tangent  is  ss  \/-,  •  . 

This  surface  would  be  generated  by  the  second  of  the  prin- 
cipal sections  moving  parallel  to  itself^  whilst  its  vertex  moves 
in  the  curve  of  the  first  section. 

All  sections  parallel  to  the  third  are  hyperbolas,  whether 
X  be  positive  or  negative :  it  has  hence  been  called  the  hi/per'' 
bolic  paraboloid. 

The  centres  of  the  hyperbolic  sections  are  in  the  axis 
of  X :  their  major  axes  will  be  parallel  to  the  axis  of  z^  when 
xis  positive  and  to  that  ofy,  when  x  is  negative;  and  if 
these  sections  be  projected  upon  the  plane  of  yz^  their  asymp- 
totes will  be  the  straight  lines  which  together  constitute-  the 
principal  section  in  that  plane  :  two  planes  therefore  which 
pas^  through  the  axis  of  x  and  through  these  lines  respec- 
tively,  will  include  the  whole  surface  of  this  paraholoid 
between  them  and  may  be  considered  as  asymptotes  to  it. 
If  a  =  a',  these  planes  liiake  each  an  angle  of  45®  with  the 
plane  of  xy  and  are  therefore  at  right  angles  to  each  other. 

(4>).     Let  the  equation  of  the  curve  surface  be 

xyz'=L  a^y 


I. 

r 


•  \ 

i. 


,  s 
■I 

V 


f 
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or  soch  that  the  parallelopipedons  inscribed  between  it  and  the 
planes  of  xy^  x  z  and  yzmzj  be  constantly  equal  to  a  given 
cube. 


The  planes  of  xy,  xz  and  yz  are  asymptotes  to  the  surface^ 
and  all  sections  made  by  planes  respectively  parallel  to  each 
]  of  them^  are  rectangular  hyperbolas. 

The  equation  of  the  tangent  plane  is 

^  xyz'-\-yzx'+xzy'=:Sa^. 

Its  subtangents  are  Sx,  3^,  S  z,  respectively. 

The  area  of.  the  tangent  plane  included  between  the  co- 
ordinate planes  is 

9a^\ 


the 


where  a  =s  —  ^'4  /  <  ~  +""«+'"»  o  ^s  the  length  of 
normal  between  the  point  of  contact  and  the  plane  of  x  y. 


i                  The  triangular  pyramid  included  by  the  co-ordipate  planes 
and  the  tangent  plane  is  a  constant  quantity  and  equal  to . 


(5).    Let  the  surface  be  generated  by  the  revolution  of 
a  circle  round  a  given  line  as  an  axis^  which  is  in  the  same 
1  '  plane  with  it. 

Let  CD,  Fig.  109.  be  the  given  line,  B  the  centre  of  the 
revolving  circle,  BA  a  perpendicular  upon  C  D  cutting  the 
circle  in  E :  let  A  be  the  origin,  A  D  the  axis  of  x :  let 
^Q=^^9  2^^=2/1  MP^Zy  AB=a,  BE==r:  then  we  have 

•  and  ^  g*  =  ^*  =  r*  -  {  «  -  v^(2/«  -  2»)  p 

;'  or    }  o:'  +  2/2  +  s*  +  a'  -  ^2  }  '=:  4  a'  (y^  +  2*) 

« 

i  for  the  equation  of  the  surface. 
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This  is  the  equation  of  the  surface  of  an  atthulus  or  Ying4 
•  The  equations  of  the  normal  are 

,  xx/{y^  +  2;*) ,  ,       V 

j:  —  j:  =  —    ^  ^ — - 1  (z  —  z\ 

y'  -  2/  =  I  (2'  -  z). 

If  ^'sO,  we  have  also  y'=0,  or  the  normal  passes  through 
the  axis  of  revolution. 

The  length  of  the  normal  between  the  point  of  contact 
and  the  axis  of  x,  is 


=-V{^l- 


zz' 


which  is  infinite  and  therefore  parallel  to  that  axis^  when 
x=s±r.  '       • 

The  equation  of  its  tangent  plane  is 

If  the  generating  circle  be  inclined  at  an  angle  0,  to  the 
plane  passing  through  the  axis  of  revolution  and  its  centre, 
and  if  (p  be  the  angle  which  its  intersection  with  that  pl^ne 
makes  with  the  line  AB,  then  the  equation  of  the  surface 
generated  is 

f*  =  jt'  -h  ttV+  (u  sin  0  —  a:  cos  (py  tan*  0, 

where  u  is  determined  in  terms  of  ;c,  y,  and  z,  by  means  of 
the  equation 

2au  ^a""  +  r^  —  x^  -  y"-  —  z\ 

(6).  Let  the  surface  be  the  cotio-cuneus  of  Wallis,  which 
is  generated  as  follows. 

^^  ^^         I 

Let  ABCD  (Fig.  110.)  be  a  rectangular  parallelogram 
in  the  plane  of  xi/ :  upon  CD  describe  a  semicircle,  whose 
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plane  is  pan^lel  to  the  plane  o!  xz:  the  surface  is  describe 
by  a  line  PR  parallel  to  the  plane  of  yz,  one  extremity  of 
which  moves  in  the  line  AB  and  the  odier  in  the  circum- 
ference of  the  semicircle  CRD. 

The  solid  partakes  of  the  form  and  generation  of  a  cone 
and  a  wedgc^  from  whence  its  name  is  derived. 

If  JP  =  X,  PQ  zzjf,  QM  z=.z^  JCzz  c,  and  CD  =  2r, 

its  equation  is 

The  equation  of  its  tangent  plane  is 

This  solid  was  the  subject  of  a  particular  dissertation  of 
Wallis^  who  determined  its  volume^  centre  of  gravity^  SicJ^ 

If  we  suppose  the  point  P  to  move  in  a  semicircle,  de- 
scribed ;ttpon  AB  and  in  the  plane  of  xy,  we  shall  have  a 
surface  whose  equation  is 

r*-  x^^czz=i(z  —  y)  n/ (r*-  jt*). 

Instead  of  supposing  the  curves,  which  guide  the  generating 
line  to  be  straight  lines  or  circles,  we  may  suppose  them  to 
be  any  curves  whatever,  and  we  shall  thus  get  a  series  of 
surfaces  of  a  similar  character  f,  whpse  equations  may  be 
determined  in  the  same  manner  as  in- the  cases  we  have 
considered. 


*  Wallisii  Opera,  Tom.  II.  p.  661. 

f  Denominated  by  the  French  Analysts  '^  Surfaces  gauches :  '^ 
see  Memoires  preseruis  a  I*  Academic  des  Sciences  par  ks  Savans 
Etrangers.  Tom.  IX.  p.  623.  1780. 
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(?)•  Let  the  curve  of  dofuile  curvaiure  be  the  helix,  or 
the  curve  formed  by  a  thready  wrapped  round  the  surface  of 
a  cylinder^  so  as  sdwsqrs  to  make  the  same  atigie  with  the 
aus.  Or  a  cylinder  being  supposed  to  be  generated  by  die 
uniform  revolution  of  a  parallelogram  round  one  of  its  sides^ 
the  Ae//^  is  traced  out  by  a  point  moving  uniformly  upon  the 
other.    (Fig.  111.) 

Let  the  aids  of  z  be  the  axis  of  the  cylinder :  the  plane  of 
X  y  which  is  perpendicular  to  this  axis,  and  all  planes  pa- 
rallel to  it,  will  form  circular  sections  with  the  surface  of  the 
cylinder,  whose  equations  are 

Also  z  bearing  a  constant  ratio  to  the  arc  described^ 
whose  cosine  is  x,  sine  y  and  radius  a,  we  find  : . 


which  ar^  the  equations  of  the  helix. 

The  projection  of  this  curve  upon  the  plane  of  ^  js  is  a 
•curve  called  the  LineofSines^  which  becomes  the  Quadratrix 
of  Tschimhausen 

when  ^  =  — •    See  p.  172. 

TT 

Since  -r-  = 9  and  -^^  =:  -  ,  the  equations  of  its  tan- 

dx  y         ay      X  ^ 

gent  are 
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«'— z  =-  l(x'-x), 

y 


X 


The  co-ordinates  of  the  point  where  it  meets  the  plane 
of  a?y,  when  z'  ==  0,  are 

ZV  ^  X 

e  a 


I  %x  JX      ■ 

^      ^         e  a 

and  its  distance  from  the  origin  of  the  co-otdinates 

=  ^  \/)  1  +  I  cos""^  -  /  i  >  which  is  therefore  indepen- 
dent of  e. 

If  a  be  the  constant  angle  which  the  curve  makes  with 
the  plane  of  X  ^9  we  have     *  /: 

dz  e  e 


tan  a  s 


V^{rfx«+ci3'M        ^(^"+,5^')       « 


/  . 


The  position  of  the  osculating  plane  is  determined  by  the 
equation 

(a/  -  x)  [dy  d^z  ^  dzd^tj)  +  (y—  y)  {dzd*  x-^dx  rf*  z) 

^  (jf  ---  z){dxd^y-^dyd'x)zzO\ 

but  if  we  consider  z  and  y  as  functions  of  the  third  variable 
Xj  we  shall  have  d^  x  ^=,0^  by  which  the  formula  will  be  sim- 
plified :  thus^  we  have^  in  this  case 
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^  =  1;  therefore  ^^^Vf^^'^=-l4^ 
ay      X  dyr  x^ 

dx^  x^    dx^  X*   y^ 

s= dxi 

Jx  ^  dx'*'^ y^   dx'^      y^ 

dy  _^  y  ,  rf\v_       {  a^--3:*+j?°  I a^. 

and  the  equation  o£  the  osculating  plane  is 

-(pC-  X)  ^.  +  (y'  - !f)"-^  -  (2- 2)  J  =0,  or 

"  y  y 

d^  (z'  —  z)  —  e  {xy'  -  yx^  =  0. 

If  we  make  ^=0,  and  /  =0,  we  find  sfzzZfOr  this  plane 
cuts  the  axis  of  the  cylinder,  at  the  distance  z  from  the 
origin,  as  is  likewise  evident  from  a  consideration  of  the 
genesis  of  the  curve. 

The  equation  of  the  normal  plane  is 

(0/  -  x)^  +  (y-y)p^  +  (/  -  2)  =  0, 

aZ  a  z 

which  becomes  in  this  case 

e  {z'—  Z)  +  (xy  —yx')—0: 

the  equation  of  its  intersection  with  the  plane  of  xy,  when 
z'  =  0,  is 

'/      y   ,      ez 

y  =:^  X   +  —  . 

X  X 
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(8).  Let  us  take  the  curve  surface^  which  is  generaited 
by  a  horizontal  line  passing  constantly  through  the  vertical 
axis  of  z  and  whose  extremity  is  always  found  in  the  helix  of 
the  preceding  example. 

If  a  plane  pass  through  the  axis  of  z,  it  will  intersect  the 
generating  line  in  one  of  its  positions  :  and  if  any  point  what- 
ever be  taken  in  this  line,  whose  co-ordinates  are  z^  x,  y, 
then  z  will  bear  the  same  ratio  to  the  angle  described  by  the 
plane  from  its  first  position,  as  in  the  case  of  the  heliXy  which 
guides  the  generating  line  :  and  this  angle  is  evidently 


=  tan~   -  =  sm~' 


e=  COS""'  :  consequently 

z  =s  f  tan"-'  ^  =:  e  sm"-^     .^  / =  ^cos""*     .^  . — 

is  the  equation  of  the  curve  surface  m  question. 

A  more  general  method  of  determining  the  equations' 
of  surfaces,  subject  to  this  mode  of  generation,  is  given  by 
Monge*. 

The  equation  of  its  tangent  plane  is 

**  +  y* 

if  we  make  x'=  0,y=  0,  we  havp  /=  z,  as  was  the  case  in 
the  osculating  plane  of  the  helix,  with  which  it  coincides 
when  a:*  +  y*  SB  a*. 


Application  de  V  Analyse  d  la  Geomeirie*  p.  26. 

K  K 
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The  equations  of  the  normal  are 


^d  its  length  from  the  point  of  contact  to  the  plane  of 


A  =  -  ;z  s/  \  1  + 


l'+;?T?l 


If  X  or  y  be  very  large,  we  have  A  =  —  z,  or  the  normal 
is  perpendicular  to  the  plane  oi  xy  and  the  tangent  plane 
parallel  to  it :  if  :^ = 0,  and  y  s=  0,  we  have  A  =  oo ,  or  the  normal 
is  parallel  to  the  plane  of  xy  and  the  tangent  plane  perpen- 
dicular to  it. 

This  fliurface  possesses  some  remarkable  properties  :  it  is 
one  of  those,  whose  area  included  by  any  given  curve  through 
which  it  passes,  is  a  minimum*. 

If  the  helix  J  through  which  the  generating  line  passes,  vtras 
described  upon  the  surface  of  a  cylinder  whose  seqtipns;  par 
rallel  to  the  base  are  elliptical,  the  surface  would  be  the  same 
as  before :  for  these  sections  in  the  helix  merely  determine  a 
relation  between  x  and  y^  which  have  no  such  dependence  in 
the  equation  of  the  surface. 

This  is  the  surface  presented  by  the  superior  and  inferior 
surface  of  a  staircase,  attached  to  a  vertical  column  round 
which  it  winds,  or  to  the  concave  wall  of  a  circular  or  ellip- 
tical tower ;  its  thickness  being  supposed  to  be  uniform  and 
no  regard  being  paid  to  irregularities  caused  by  the  form  of 
the  steps. 

*  Meusnier,  Memoires presentes  a  V  Academie*,. Tom*  X.  1785. 
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(9).  Let  the  curve  of  double  curvature  be  the  Spiral  of 
Pappus. 

This  spiral  is  generated  by  a  point  moving  uniformly 
upion  a  quadrantal  section  of  a  hemisphere,  from  the  pole  to 
the  base,  whilst  the  section  moves  uniformly  through  the 
circumference  of  the  base.    Fig,  1 12. 

Let  C  be  the  centra  of  the  base,  D  the  pole  of  the  hemi- 
sphere, AD  the  generating  quadrant  in  its  first  position  :  let 
DJS  be  any  other  position  di  the  quadrant:  FM  a  perpen- 
dicular upon  the  base^  Af  Q  a  perpendicular  upon  AC :  let 
CA  =  r,  CQL'=l  X,  QM  zzy,  PM=:z  :  the  angle -rfC-B=  <p  : 
then  since  the  arc  DP  is  one  fourth  part  of  the  arc  AB,  we 
have 

z  4>  y  ,  J         jp  . 

r  4     >/(r*—  z)  s/{f^—%*) 

from  whence  we  get 


{8  2*~8f*2'    +r*} 

the  equations  of  the  spiral. 

The  spherical  area  which  is  included  between  the  quadrant 
ADf  the  spiral  and  the  base  of  the  hemisphere,  is  perfectly 
quadrable  and  equal  to  the  square  described  upon  the  dia** 
meter  of  the  hemisphere.  This  singular  propeify  is  detiion- 
ittated  geometrically  by  Pappus*. 

The  equation  of  the  surface  generated  by  a  line  parallel 


\  f-\      ~     "1 


♦  Math.  Collect.  Lib,  iv.  Prop.  30. 
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to  the  plane  of  x^  which  passes  through  the  axis  of  z,  and 
is  guided  by  this  spiral^  is 

4  cos*"*  -  =  COS""* 


>/(^'+5^*) 


The  equation  of  its  tangent  plane  is 

If  ;tf'=0,  yf^Of  we  have  2/=  z,  as  in  all  surfaces  gene- 
rated in  this  manner :  the  other  subtangents  are 

If  the  spiral  be  generated  by  a  point  describing  the 
quadrant  uniformly,  whilst  it  moves  uniformly  through  a 
quadrant  of  the  base  ;  we  shall  find,  assuming  the  same  axes 
and  origin  as  before,  that  its  equations  are 


*  +  y*  -  ^y  =  01 
;*  — r*  +  ry  =  oi 


and  the  equation  of  the  surface,  generated  in  the  same  man- 
ner as  in  the  former  case,  is 


r  X 

z  = 


N/(^'+y) 


(7).  Let  the  curve  of  double  curvature  be  formed  by  the 
intersections  of  a  sphere  and  cylinder,  the  axis  of  the  cylinder 
not  passing  through  the  centre  of  the  sphere. 

Let  the  origin  of  the  co-ordinates  be  the  centre  of  the 
sphere,  and  let  the  axis  of  the  cylinder  be  in  the  plane  of  x  z, 
parallel  to  the  axis  of  2,  and  distant  from  it  by  a  line  equal  to 
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c:  let  a  and  b  be  the  radii  of  the  sphete  and  Cylinder  :  then 
we  have 

'/  ar*+y*  +  2*  =  Vi*,  the  equation  of  the  sphere  ; 
'^    (ip— r)*+y*  =  *%  the  equation  of  the  cylinder  : 

from  which  we  get 

a*  r=  e*  -  2  f  jc,  if  e*  =:  a*  +  c*  —  6*  5 

which  are  the  equations  of  the  projections  of  the  curve  upon 
the  planes  of  x  2  and  y  z* 

U a> b  +  c,  the  cylinder  penetrates  entirely  within  the 
sphere  and  the  second  projection  consists  of  two  separate 
ovals :  the  limits  of  the  values  of  z  are  V  {  a*  -^  (*  —  c)*  ]  , 
and  >/  {  a*  —  (i+f)'  I  :  for  all  other  values,  y  is  impossible, 
or  the  curve  has  no  existence,  (Fig.  1 13.  No.  1.) :  if  ass  6  + r, 
the  cylinder  falls  just  within  the  sphere  and  the  two  ovals 
meet,  (Fig.  113.  No.  2.) :  if  a>c<b+c,  a  part  only  of  the 
diameter  of  the  cylinder  penetrates  the  sphere,  and  die  pro- 
jection is  a  single  oval  with  points  of  flexure,  (Fig*  1 1 3*  No.  3.) : 
zs  b+c^a  still  diminishes,  these  points  disappear,  and  when 
the  cylinder  cuts  off  a  very  small  portion  of  the  surface,  it 
assumes  the  form  of  an  ellipse.    (Fig.  113.  No.  4.) 

The  equations  of  the  tangent  are 
,      ^'  -  2;  =  —  -  (;v  -  x) 

2' -2  = 21 (y-«^) 

The  length  of'  the  tangent  between  the  point  oiF  contact, 
and  the  plane  of  a*  ^  is 

—  n/(^V+*"^'). 
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The  equation  of  the  osculating  plane^  is 

Thus^  if  we  apply  this  to  the  points  P  or  P'  of  the  curve, 
which  are  most  distant  from  each  other^  and  in  the  plane  of 
xz:  we  have  y  =  0,  a:  =  r  -  *,  a*  =  a*  —  (r  —  i)*  and  the 
equation  becomes 

(z'  —  z)  2  +  V  (j/  —  a:)  =  0,    or 

z  z  +  cx^  =  z*  -^  cXi    or 

/  V  f  o*  -"(c  —  *)*  I  +  rar'  =  a*  +  *r  -  4*; 

the  plane  is  parallel  to  the  axis  of  ^  and  the  equation  is  that 
of  its  trace  upon  the  plane  of  z  x,  which  makes  an  angle  with 

die  axis  of  x,  whose  tangent  i«  ±     .  .   , — ; rrr-r- 

If  6  =  r  :=  .^  ^  the  equations  of  the  curve  become 

2*  =  a  (a  —  ar) 

if  similar  sections  be  made  on  the  other  side  of  the  centre^  we 
shall  have  four  similar  and  equal  sections  upon  the  surface  of 
the  sphere,  which  possess  these  remarkable  properties,  that 
if  they  be  subtracted  from  the  surface  of  the  sphere,  the 
portion  that  remains  is  absolutely  quadrable  an  J  equal  to  the 
square  of  the  diameter,  which  is  likewise  equal  to  the  area  of 
the  cylindrical  surfaces,  which  are  enveloped  by  the  sphere. 
The  first  of  these  properties  constitutes  the  celebrated  problem 
of  Viviani. 

(8).  Let  the  curve  of  double  curvature  arise  from  the 
intersection  of  two  cylinders,  whose  axes  intersect  at  right 
angles. 


t  - 
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Let  the  origin  be  the  intersection  of  the  axes  pf  the  cy- 
linders^  and  let  these  axes  be  assumed  as  the  axes,  of  x  and  if 
the  equations  of  the  intersections  are 


2* 


Z" 


+  3^-  =  W 


;'  +  a?  a/  =  a*  I 


The  eq^uations  of  the  tangent  are 

The  co-ordinates  of  the  point  where  it  meets  the  plane 

of  j:y  are  a/  =  --,  and  y  =£  ~ ;   and  its  length  from  the 

X  y 

point  of  contact  to  that  plane 

=  —  n/  I  a?*^*  +  z*  x«  +  z«y*  {  . 

^y 


The  equation  of  the  osculating  plane  is 

a 


V"  -« 


(X*  -  X)-; -^  -  (y  -  3/) 


+  (^-^)         (^^-:*^>^^      ^=.0,    or 
^*  (a»  -  z*)t  x'  -  a"  (i«  -  2«)*  y +(a*-.4')  2'  ;g' 

Thus>  if  we  take  a  point  where  ^  =  0^  and  therefore 
^  zzb  and  x  zz  v/(a*  —  ^'),  the  equation  becomes 

x'  v'Ca*  -  3»)  +  z'  3  +  a*  =  0. 

If  2  =  0,  and  therefore  x  zz  a,  and^  =:^,  it  becomes 

ax'  -  By'  +  (a*  -  *•)  =3  0, 
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In  the  first  case  the  tangent  plane  is  parallel  to  the  axis 
of  ^  ;  in  the  second^  it  is  parallel  to  that  of  z. 

The  equation  of  the  normal  plane  is 

xyvi  —  ^ydi  —  xzyf  +  xy  z  =:  0. 

(10).  Let  the  curve  of  double  curvature,  be  formed  by 
the  intersections  of  two  cones,  whose  axes  intersect  at  right 
angles.    Fig.  114.  - 

Let  V  and  V  be  the  vertices  of  the  cones,  A  V  and  A  V 
their  axes  which  intersect  at  right  angles  at  A ;  assume  A 
as  the  origin,  -^^  the  axis  of  x,  and  AV  that  oiy\  then  if 
AV  zza^  and  AV'^a'^  the  equations  of  the  cones  are 

a+xzze^  |2*+yM^  andfl'+5^=/v^{2*+a:M; 
from  which  we  get 


e"  e''' 


and    ^'+Y/^C«_+f)!_;2>|=/^  1^.+^^}, 

for  the  equations  of  the  projections  of  the  curve  of  double 
curvature  upon  the  planes  oi  xy  and  x  z.         \ 


a  ,  .      .^  a 


If  — ; irr  be  greater  than  — ~ p— ,  the  second 

cone  penetrates  entirely  within  the  first,  and  the  projections 
upon  the  plane  oi  xy  are  two  figures  witli  their  convexities 
opposed  to  each  other,  such  as  are  represented  in  Fig.  115. 


a  a 


No.  1. ;  if     .,,  .    g.  =  -TTTT-TTx'  ^^^^^  figures  touch  each 
^(1  -re  )       v(*+^; 

other  as  in  No.  2. :    if  -    .f ,    ^-  <     .,f ,    -  ,  the   figures 

possess  points  of  flexure,  and  assume  the  form  represented/  in 
No.  3.  which  approximate  more  and  more  to  straight  lines 


y 
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converging  to  the  vertex  of  the  second  cone^  as  the  excess 
of  the  second  of  these  quantities  above  the  first,  continues  to 
increase.  The  corresponding  projections  upon  the  plane  of 
X  z  are  ovals  included  within  each  other  in  the  first  instance  as 
in  No.  4 ;  which  in  the  second  touch  in  two  extreme  points^ 
as  in  No.  5  ;  and  in  the  third  they  become  pairs  of  curves^ 
with  dieir  concavities  opposite  to  each  other,  the  lines  join- 
ing the  extreme  pfbints  of  each  pair  of  curves  being  parallel, 
as  in  No«  6. 

The  equations  of  the  tangent  are 
^^-^^^=/Ma-f-(l-|-.^)^l^^"'^^- 

The  only  difficulty  attending  the  determination  of  the 
osculating  plane  arises  from  the  complication  of  the  expres- 
sions which  it  is  necessary  to  differentiate. 

(11).  To  find  the  equation  of  the  curve  of  double  cur- 
vature, in  which,  if  any  point  be  taken,  the  sum  of  its  dis- 
tances from  two  given  points  is  equal  to  a  given  line  and  also 
l3ie  sum  of  its  distances  from  two  other  points  is  equal  to 
another  given  line.    Fig  116. 

Let  J3  and  C  be  two  of  the  given  points  and  IB  and  C 
the  two  others  :  let  a  plane  pass  through  JB,  C  and  C,  which 
may  be  assumed  as  that  oi  xy\  bisect  J5C  in  A^  and  assume 
A  as  die  origin  and  AC  as  the  axis  of  x  :  let  AB-ziAC^a  : 
and  let  o  d  be  the  co-ordinates  of  C,  and  h^  Vy  h"  the  co- 
ordinates of  f :  then  the  distance  of  a  point  whose  co- 
ordinates are  x,  ^,  z, 

from  C    =  V  {  (ar-/i)'  +  v'  +  ;22 }  , 


L  L 


from  C  =  V  {  (x-cy  +  (3/-cy+z'  \, 
.     and  from  B'  =  V  {  (.x-bf  +  (t/-'b:Y+{z-b'Y\  : 
consequently  if  e  and  e'  be  the  given  lines,  we^have 

« 

from  which  the  equations  of  the  projections  of  the  curve  of 
double  curvature  upon  the  coK)rdinate  planes  ras^y  be  ojb-* 
tained. 

The  equations  (a)  and  (/?)  are  those  of  two  sph^roids^ 
whose  foci  are  J3  and  G,  B'.  andt  C  apd  whose  axes  of 
revolution  are  e  and  / :  the  curve  itself  results  from  the 
intersections  of  these  spheroids. 

These  examples  may  be  suj£cient  to  give  the  stu,d$nt 
some  notions  of  the  elements  of  the  theory  of  curve  surfaces^ 
and.  curves  of  double  curvature,  and  to  eispite  his  curiosity 
in  th^  pursuit  of  a  more  accur,ate  and. extended  knowledge 
of  theni :  but  the  nature  of  this  \york  zni  the  want  of  any 
treatise  upon  the  subject  in  our  own.  language,  to  which 
reference  could  be  made,  has  prevented,  our  discussing  many 
questions  of  great  and  essential  importance  in,  this  subject : 
■  such  as  the  curvature  of  curve  surfaces,  their  evolutes,^  in- 
flections, .remarkable,  points  and  lines •:  the  nature  and  cha- 
racteristics of  surfaces  which  admit  of  developement  upon 
a  plane,  &<:. :  the  whole  of  which  are  treated  with  singular 
elegance  and  generality  in  the  celebrated  work  of  Monge,. 
to  which  we  have  referred  before. 

We  have  chosen  examples,  which  are,  for  the  most,  only 
simple  cases  of  more  general  problems,  as  the  best  calculated 
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for  a  student  to  whom  this  subject  is  new :  the  contemplation^ 
of  figures  possessing  three  dimensions,  is  at  all  times  attended 
with  considerable  diiEculty^  which  is  not  much  diminished 
by  any  representation  upon  a  plane  surface  :  and  it  is  only 
by  a  careful  study  of  particular  examples^  that  the  mind  i$ 
enabled  to  grasp  the  full  force  and  meaning  of  general 
theories,  whi^re  all  reasoning  must  be  conducted  by  symbolical: 
language. 


\ 


PART  II 


INTEGRAL    CALCULUS. 


On  the  Integration  of  Rational  Functions. 

rAY    /*    a^^J?     ^  /^     ^gJ:'      2fl'x^  ^  4  a*\  x 


{a+b  X)        b^ 

/x dx  /x        ^  \         1 

-^  log  (a  +  *  or). 


*x^y 
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n\      r    ^^^     —  t^*       Qax^       IQa^x      9a*\ 


{a  +  bxy        tfi 


log  (a  +  bx). 


(^\     f    x^dx     _  /Sax*      9d*x       II  a^\ 


r.K 


:3  +  H  log  (a  +  ft  x). 


{a  +  b  xf       M 


+*x)* 


a;""*cia:        1 


(10).  /'iZ:££  =  iiog_V. 

(11).    /        .   ,      « J+-: -log . 

^     ^'  J  (a+ixy^a(a  +  ix)      a^      x     ' 

(14).  /•;"'/^=(i-+i£^_J ilog2±i£. 

'^    {a  +  t>xy  \ax       -^^  a*    '^ 


(«  +  *,r)'  ■*■   a«    ^"^      T 
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v./js      rx-'dx       /ll    .   5bx   .  b'x^\ 


1               1   ,       a-^bx 
7- loff . 


(a+^ar)*       ««      °       a: 


a  +  ^o?'*       »^\ab)  \     \    a/ 

=  sin       \  /  1. 1  =   ■  cos "" ' 


* 


^^  ^'  y  (a +*  x»)»  ~  V4  a  («+**»)*     8  a»  (a  +  *  x*)/  "^ 


S       />      dx 


_^    f  _J±_      (Ex.18.) 

(22).    r-Jl^  =  f-^    f  -4^-.'     (E«.J8.) 
^  ^   J    a-\-bx*      b       b  >/     a  +  bx*       ^ 


■    372 


(2^>-  f-a 


x^dx 


a 


^bx^      2b       2b 


-  log  (a  +  *  x% 


dx 


/x*dx    _  x^      ax  ^d^     p     ax 


(Ex.  18.) 


r»      x^dx 


2A»(a+Ax*)      2* 


+  T5  log  ("+**')• 


^^'  y   (TfTTy  ~  Vi^      8*/  (a  +  A  ar»)» 
+  JL     r  — ^4-»  •     (Ejf-  18.) 

ro7N     /•  _£l^f_  _  _  /'If  +  li£'\  _J__ 
^'  ^'^  (fl  +  *r')'~       Vsft         8»»>'  (a  +  *x»)' 

+    3       /»_i£_  .     (E,.  18.) 
%b*  J   a  +  bx* 

(28).   /'_^ii_=-/'fl+_«_^— JL_. 

^  (a  +  bxy\l2Sa^     128 a       128*     1283"/^ 


da: 


{a-¥bxy       128 


*  ii?F?  /  ^  •  <^'-  '«•> 


(30).    /  — — _-^= J  _-.     (Ex.  18.) 

^    x^(a-\:bx^)         ax      a^    a'{'bx^       ^  ' 

(81).  /-— ^£_=_JL__J_w.^L_. 

•/    ar»(a  +  *ar»)  2«ar»       20'     ^ /7+*ar* 


(32).    /^.      ^^         =■ ^^ +  -i-l0K-i 


*a 
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(83)  r    ^'   ^^(±^ili)    ^ 

(84)      r         ^^         =  ^^  +  ^—^  ' i 


+  -~  log 


35).  r-J£—^^^(2^^nii^^Al^ 

J    j:*(/j+^a^*)*  Kax        16  a'  6  fl» 


35 


dx 


«^\  1  _  35^      /»     ax  p. 


dx 


(36).    r        "^ = 


^(4flr-^*) 


tan 


_j      2cx+b 


V(4ar-**) 


1  J      grx  +  ft  -  V(&*-4ar) 

v/(ft*-4ar)     ^2rx  +  ^  +  ^(i^-.  4iac) 


dx 


2cX'^b 


+ 


^/ 


<2a: 


(4/jr-6*)         a  +  ftx  +  ^x* 


.     (Ex.  36.) 


^^^^'  y  (a  +  ^r  +  r^*>'^l2(4a^-.6*)(/j+*a?+cj7 


+ ^^    ,     . I  (2r:r+^) 

(4.^ic-6*)*(«+^^+cj:')3     ■ 


M  M 


•)» 
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(39).    f—£A£^^^llos{a  +  bx  +  cx^      /C    ^^^^( 

_JL    f ^ ^.  (Ex.36.) 

,     .      /*         X  dx 1 h^ 

^cX'\-h h  r         dx 

{4fac-b*){a'¥bx  +  cx^)      {4ac—b^)        a'\-bx+cx*' 

/  i\      /*  dx  1|  x* 

-±    /       /^      ,.         (Ex.36.) 

^' J  x^{a  +  bx  +  cx^)'^      ax'^  2a*  ^^a^bx+cx* 
+  (il  ,  1)    /  — /£_  ,        (Ex.  36.) 

Let  -  =\p3  in  the  (11)  following  Examples. 

<43).  /-  ^i^  =  ^{  ^  log  -i£±£>L 

+  V'3.tan— ^.i^l. 

(44).  /-^3  =  -  -L-  ji  log-ii±£>!_ 

-   ^/,•5.tan— -i^l   . 

2/)  —a  3 


*  H 
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\  V 


dx 


^Ai-x     P   x*ax        X       a     p      ax  .*,      ,^v 


(«'-/(7:^.» 


X 


bx^f       %a(a^hx^)      9a  hp' 
C2     ^  x^'-px+v*      ^  Qv-'xi 


'P  X  +p 


Sa(a+bx^)       Qabp 


(48).  f—if—  =  r^i^ + i£)  _1_ 


(Ex.  43.) 


(50).    /  ^/^,^^  =  -  -L-^*  /-^ .     (Ex.  43.) 


x'^a+hx') 
dx 


a  -^bx^ 


,--v      r       dx         ^  I       ,     g    ,      fl  +  i 

~       Vsaa:*        60*^  a  +  bx' 


<^^>-/jc 


5* 


e2^ 


"^Tk    f        »   A    » •  (E^*  43.) 
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dx 


i54)'/f^,=  H(^^-)- 


dx 


(^^>- /ttf- =  **"- ^- 


dx 


(S6)./y^  =  -5«o53«»08  V(i -2*«»3  +  *•) 


i  * 


;  -  ;      '-K 


i.   rob 


*%*^\ 

.      IT 

XWCi" 

.  tan-* ^ 

1— j:co8- 
3 

+  5  logo  +.a?) 

=  llog 

\  ^  X               1 
1  —  X  +  JT*       v^  3 

tan""'— 5l — . 
2  -  ar 

COS  -  .  log  (1  —2  j:  COS  ^  +  x') 

4        4^^  ^ 


4 


.    1    •    ^    . 
+  -  $m  7  .  tan 

2       4 


<^')-  /n^ 


.       IT 

xsin  — 
4 

IT 

1  — TC08  - 

4 


-  i  COS  ll.  log  (1 -2  jr  cosily  -p«) 
4  4  4 


1  '.    3  ^    ^ 

+  -  sm  ~  .  tan 

2  4 


.    3t 
a:  sin  — 

4 


1— xcos 


3  -T 


4^/2 


i+iV^jt^  +  ^tan--*    "^^^ 


*^^  T^r^^/T+l?  "^  v^ 


1  -^' 


277 


(58).  /- 


dx 


gC08^,log(l 


2   .    -T 
+  -  sin  «  .  tan 
5        5 


2  a:  cos  -  +  Jt*) 

5  ' 


j:  sin  — 
5_ 

1~XC05  ^ 

5 


4-^:* 


=  <—  ^cos---  log(l  —  2j:co8  —  +  ^n 
5  5  5 


I 


2    .     Sir     ^ 

4,  -  sm  1— » •  tan 
^5        5 


+  ilog(l  +x). 

o 


3  ir 

a:  Sin . 

.      ,    5 


1  — x  cos 


3^ 


—  g  cos  ^  .  log  (1  —  2  X  cos  g  +  a:*) 


+  -  sin  ^  tan 
6        o 


j:sin 


1  — .  a:  cos  - 
o 


dx 


<^>  /i^= 


+  -  tan""^a: 
8 


-  cos  -^  •  log  (I  -  2  ar  cos  -^  +  x*) 
00  6 


1    .     57r     ^ 

+  ^8in--r*.  tan 
3        « 


.     5  ir 

a:sm  — 
6 


1  —  J7  COS 


w 


— rr  log \.  +  «  tan       ^^ ^ 


378 

(60).  /  J—  =  -  log  (1  -  X). 


<«'^  /r^ 


|log(l--a:)  +  ^log(l  +x) 


1 1„«  1  +  * 


—  5  log  (I  -  •») 


»  /i^^ 


=  ^ 


—  ^co8 — .logfl  —  2arco8---  +*) 
3         3**  3 


+  -  Sin  — -  .tan-"* 
3         3 


.     2ir 

a:  sin  — 
3 


I 


1  —  ap  cos 


2v 


It              1  -a?            ,      1     *     _,  ^>/3 
=  —  -  loff + tan 


(-;log(l-  ^)  + 


-tan""'*. 


=  ^  log +  -  tan    *x. 

4    ^  1  -  a:      2 


379 


(64).   /-^, 


-  log(l-<a?) 
^  COS  ^r-- log  (1 


2ir 

2:r  COS  —  +  a?*) 

2«- 


=< 


X  sin 
+  -  sm-—  tan-' ^- 


1  —  a:  cos 


1   '        4f7r 

—  -:  cos 

3  5 


.log  (l— 2.3? 


5 

4  w 

cos + 

5 


^»^ 


I 


+  -  sm  —  tan 
5  5 


.    4t 

X  sin  — 

5_ 

1  —  .r  cos  - 


-^log(l-x) 


—  log(l-a:+ir») 


(«).  /  j^.= . 


+  r— r  tan—' 


2v^3 


2  —  «• 


+  1  log  (1  +*)  +  ^  log  (1  +jr+i»*) 
o  12 


+ -J —  tan"-'— 3^ — ; 
2^/3  2+0?' 


Euler.  C/i/r.  /«/.  Tom,  I.  p,  40. 


dx 

(^  +  a)(^  +  ft)  ""( 

dx 

\x^d)  {xJi-Vf  " 

■» 

(*-«y 


1      '^"^^ 


S80 


X  d  X 


(68).     r i^f =— ^log(*+ft)    ./     ?''...- 


iP-a) 


l0g(«  +  fl). 


xdx 


(69).    f 1±± =  -  ^ 


a       ,      x-\'a 
(b—ay  ^^  x  +  b 


X*  dx 


(JO)      f         ^  "^         =  ^  .        Q 

^     ^J    Or  +  o)(.ir  +  ft)«       (ft-a)(^  +  ^)       (ft-a)* 


log  (^  +  fl)  H-  — log  (J?  +  ft). 

(ft— a)  . 


^     ^'  ^  {x-^tdfkx-^hy  (ft-a)*  \x  +  a  %  +  ft/ 

^     ''  J    (*+«)•  (j:  +  hf       (J,r-df  \x  +  a       *  +  */ 


+  fL±i.  log  i-±-« 


'^'    ■"  y    (,r  +  a)*  (jT  +  ft)"  (ft-af  V*  +  a       r  +  6/ 


log 


{Jk-af     "x  +  b 
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^  ''J  (a,  +  fl)»  (*  +  *)»  -  (^-a)«  \x  +  «       T  +  */ 


»     11^ 


(«-,6)(^_6) 


log  (jp  +  ^)  + 


X  dx 


1 


(^-c)  (6-r) 


log(x-i-c)- 


log  (a?  +  fl)  - 


(«-ft)(r~6) 


log^  (X  4-  6) 


(tf-c)(6-r) 


log  (x  +  r). 


x^  dx 


.,.,-v       r»  y  ax ^  «• 


log(J?  +  a)  + 


(tf-^)(r-6) 


log  (j?  +  6) 


(a--<r)  (6— r) 


log(ar+^). 


f78^     f  ^^  -— ^— ^log     '^"^^ 

^         */   (x^  +a)  (x+^)       (6*  +  fl)  I    ^  ^(^«  +a) 


+  -7-  tan 


N  N 


.283 


(79).    f        ^^'      ^-i-JMog^<^^-^"^ 

+  2  log  (j:»  +  a)  -  ft  V^fl  .  tan-»  -y-  > . 
(81).    / ^  = i —  tan^*  — 


-tan— 1  —  >. 


(82).  f 


xdx 


1         ,      x^-^-a 

(a:^+fl)  (:i'  +  ^)  "^  2  (ft-fl)  ^^  ^'H-^ 


-VMan-'-^J. 

/^  da:  _       1       C,  ,      (x  +  ft)* 

^^*^'  7  {x^+d)  {x  +  b)*  -  (ft«H-«)4     ""^  1^^ 


tan       — 


— , >  ^ 

a         x  +  b  3 


,g.v       />  a:dx  _        1       Sa-^^i      (x  +  by 

^     ^'  J    {x^  +  a)  {.X  +  hf  ""  (6^  +  .^)^  t     «       ^^    -» 


2 

2  aft  ,    'J:      .   ft(ft*+^z)> 

-~-  tan-*---  + —\ 

^a  ^a         x  +  h    3 


x^  +  a 


383 


+  (^*'-  «)  >/«  tan 


_,    X     jft*(6«4.a) 


t^a 


-.      (87).    P i^|i^— -  =  _L_{6'(*»  +  3fl)log(*  +  6) 

-  ^-^^  log  (*»+«)- a^n  tan- 4- } 

2  ■  a/a  3 


1  6» 


b*  +  a     X  +  b 


dx 


.  ^v      f        ax         _  1  J      JT  +  a 


,-.  V       />       X  d  X 
(89).    /     ,  ^T    , 


8 


^    x  +  2 


._-v       r* dx  ^      1  .      X  + 


x+1 


(92).     r ±il «^^l.-.log^ 


2 


x^dx 


(93).    /* iJlf rf-^  +  log(j7+l). 


(94) 


.     r ^ _=logJ_4/l±i 


284 


i96\    I   — '^ — — n  lofif -^ — ^ —  '' -  » 

^     ^  y   j:»  +  6x»+ 11^+6         ^v^f  Cr+1)(*+3)»| 

^    ^*  t/  V+6j:'+lljr  +  6         ^  (a^+2)* 

(97)t    /  — =  7;  log  -^,  T    ,L  +  s  tan—*  j;^" 

(98).   /• 4^^_  =  ilogV^^f-ti>  +  itan-^r. 


+  I  log  \/(a^*+ 1)  -  §  tan-'  X. 


{^X 


(a^  +  «)• 


(103).    /• ,      "^ =^logii+^ 


+  —p  tan  ""  *  X. 
25 


\ 


S85 


On  the  Integration  of  Irrational  Functions. 


'I   f  ^ 

'  ij..  (2).  f ££_  =  _Liogv£(fL±i£L:^ 


dx 


(*>-/.77f^=^elx+va+^)h 


^— .  =  log  t  X  +  V  ^a"  -  i;  I  • 


(^>•/7^)  =  ^°SJx+^/(^-l){ 


"  =  ico8-'(l -2«»)  =  tan-'         * 


2  '  '  >/  (1  -  a?») 

a')     f—A5—  =  ^      loe  >/(a  +  ^Jr')—  V  a 

]  f-h 

J  -  a  \     u 


386 


(8). 

J   X 

dx 

va  + 

«') 

(9). 

A 

dx 

V(i- 

**) 

(\ci 

.  f 

dx 

>/  (1  +  *')  - 1 


=  logy-(^-^*>-^ 


X 


(10),   /* — ^^l£ .  =8ec-»a:  =  tan-V(^*- 1)  = 


cos     *-  =  -  cos""* : —  ssin—^  z^ i 


X      2 


X 


^^^^•y  ^{ax  -Vbx^) 


1    log  v/(^'3:  +  bx")  +  x  V  A 


2 


V^-i 


tan 


_,       X  »J  -  h 


s/  {ax  +  6 a?') 


(12).    /    /^   ,=2tan-'  ^/        =2tan-u/^ 


=  2  sin  —  V*^  =2  cos 


£2x 


-V^'- 


(13).  J'—^L—  =  log  {  2  X  +  1  +  2  V(^'  +  a:)  } 
=  —  log  f  2  X  +  1  —  2  V  (x»  +  *)  }  . 


=  —  log  {  1  —  2  X  +  2  V  (^^  —  .r)  }  . 
dx 


^         J  s/  a  •\-  hx  -^f  ex") 


/--.     .. 
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1 


= log{9,cx  +  b  +2  ^/  c.  ^  (a  '{'  bx  +  cx'^)\ 

-  1       .   _,      2cx  +  b 
s= -Sin       ■ 


rf^ 


^^"^^^  f  ^iX^x^x-)  "" 


•    _i  2  J?-  1 
—  sm~* — 


V5 


_i2  V(l  +^  — JT*)       ,         .         2d?— 1 
>/5 


2  v^  (l+o?  -  0?*) 


^*'>-  /v(i-I+.-)=-^°g^^"-^^^-^^^-"+"'^^'- 


rfa? 


<^^)-    /./(.--^'.^n"^^g^^"-^+^>^^^^-^-^^)^ 


(20).  y" 


^^ 

>/  (1  -  a:  -  J?') 


rrsm^* . — 


:=:  COS       — -!^— ^ _i  =;  tan       — - * 

V5  2x/^l-«  — a:*) 


) 


tan-* 


2a  +  bx 


V— a  2-^/— fl.\/(a+^;tf  +  ^J?') 


£ix 


<«">•  ^JTTTT^T^  =  ^°^ 


-  >«„  i±^-2  v^(l +a'  +  *») 


j; 
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(23).    /— — - 


dx 


>/(-l+^  +  ^) 


=  tan 


—  1 


X  ^  9, 


=  sm-"* as  cos  — * — ^L± — -J — JL — r. 

J?  V  5  X  ^  5 

(44).    /* 5^^ :=iog5fz:£i:?>^ii=±±£5j 


rfj? 


(25).    / ^^ ^-tan->-— 11^=1^ 


.    _^-j?  — 2.  _»2>/(-  1  — ^  +«•) 

as  sm     *  =  COS     *  -— -i^ 

X  s/  5  X  >s/  5 


dx 


**) 


(26).  y  (^+^a:)x/(a  +  bx) 


2 


x/  [(*  c  —  a  €)  ^  ] 


1      /ea-^-ebx                 1 
tan  — ^\/  -r— !- =5 — -- 

V      bc  —  ae       s/Xj—eific—aeyl 


do? 


(Q7N         jT  «^ 


1     J      —3+^^+  2  >/2  .  x/(l -a?) 


V  2 


1+^ 


(28).  / 


d  X 


(,1  -a;)^/(l+x) 


V2     ^  1-* 


289 


^/  {a  ^*+*  c^)    *"  r+i?  a? 


1 _f"'  — »  ae-^hcx 


I  -"-    ^   V. 


_  _ilw  1  -«->/2  •  n/(1  +*')  '  ■'  •        "^  '/ 


V  2  1  +  * 


<ia; 


^^'^-   J  (i_^)  v  (1 +*»)    . 


V2  ^  l-« 


^^^^'  ./ (r  +  «  *»)  V  (a  +  *  a;«) 


.      c  1^  ia+bx*)+x  .^  iic^—ace) 


I     «  I  I        «■ 


sKh^-^aci)    ®  VCc+fj?*) 


s/{ace 


* 

« 

•^    9111     '        i*    "%  / 

ac  +  aex* 

..(33): 

/* 

d  J?             _ 

V2 

7(1- 

-*')>/ (1+A^) 

« 

'" :?  j„> 

4c^9      /- 

o  o 

1 

V 

'3  '^ 


/ 


S90 


(34).     / — r-  as  ——  tan     ' — 

y  (l  +  a')V(l  -*•)      ^2  >/(!-*•) 


=  C08~^  \/ =  8in~* 


>/2 


V(l  +  «*) 


(35).    f ^ =  -1-^ log  v/(^'-l)+^>/2 


,        (36^      /•    •  «*. L-x 

^     ^' .^   (c+/x)v/'(a  +  6x+<:a:«)""  ^A 

1      8g/-*<^+(ft7^— a^g)x— g^it.V^(a  +  ftjr+fa*) 

1  _.     2af-be+(b/-^ce)ai 

where  k  =s  £»/•  —  b ef-^ce*. 

(37).    /- ^ lo    l-^-V(l+^+x^ 

^•'^''- y    (l+X)^(l+X  +  X'')         *  1+x 

y^ afar  _     1 

^^®^'  J   (1  +x)  v^(l-X  +  T')  ~  ^3 

log- i^-JV^- . 

^^^" ./  (i_*)^(n-x  +  x»)  ^  ■"  i/i 

,       3-3  x  +  2  v^3.»/(l +X  +  X'') 
-log ^i-x 

(40).  /(i+x)^a+x-.r^)  =  **°~'  2v/(l+^-^')' 


291 


=  '♦« ife •        ' 


(*«)•/ n= 


cZx 


(1— x)v/(l-^-^*) 


(43).    /  — :: =  i  -  ia-^-hx^^a  i     ^\ - 


(44).  f 


dx 


^(fl-^-bx) 


=  {^' 


a  +  bx)^^~X 


(4i  +  *a:)+fl  ^  -^   ^ ^- 


<^5>-/;£iT)={-;<'-"'-^i<-"- 


+  (^-l)+l|2v'(^-l)- 


dx 


_       N/(l+.y) 

X 


2     ^l4/(l+«)  +  l3 


(47).    f        f^        =  5  -i-  +  — }*/(x- 1) 


+  2tan-' v^(jr-l).. 
4 


29S 


fs/ia+bx) 


(49).  /  _ 


dx 


a?*(l+x)* 


-fi  +  sl-JL 


-/(i  +*) 


-!.».{ 


-I- 

+  13 


(50).  /-fil^  =  -  {./(-+*«)  -  ^  -I 


5«(a  +  *ar)*" 


(51).  / 


X  dx 


{a  +  b  X) 


p-{iv/(.+M-|.} 


2 


¥(a  +  bxy^ 


(52). 


(a  +  ft  0?)^  .    ' 


2 


h^{a   +    ft^)4- 


(53).  f  - 


do: 


a:(a  +  *  t)^ 


_  /^      2_6£\  1 


293 


(54).  /-— ^£— .  =  /'-ii  +  ii*i  +  ?il£!^ 

r  +  ;5  A — ;; — r^  •    (Ex.  2.) 


\ 


(56).  y 


a?'  (a  +i x)"^  ax  {a  +b x)^ 

dx  ^(a  +  bx)  _       ^(fl'^bx) 


•      +«.    Z' ^^-r-,.     (Ex.2.) 

,,^s      /»rf*(«  +  *x)l  /I        ,       *     \    „    ,  ,    x^ 

+  M*   fi£(^±^,    (Ex.57.) 

/dx  1     C3,      i& 


>^  X 


Assume  fl+iJ^=— • 


394 


(60).    /       ^^      , 


(<!+  ^  3:)^ 

a  X 

dx 


(Ex.  59.) 


(61).    f— 
"^   x{ 


dx 


a  +  bxy^       err 


-  V^Stan 


=i{i^ 


i/  X 


(62).  J'dxia  +  ix)i  ^  3^^^  ^  ^  ^^ 

+  a.    f—-J±---.  (Ex.61.) 

«>'  («  +  *a:*)}      flv^(a+*x*)* 


(64).  / 


dx 


{a-^-hx^Y 


f       \3  iJ  (a  +  6  »*)      8  a^y^^i+SP) 


^^^^'  /;/(a  +  L«)  = 


-JL    /• 11_.  (Ex.3.) 

(67).     /  . =  1  — ^  —   -— -  I  sjia^rhx"). 


293 


<^>-/;^=-{i''n4'}^('-'*> 


3      . 
4  .2 


+  -^^— 8m""*ir. 


(69). 


.  =  ^  i  a?*  +  -— .X* 

V(**-  I)         (.5  5.3   . 


(70).  r  ^^^    =n.s__L^ 

(71)      /*         d^       »  _,      V(g  +  ^  .yg) 


dFd? 


(72).  f ^^  ,     =-: 

t/     j;3  v^(a  +  ^  J?*) 


^     /^         dx 

2a J  x^(a+bx^) 


_       s/(a  +  bx^) 


2  ax' 


(Ex.  7.) 


(73).     /_ff_*=-(JL+_i_Vo-^0. 


/  » 


396 


p         dx  __      /  1 4 

^  ^  J  *V  (1  +**)""  V5^      5.3.«» 

^^®^*  ./  «V  («*  -  1)  ^  i  5^^6.4.** 


6  .4.2.«*3    ^^ 


5.3.1  , 

+  - — ■ — -  8ec~*  .J?. 


6.4.2 


(77). 


y(« 


xdx 


+  ^**)i  hs/ia^-bx^^ 


(78).  f 


x'^dx 


X 


(a^bx'^f  h  s/ {a^^r  b  x"") 


dx 


+  i   f ^^^— .,.  '  (Ex.3.) 


(79)-  / 


x^  dx 


{a-\'bx''f 


_  /^      2_a\  1 


sm  ""  *j?. 


(81).  / 


(2^ 


^(«  +  bx'-f       asj{a  +  bx^ 


d  X 


(82).     / 


dx 


+7^ 


-  _  /^ J-      2  6  ^\  1 
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(83).  f    ^^  ,,-(2-  +  n L_ 

'^    ;r»(l+i»)«  V2x»      2/^/(1+3?') 


2      ^  X 


(84).  / _^f_  =  (^  +  0        '      ,> 


(85).  y 


:t^^ 


1 


(a+*;e*r  S^Ca+fx*)* 


+  i  r--i£-^^       (Ex.7.) 

(87).  / -^  =  {il|  X.  + 1 .« 4.x}  — L_  . 
^       ^   (l.+  x«)^        ^^-3  ^  *(l+x»)^ 

(88).  fdx^ia^b^^  X  ^/  (^  +  &  x») 

+  1  r—-i^L—.       (Ex.8.) 


dfj: 


p  p 


S98 


(90).  fdxja  +  bxf^  ^E±^^a\,/ifl  +  ***> 


dx 


+  a'    f        /"^  (Ex.7.) 


(92).  y 


a^dj?        _  ^(flx  +  ^d?^ 


^[ax-^-bx^) 


dx 


^±    f        ^^  (Ex.11.) 


5     S 
V(2  a:  ~  a:*)  +  :: — \ — -  ver  sin""'  ar. 


3.2.1 


♦ 


^     ^'•Z    V('=»^  +  «»")        ^4        4.S.2  4.3.2.2 

7-^-3       \^^,+,.^+        7.5.3         ^ 

4.3.2.1.2'/^^   ^    ^4.3.2.1.2' 


log  {  2  a?  +  I  +  2  VCa?  +  a:*)  J  . 


(95).  y' 


3L^  dx 


^(^rx-x^) 


/^    ,    lira:*       11  .9r*J^ 
\6         6.5  6.5.4 


11  .  9  .  7  r^  x^        11  .9  .  7.  5  r^^ 
6.5.4.3  6.5.4.3.2 


S99 


11.9.7.5.3r»\  ^(2^,_,,) 
^6.5.4.3.2.1/^ 

,   11.9-'?.  5.3/  ^^    •„_,  * 
+  -; — X versm     .  -  . 

^6.  5.  4  •3.2.1  r 

^    ^*  ./    ^v^(ci4?  +  5a7»)  ax 

4.3  4.3.2  4  .3.g.  1       ^  ^ 


^(2  r  x  —  x% 
xdx  %x 


dx 


-~J   sT.    (Ex.91.) 

3^*^    {axArhx^  , 

/lOli     /"  ^/^  -:  2(2gAf+&) 

"^^  ^  {a^hx-^-cx^^      (4flr-*»)>/(fl  +  ^ar  +  ra:*) 


(102)     /*  ^^^  _ 

•>'    >/(/!  +  *  A' +c:r*) 


j^'cfj:  \/(a+^^+^J^*) 


:r-   r   .,   ,  i — r — ^'     (Ex.  15.) 


\     -* 
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(103).  r J± s 


i^{a  +  bx+cx*) 


ax 


(104).    f ?^ 

"^   {a  +  bx  +  cx*)i 


2  (^a^htx) 


y 


(4  a  c—V)  s/{a-\'bx^cx^y 


(103).    f        f\    ^    =±^tan->A/(^) 


(108).  y  (a  +  6*»)Va^  ~  bk?'^Z^ 
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dx  s/x 


^^^*J    {iJi-x'f^x       2(l+ar*) 


+  ^ 


4^/2 


rfi*  __  K/(a+hx) 


£f.r 


where  k  :r.h  c  --  ae. 
.      .      j> xdx  .  __  1     /*        df J? 

_£     r ^f_^_.     (Ex.  Land 26.) 


(11^)- y  (c  +  e«»)V(a  +  ^^)^c  *^  V<a+*a?*) 
_£    /" If -.    (Ex.  S,  and  33.) 

(114)     /•_£f^f =_2(l+if)i- 

^       ^V    (i+j)*  +  (1+*)*  ^ 
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Asfume  l  +a:=«^    Buler.  Cfl/.  /«tf*  Toi|i.  I.  p.  54. 


(115)./ 


+  i  log  \  a:+  >/(!+«•) }  —  \  tan-'         ^ 


Multiply  numerator  and  denominator  by  >/(l  +  -J?^  + 
V(l  —  a?*) :  Euler.  iS.  p.  56. 

s  >/(l-J?*)  +  Z  +  sin-'x. 

2 

Euler.    j^tf^ij.   J^itrop.   Tom.  IV.    1780,    and    Calc.  Integ. 
Tom.  IV.  jp.  10. 

^"^^'  y  (l-a*)V(l+**)      v/2  ^         1  +Jr»         • 
Assume r  r;.u.    £uler«  iJ.  p.  22. 

118).    /  — ^ — -4 -!ir  = — 7Sm~V-~3^ — . 

Assume —  =  u.    Euler.  /iJ. 

1  +  X* 

(119).    f  ^^^^^+^')  «  _L^  log  V(l-f-^^)+^>/2 
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+  r""^  sin  —  *  -^-^. 
Assume  u  zz ^ — .    Euler.  B. 

(120).    r ^^^ ==  JL  log  :^^^i±^^±^^ 

sin""*      ^ 


4  >/2  I  +x 


Assume    ■  ^z     ■■-  =  u.     Euler.  JJ. 

where  I.  =  ^^^^±A£!±£fl>. 
Euler.  iJ.  p.  41. 


(122).    /* 


j?**""^da?  v/(fl  +  ^3:"  +  c^'") 


a-^  cx^*" 


7-^^ ;  where  u  =  X^    : -^ ^ . 

(w*  —  ft)   —  4  a  c  a? 

Euler.  lb.  p.  42. 

^'^^>-  y  — (^■-.:t^)-'>' — 

-  -    r  ^'"*'^^^  where 

^^s/ja+bx^^rcx^)^    Euler.  76.  P.  40- 
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where  u  =  iC^-±£f-) .    Euler.  lb.  p.  47. 


(125).    /^  ljlii±£f!2I  =  —   f  _J^Jl!L 


where  u  =  V^^^  "**  ^""'^ .     Euler.  /*.  p.  48. 


(126).   f— l£__  =   r— ^ii— , 

(fl  +  *Ar*)(a+2*x'*)2« 


where  m  = j-  .     Euler.  /*.  p.  49. 


(127).  / 


{a'\•^bo^f^ 


dx 


\a  +  b  j:")  (a^  +  3  ^i  ft  ^4-S  ft*  :r*")^» 


elu  ,  X 


.   ,3   ,^1  where  «  = 
o  +  ft  « 


1 
(fl^  +  3tffta^  +  3ft*a:*")^« 


Euler.  lb.  p.  56. 


(128).  f 


(^  +  ft^r")  {  {a^bx^'f  —  b^x^''  \  >^« 
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rr  -   /  ,  where  u  n  —^ — — j-* 

Euler.  JJ.  p.  53. 

(129).    f '^^      .. 

^   (l+ar«)  v'  j  H-:tO*-a:*} 


sstan-' 


^ 


Euler.  R.  p.  54. 

(130).     f 1£ ,— 

'^  (1  +i«)^{i+x*)i-«*| 


=  tan    ' 


V  {  (1  +«*)*-  X*  J ' 
Euler.  lb,  p.  55. 

**— '</x 


(131).  f 


ii        I    I 


(a+*x«)  f  (a  +  6x-)*  -  ft*ar^  |  w 


_  1    /»  tr~^du 

1  +  *  « 

where  t 

— 

X 

a« 

+  b3*)^  —  b' 

^x^i« 

Euler.  /6.  p.  56. 

'(l+*^ft'*) 

where  u  ^ 

X 

Ka  + 

bjff- 

\ 

ce 
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(133).  / ^:zli _ 


a  */ 


a  u     —  1 


ivhere  u  =s 


Euler,  iJ.  p.  58* 

The  fluents  of  many  of  these  expressions  may  be  found 
by  methods  explained  in  a  valuable  paper  ^^'On  the  fluents  ff 
irrational  functionsy^  by  Edward   Ffrench  Bromhead,   m.  a* 
F.  B.  s.  printed  in  the  Philosophical  Transactions  for  1816. 


On  the  Integration  of  Logarithmic  Functions. 
(1).   fd  X  log  X  zzxlog  X  -^  X. 

x^                 1 
(2).    fx  dx  log  X  s=  —  log  r x^' 


x^                   1 
(3).    f  x"^  dx  log  A  =  —  log  X x^. 


(4).    fx^d.\o^x^^llL{\ogx-^] 


(5).  ftl  log  ^  =  1  (log  a)^ 


30T 


(6).   fj^-'dx  (log  xY  =:  — —  J  (log  a:)' f-  log  x 

(>»+l)''>- 
(7).  f$fdx  (log  *)»  =  £^{<iog  '7  -  ^qrr^'^s  ^)* 

3.2      .  3.2.17 

(»  +  1)»  ®^*       (»i  +  l)»V 


d 


X  loe  « 


<»'• /(-n^.  ""^ ' = t5^' * -^  <■  - 


X). 


(9).    flfL  logUi^  =  2  log  i*^  - 


2   1         1 
—7- log  — 

y/or  1  —07 


dx 


*""• /7br;='°6- '"«''= ""s**- 


(")•  /.- 


i2o: 


(log  x)*  log  X 


-<''>-/.-^-^'=j'^-'»8  C-— )  -:- 


+  sr^  ""  ^;r-;  +  ^c*  ^^  infinitum. 


=  7  log  o?.log  (a+*o:)  -  ±-  (log  *07)*  +  j^  -  -^ 


■*■  sW  ~  "Al^  *  **'• '"  'V"^*"' 


d06 

<1S).  /  ^^log  (a  +  **)  =  iog«  .  log  ,f  +-^  -  JJ^ 
(14).  /^^  =  loglogx  +  15Eif+Y-^^^^' 


+  S  •      \\.  +  8^c.  f«  infinitum^ 
8    1  ,£.3  -^ 


05)-/ 


^"rfx  a:"  +  * 


V'(k«  ^)      <w  +  l)s/i}og^)   , 


l         2(ffi  Hh  Olctgx      a*  (to  +  !)•  (kg  x)* 
(16).    /a'd^«j^«'. 

1  1  / 

^     '    -'  log«  (log^a)*  ^    J^ 

(18).    /    (fo(^dx^a'\jfL  ^^^"^ 

(19).   ffL^^iog.^l}2SJ  +  ^l(iS&fL 

^       a?  ^  1.1  1.2.2 

1  .2.3.3  -^ 


909 


(«2).  f 


a'dx  ^ 
x^ 

-f  +  log 

X 

pa'dx 
a     1  

t/          X 

(Ex. 

19) 

(f  dx 
x^ 

if 
2  X* 

fl*  log  fl  ^  (log 

^    •     \     m   X                    ^    m 

1 

ptf  dx 

J         X 

(Ex.  19.) 

a*  dx 

^xtlogu 

1 

+        ,           + 
2xQogaf 

1 

.3 

sfx 

4^<iogiiy 

+  &€•  in 


m  u^imhitn.  > 


^^'  J  l^x^  ft(l-a^)logfl  "■  <1  -  xr  (logfl)» 


On  the  Integration  of  Circular  Functions. 

(1).  /  JTtfa:  sin""^a:  z=  sln""'^:.    f  Xix 

/dx  f  Xdx 

(2).   y  Xdj^cos*"*  ^  =  COS""*  or.    f  Xdj£ 


dx  fXdx 


*/ 


»v      • 


^  yy        '^^       ^  t  **•'"-*  K 
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(3).  fXdx  tan-»j:  =s  txa-'x  .fXdx 

/dxfXdx 
1+1? 

(4).   /Xdxsec^^x  szsec^^  X  ./Xdx 

_    pdxfXdx  V  ^     . 

J  Xs/iX^-'l)' 

(5).   /dx  sin— '•iP  =s  x  sin— *  j?  +  v^(l-j?*). 

(6>.   fxdxsm-'  x^(^'-l)sm-'x+  ij^  n/(1-J?0* 

(8).  y"— ~-f—  sin- '  X  as  «  —  ^(1  — x^  sin- • ». 


Sin    'x  +  — . 

4 


dx 


(10).    f Zf_8in— x  = 

•^  (1  -*•)» 


xsin— 'x 
V(l-**) 


+  Iogv'(l-x»), 


(1 1).    /-4^.  tan  -  X  =  5  (tan  - '  *)' 


x^dx 


(12).     /-^-^.tan-'aJsC^- itan--*^)tan---'a: 

*^      1    T  *P  2 

-logv'(l  +*'). 
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tan""'«  + 


1 


4(1+4?*)' 


(14).    /-^=.logN/0-»-^!"^)^logtan^"  +  g).    4^ 
"^    ^  J  co^e         ^VO-sinft)         ^        V4^2/v     /,.  '^ 


(15).    /  -r— -  =  log  ^^^ -f  =:  log  tan  - 

*/    sin  ^         **  ^(1  +  cos  B)        ^        2 


(16)./^ 


do  COS  6 


sm  0 


=y*;::::r^='^g«"^^-    ' 


tan  e 


ddsine 


(17). /^^^  =/d^  tan  ^  =  ~log  cos  ^, 


-/A 


de 


(IS)-    /" ^^r~T  =  log  tan  ^, 

^     ^    /    cos  ^/sin  6         ^ 


(19).  /dSsine  =  -  cos^. 


(20).  fd  0  (sin  a)*  =  -  i  sin  Bcosd  -i-l  0, 

2  2 


(21).  /dfl  rsin  ^'  =  -  ^  (sin  Of  cos  «  -  ?  cos  0. 

3  3 


(22).  fdecsiney  s= 


1 


(sin  0y  cos  6  —  - —  X 

4^  .  2.4 


sin  6  cos  a  +  — ^  a. 


o 


Q     4. 


(23).  fde^cosd)  =  sin  a. 
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(24).  fde  (cos  ^*  =  5  sin  ^  cos  ^  +  2  6. 


1  2 

(25).  /da  (cos  a)3  =  -:  sin  ^  (cos  6)*+  -  sin  a. 


(26).   /da (cos  a)»=i  sin  a  (cos  ^  +  i-^  x 


sin  6  cos  a  +  — ^  a. 

2.4 


(27).  /deAne  (cos  ay  = ^  (cos  a)"  +  ^ 

1     w+  1 


(28).  fde  cos  a  (sin  a)«  =1  -J—  (sin  a)*  +  \ 

n-|- 1 


(29).  /da  (sin  a)*  (cos  a)*  =  I  (sin  a)»  (cos  a) 

4 


-  sin  a. cos  a+-  a. 

8  8 


(30).  /da (sin  a)*  (cos  ay  =  ("i  (co^  ef+  %)  (sin a)*, 


(31).  /da  (sin  Of  (cos'a)^  =  (i  (sin  BY 


(32).  fde  (sin  <»)»  (cos  ef  =  (i  (cos  »)«  +  — )  (sin  &)*, 


3\d 


(3S).  /d0(^in  ff)*  (cos  0)*  =  (g  (»°  ^  -  ^  (<«"  ^)* 


16        / 


cos  fl  +  —  e. 

16 


(84).  /dfl  (sin  fly  (cos  fl?  =  (^  (cosfl)'  +  ^)  (sin  0f. 
(35).  /4^  (Sin  a)5(co8  dy  =  -  -^  (^^^^^^ 


'-  2  cbS  6  8  +  5  cos  2  a 
6 


) 


(36).  /d 0  (sin  fl)»  (cos  «)•  =  (^  (cos  «)*  +  ^)  (sin  d)». 


<;9 


/a  C7 


COS  6 
sin  a 


s  —  cot  e. 


(38).  rJ±^^^  ^^'^   ^l  riL.  (Ex. IS.) 

^^  ^  J  (sin  a)»  2  (sin  ff^      qJ   sinO  ^  ^ 


p     de /" 1 

^^^^'  J  (sin  e-^  "       Vs  (sii 


+ 


(sin  ey      3  sin  8 


i) 


cos  a 


cot  a  -  i  (cot  ey. 


<*^>-/(-^5ri?  = 


da_  _8in  a 
cos  a 


=  tan  a. 


(«>  / 


<?fl    

(cos  fl)»  ~  2 


<2« 


^!}i_  +  i    /jfJL.    (Ex.14.) 
(cosfl)*      a«/   cosfl      ^ 


R  R 
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42)      r     ^^      zz(       "^ 
'         */    (cos  ^)*       Vs  (CO 


+ 


2 


cos  &f      3  cos  ^ 


=  tan  ^  -{-  i  (tan  ^y. 
3  ^ 


)« 


sin  ^ 


(43).  y 


d  e  (sin  gy 
COS  6 


d:  -  sin  ^  +  y —^  •     (Ex.  14.) 


COS  0 


iAA\    r  do  {sin  ey        (siney  ^\         . 

^dnsin^y^,(iiniy^3;;,^  /> 

^     ^  J         COS0  3  «>' 


COS  0 


(Ex.  15.) 


rdHco^^^^^,^    .de^     Ex.15.) 

J        sin  ^  t/    sm  ^ 


(47).  / 


d  6  (cos  ^y 

sin  Q 


(cos  ay 


4-  log  sin  6. 


(48).    /  — ; — - — = — - —  +  cosa+  /  -7-—.    (Ex.15.) 


(49).  f 


dd  sin  6 

(cos  oy       cos  0 


=s  sec  0' 


(SO).  /  «J 


d  a  (sin  Of  sin  a     ^ 

=  fd0{tm0y:=^ ;i-r-a  =  tana-^. 


cos  By 


cos  a 


^      ->^     (cos  ey 


=  '-{(sinay-2] "scos^  +  sec^. 


cos  a 


f 
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«/      (cos  9)'      ,         V2  Q,         / 


'      -^O. 


COS  e      2 


(^3).    /     ^  .    ^     = 7—:  =  —  cosec  0. 

^     ^  J      (sin  fl^«  sm  d 


(sm  fi)*  sm  0 


(54). 


/d fi  (cos  fi)*  _    /^     do     ^     cos  & 
(sin  0)'     ■"  J   (tan  0)'""  ""sin  9 


—  a  =  -  cot  0  -  d. 


(55).   /^i^E25J)!  =  |;(cos())^-.2]4 
^    ^  J      (sin  0)*         "-^  -^  sin 


sin  6 
=  —  sin  0  —  cosec  0. 


/^^N      /'d0(cos6)*     /I,       ....      3        A     1         Sa 

(56)-    /  — .    ./  ==  I  -  (cos  0)»  —  -  cos  6  )  -r-T  -  -  0* 
^    '  J       rsinOf        V2^        "^       2         /  sinO      2 


y-«\      /»d0  sin  fi 
(o7).    /  y 


cos  QJ       2  (cos  Oy 


/  ^d(l^in^^_8in^ i/--^.     (Ex.14.) 

^    '  J     {f:^ifff        2(co8ff)'      2t/    cosfl      ^  -^ 


+  log  cos  B^ 


?  (cos  ^ 
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(60).  /  ^^<?^5^  - 


(CO$0f 


C  2  3  (cos  &f 


de 


.2  /"-^.    0Ex.l4> 


(«■)■  /°7^ 


did  cos  a 


(sin  ey 
d  e  (cos  fff 


2  (sin  a)«  • 


r^doicosey         COS  a   ^1  ^^     ^ 

^     ^  */      (sin^»  2  (sin  a)*     2^   mx0      ^ 


d  0  (cos  ay 


(63).    /      , .    ^  ^  s  /  =5- — ;: logsinO, 

^    ^  ^       (8ina)»        */   (tana)»        2(sina)«       ^ 


3  />  de 


-if  4^.    (Ex.  IS.) 

a*/    sin  «        >  ^ 


SHia 


(65).  / 


1 


de  sin  a 


(COS  0)*       3  (cos  a)» ' 


*  « 


^        «/      {cmey        3(co8fl)»      3^        '^ 

(o7).    /  ■ '^  =  <  (sin  0f > . 

^  J      (cosfl)*  l^        '       3  3(co8a)» 


(68).  / ^^g^  =/d fl  (tan  «)«=  (|(8m«)'-sm(j)  x 
^  +  e  =  |(tana)'-tanfl  +  (^. 

^    ''  «/     (sin  fl)«     "■      3  (an  Sf  ' 


*d  e  (cos  ey  _  _  (cos  ef 

""  3  (sin  ey 


^^^^-  J    (sin  ey    "" 


-  ^  (cot  ey, 

3 


/ 


(71).  /^4^  =  -  ((COS  er  - 1)  ,-^ . 

'^    t/     (sin  6)*         ^   (tan^)* 

==^(|.(eos^y^co.e)-^+a. 


($ina)» 


-  i  (cot  a]f»  +  cot  a  +  a. 


(73).  /de(tdney^2  ^^^  ^i*  -  3  (*^  ^)*-  log  <^o«  ^' 


(75).   fde  (tan  a)«=  i  (tan  ef-^  1  (tan  a)»  +  tan  0  -  a. 

o  3 


(76).  /-, 

%/     SI 


de 


sin  6  (cos  a)*      cos  e 
de  1 


1       ,         e 

+  logtan--  • 


\  +  log-tan  a. 


(77N    r ± 

^'  t/  sin  a  (cos  ey      2  (COS  0) 

(78).    f ^ =  I +  JL  +  log  tan  5 . 

^^    ^  sin  6  (cos  ey      3  (cos  ey      cos  a         ^  '^"  2* 
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(«•)•  /(^ 


de 


'  cos  e  2  (sin  6) 


;  +  log  tan  0. 


(S2)      f—^1—    = L 

^     ^'  •/  (sip  a)»  (cos  ef      (sin  6)« 


_  8  cos  a 

cos  a      2  (sin  (?y 


3  ,  a 

+  -  log  tan  -  . 

2     ^        2 


da 


(84).    r  .  /^ 

•^^    (sin  a)*  cos  a 


2  cos  2  a 

+  2 

(sin 

2^7 

1 

1 

3  (sin  a)3      sin  a 


+  log  tan  (j  +  5). 


da 


(85).      f--:—^ =- 

^    */  (sin  a)*  (cos  a)« 


I  g 

1 cot  2  a. 

3  cos  a  (sin  a>^       3 


(86).    /rfacos(aa  +  &)  =  i  8in(aa  +  6). 

a 

(87).   /dasin(/za4-^)s=- i  cos(tfa  +  6), 

(88).     /•__ ^ 

^    ^   [sin  (ad  ^  h)J  [cos  (a  a  +  b)Y 

1 3  cos  (tf  a  +  ^) 

"■  «  [sin  (a  a  +  6)]*  cos  (^a  +  6)       2  a  [sin  («  a  +  ft)]* 

(89).    /  rf  a  sin  («  a  +  6)  cos  («'  a  +  b') 

cos  [(g  +  ^7^)  a  +  &  +  ^>^]  _  cos  [(rt  --  ^0  a  -f  &  -  b'] 
'""  2  (rt  +  o')  2  («-«') 
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(90).    fde  sin  {ae  -¥h)  sin  (a' d  -¥  If) 

_sin  [(rx  -  a )  ^  +  ft  -y]  _  sin  [ja  +  flQ^  +  ft  +  ^^] 
2  (a  —  a')  2  (a  +  a') 

(91).    /d  ^  cos  (a  ^  +  ft)  cos  (fl'  a  +  b') 

_8in  [(tf  +  y)g  +  ^  +  ft^   .   sin  [{a  -  g^)  g  +  ft  -  ^] 
2  (/I  +  a')  2  (a  -  «') 

% 

(92).   f  Ode  cose  ^  esme  +  cos  a. 

(93).    /d*d^  COS  0  =  a«  sin  ^  +  2  d  cos  ^  -  2  sin  ^. 

(94).    fe^d  0  cos  ^ = ^3  sin  ^  +  3  a*  cos  ^— 6  a  sin  a  -  6  cos  e, 
(95).    /^rfO  sin  ^  =  -  0  cos  0  +  sin  e. 

(96).    /6*d^  sin  0  =  -  ^  cos  ^  +  2  ^  sin  a  +  2  cos  e. 
'  (97)-    /^'  «^^  sin  0  =  -  e^  cos  0  +3  e*sin  e 

+  6  ^  cos  ^  -  6  sin  e. 

(98).   /^"Orftf  sin  e  =  ^-^(fl  sing- cos  g) 

(99).    /*«» rffl  (sin  «)•  =  ^'''singC^sing-gcosg) 


1  .2 


fl  («*  -f.  4) 


r.a9 


(100).    fe^'^de  (sin  Of  = 


€^^  (sin  ^)'  (fl  sin  ^  --  3  cos  e) 
a* +  9 


'    2.3  6^^  (g  sin  ^  —  cos  0) 

+      (^rny^+9)~ 


/ 


3d0 

(101).  /««<'d«cosfl  =  fl^f22±L!!l!i) 

o'+  1 


s 


(102).   f"^Aa  (o^  flN» ,  '"'  COS  g  (g  cos  0  -h  2  sin  fl) 

«•  +  4 

+  — 111-    €-». 

(103).    y^ff  <»(m  ^)»  -  "^(co"  ^*(''  COS  g  +  8  «n  g) 
•^  a*+  9 

.  2  .  3  .  6^  (g  COS  g  +  sin  g) 

/i/xii\      r-iijfl        1/1      €*^(fl  COS  *^  +  A  sin  Afl) 
(104).    J^dB  cos  3  0  =:  — i — -L_ :, 

(105).  /€'^aesmbe::z  -^-^ ; -. 


e 


(106).  y— - 


£2a 


*C08^         V(«'-^*) 


-—tan-' 


(<i  —  i)  tan  2 


>/(«*  -  ^*) 


V(a*-^*) 


1         ^     _,  V  («*-**)  sin  ^ 
tan     '-1 i-- — 

h  +  acosO 


V{b' 


1  _.A  +  «C08d 

= cos     '  — • 

V  (fl  -  *•)  «  +  ^  COS  0 

1  J      C  ^  4-  gcos  g+  V  (6^  ~  fl»)  sin  ^"^ 

—  «')     ^  C  rt  +  6  cos  ^  > 


^^ 


(107).  f-^ 


1         6 
—  =  -  tan  - . 
cos  0       fi        2 


^^^^)-    /  — n a  =  ■-  A  ^og  («  +  /^  cos  ^). 

*y    a  +  b  cos  ^  6     «^  ^     '  -^ 
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da  cos  d      ^     <^    r     ^^ 


(109).    /-.^^cosa    ^^       a     r       y        ,     (Ex.106,) 
^iw;.  y  ^^^^^^  ^       6      it/a+6cosa  ' 

V      ^*  y  (T+T^Ssl)^  ■"  (J*-  (»•)  C-^  +  *  COS  a 

-^    /*_!? \.         (Ex.  106,) 

^  a-^h  cos  a  > 

sin  a 


i\\\\      f     <^^CQSa       _         1         5      g  sina 
^       ^'  J  (a^h  cos  a)*       (a*  -  ^•)lfl  +  ^  cos  ^ 

^h  f li— 1 .        (Ex.  106.) 

*/   tf  +  ftcosa3  ^ 

Nearly  all  the  integrals  of  logarithmic  and  circular  func^ 
lions  which  we  have  put  down,  are  to  be  found  in  the  fouftl^ 
and  fifth  Chapters  of  the  Integral  Calculus  of  Euler. 


Qn  tlue  Integration  of  Differential  Equations  of 
the  First  Order  and  the  First  Degree. 

r  " 

I 

I.  Differential  expressions  or  differential  equations  which 
^result  from  the  simple  differentiation  of  a  function  or  ai) 
lem^ation  involving  two  variables,  and  which  answer  thie  test 
(caUe4  the  friterian  ofintegrabilittf.     See  Ex.  13.  p.  204. 

(1).    Ut  du  =  ^^ff-/i^  ^  Pdx  +  Qdj, 
*■  ^  xV(^  +y) 


■ 

../■ 

1 

r   ■» 


and  therefore 
/Qdy  =  ^  ^^'  "^ /^  +  J^=  ie  + JT,  where  if  =/(*> 


X 


and  rfJf  =  (^P-'15)da:=0,or  X=c; 
consequently, 

„  -  V  (** + y) . , 

/  ; 

// 


(2) 


.     Let  rf«  =  ^MfZ;i^>;  .  . 


f 


/Pdx=z2  log  {  x+  N/(a:*-y»)  |  +  FsiJ  +  r^ 
and  J*r3  ^r  —  2  log  y, 

(S).     Letd«  =  l£!Z^; 


and  w  =  sin  —  *  -  +c, 

y 


'i  /-■-  f'; 
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0).    Let  the  equation  be 


5= y 


Euler.  C«&.  //»/^^.  Tom.  I.  jrfr/.  it55. 

(5).    Let  rf4?(tf^+iy  +  c)+<iy  (iflp  4-  ^y+/)=Qf 

^  =  ^  =  12, 

1  1 

Euler.  J6.  ilr/.  454. 

f 
<6).    Let  %axydx  +  asd^  dy  ^ifdm  ^  S)(^dy  «  0. 

.'.ax*y  —  y*ie  ss  c. 

I 

(V).  Let  ifll±J^±LzIlil,^Q 

(y  -  x)» 

dy  ~  {y—xf~  dx  * 
.'.  log  (y  -  x)  -  -^  =  C. 


(8).    Letli+t^i-l^^ 


3ii 

.^  (i/Jx  -  J  rfy)  V(y*  +  v')  _  .. 
dp  _  "iy  a*  +  gy  ^    _dQ 

£uler.  Nov.  Comm.  Tetrop.  1760. 

(9).   Let- y ^\  -  f/-^ -  =  0,      .    . 

dy  ""  2  (X  +  tff  (^  -  y)  V  {  2i^  (*  -  y) }   ""  dx 

y  dx 


fPdx^  Z'- 


(T+y)^|2y(«-y){ 

(10).    Let  dxsin^+x^^cosy+dj/sinx+y  iixcosjf=0, 

dP  ^         .       do 

-j-^  =  cos  X  +  COS  y  =  -~^ 

y*  P dx  =  X  sin  y  +  y  sin  x,  and  d  jT  ==  0; 
%•.  X  sin  y  4-1/  sin  x  =  r. 

il.  Equations  which  do  not  satisfy -the  criterion  of  iti^ 
tegrabilityi  but  in  which  the  variables  admit  of  separation  by 
different  artifices^ 
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(i).  Homogeneous  equations  in  which  the  variables  may 
be  sejparated.  by  making  y  znuXy  or  x  ^uy^  as  may  appear 
most  convenient  from  the  form  of  the  equation. 

(11).  Let  xd3c  +  ydy  sis  xdy  —y  dx.  Make^  =  war. 
We  from   hence    get  .— •  =  -^^    ^^^^ :   integrating  and 

putting  ^  for  u,  we  get  the  primitive  equation,  which  is 


log  QLl£±nJ)  = 


iiifl±i^^-tan-f 


t 

Euler.  Calc.  Integ.  Tcm.  I.  Art.  413. 

(12).    Letxcfy -yrfjr=:rfjrv/(*«+y»):   makers  «^i 

dx  du 


» • 


X         ^(1+W)' 


and  a?*  =  ^*  +  2cy^ 
£uler.  it.  Art.  415. 


,  4/  /T  X 

<1S).    Let  •——  ri  X  +  y  :  make  x  '=Luy\ 

.•.—=:  <i  I/,  and  ^  =  c^. 

(14).    Let  9*  d  j?-|-(jp^  +  ar*)  dy=:0:  make  jt  ==  w^i 

i\  -Jf  = 5L-     and y  </ ( — ^ — j  —  c, 

y  2tt+u''         ^y\2y  +  x/' 
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if 

(IS).    Let   xt/dy  —  y^dx  =r  (x  +5^yilarc""'  :   make 


-^  rs  — ^ •  and 

X       (1  +  uf ' 


•  • 


(16).    Let  xdg  —j/dx  s:  y  log  f  *)  rf«. 


Make  y=«x,  .-.  ^  =  -^ »      ''  ■•  ^     ^'     - 
'  *       »lqg« 


s 


2itidy^xe^.    (Ex.  9.  p.  73*)     y--^    -         "^     ^ 


(17).    Let/y  d JT  s=  ^ ,  or  (jx^y-^S^)  d  a?  =  3  jy*  rfy. 


Make y  ^ux^  ,•.  —  s=  >■    ■         ,  and 

X        1  -  2w*' 


(x»--2y)»  =  cx» 


(18),    Let  d!^  v^(x*  +y*)  =  yd  x. 


liiT  1  dy  du  . 

Make  x  =y «,  •'.  —  =    ■    ■  "■■ '  ^, «  and 

y        >/(l  h-w»)-m' 


^'^sA/lrr:^)}  =,^t-+^/(^••+3'')l 


(19).    Lctaydx  n  {ax  -  v'(a*+3^*)  }  rf^. 


387 

Make  v  ziux,  /.  —  =  -i.^ ^)       7/  —  > 

ana   ^— r*  =  ^' 

(20).    Let  x*rfy  =  («*  -  «^*) rfjr-     Make  y  :zux^ 

dx  du 


X        1  —  w  —  a  w 


-,  and 


r  ■- 


\c/  2ay^x\  l-.s/(I-l-4!ff)5 

Ettler.  R.  Art.  414. 

(MX    l^i3i{(BLX^hff)'=zdy  {dm-^h'y).    Makey«ttdr» 

.  «, :  .^  ^         ...  —  =:  __i L^ ,  where  ^  =  T,i 

■'  >-■' 

/=-,  and^r.  •^y^^ 

log  (I)  =  m  v(/+«.-«-)  +  (f  +  ')//f7^ 

There  are  three  cases  to  consider,  according  as  ;  is  posi- 
tive, nothing,  or  negative.  See  £x»  36.  p.  273.  Joh.  Bern* 
Op.  Tom.Jll.  p.  11 9.  1726,  Euler.  lb.  Art,  412. 

(22).    Let  dx{SX'\^  2y)  =  dy  (2  x  +^).    Make  y^iU  ar, 

l£=^^^^^^\and 

£l  _  (j?  v^  3  ^  j^) 
(x^/S-^)^ 


-fi« '    r.' 


/••  .. 
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(23).    lAltdxla  +  bx+cy);;z  dyia-^b'x-^-c'yy. 
This  equation  becomes  homogeneous,  by  making 
a-^bx  +  cyszt,  and  fl'  +  6'x  +  c'y  =:  «i 

therefore    x  =  ^   ^^,^',    ^  J^^S ^ 

he  —cV 

voA  dt\c'i-\-\fiC)  zzdu{bu+ct), 
which  coincides  with  Ex.  21. 

If  ic'  sz  c  h\  the  expressions  for  x  and  y  become  infinite  \ 

V 
in  this  case,  if  -^  ^  e^  and  ax  +  cy  =  /,  we  find 

b 

,                      (a^  +  et)dt 
dx  zz  ^  — 


ac  +  a' b  +  {c  •{•  eb)t 


and^=^^!^^^^log(^  +  B/>  +  ^+C, 

where  A  zz  ac  +  a'b^  and  -ff  ss  <•  +  f  J. 
If  c  H-  f  6  =:  0,  we  readily  find 

.   a  (a  c  +  o'  6) 
If  a'  =  0,  A'  =  0,  f'  =  0,  or  if 

dy  zzia-hbxi-cj/)  dx,  we  find 

Ce*^'  —  b  +  c  {a-^b  x-i-fv), 
Euler.  lb.  Art.  417,  418,  419. 
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in.   The  variables  in  the  general  linear  equation  of  the 
first  order 

dy  -^  Pydx  :=i  (Idx. 
where  P  and  Q  are  functions  of  Xy  are  separable^  and 

) '         This  equation  satisfies  the  criterion  of  integrabilitt/,  when 


multiplied  by  e'^"'.    <     •  '  '  ?;^^ 


.i    I   . 


(24).    Let  di^  +ydj:  =  aJi^dx\ 

.'./ P  dx  zzx,  and 
y  =r  Ce-'+;i^-ni'*-*+«(«— l)x*-«— &c.  ^>  >- 
Euler.  lb.  Art.  424. 

(25).    Let  dy—x*dyj^xydx  rzadx'^ 
.'jPdxzz  -  log  v^(l-*'),  e--^^^'=:  v^(l-x*),  and 

y:z,ax  +  ^  >/(!  —  ^■)- 
Euler.  iJ.  Art.  425. 

* 

(26).    Letdy +-2li£-  =  flrf*, 

\/(l+*') 

.\fPdx  =:  71  log   { ir  +  ^(l  +j?*)  }  ,  and        / 

au''^  au 


zzCu-''  +  -^^-^^^ r  + 


2(«— 1)      2(«-M)' 
where  m  =  {  j:  +  ^(1  +  a:*) }  . 


Euler.  R.  Art.  428. 

T  T 
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(£7V   h^tdy—aBdy-^aydx — bdx  +  b fc4^  ^  ^* 
fP  dx  zz  a  log  (1  —  j:),  and 

(28).    Let  dy  +  ^"-;-'"/^Jx  =  ^2^=^. 

a:  (1  —  x)  2*  (1  —  a;j 

/.  c-'^'*'''  1= •  and 

^  x«-»  1*/      (1— x)*-"*  S' 

This  is  the  expression  foir  the  sum  of  the  series 

n        ^K  (« +  1)  n  {n  +  1)  (n  +  g)  -^  , 

Lagrange.  Thtorie  des  Fonctions  Anai^tiqtmy  p.  102. 

(«9).   Let  ds  +  ^nullyll  =  OLlilif 


mdx         xdx 


-f -f 


jt 


l-a:       (1-Af)'* 


/.  €>"''"  =  x"~*,  and 


This  is  the  expression  for  the  sum  of  the  series 

1  -f  _  ^  +  ^ i  X    +  -^ x^  +  &c.  i/i  infinitum. 

n  (w+1)  (»  +  2)  -^ 

Lagrange.  Ih,  p.  103. 
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(SO).  Problem^  To  find  the  nature  of  the  curvo  EM 
Fig.  1] 7*9  so  that  if  AQ  be  a  line  passing  through  the  origin 
ji^  and  making  an  angle  of  45^  with  the  axis  JP,  then  the 
subtangent  PTj  is  to  the  ordinate  PM  as  a  given  line  a,  to 
the  difference  of  PM  and  PQ. 

If  AP  zz  X,  and  PM  =>  y,  the  differential  equation  of  the 
curve  18 

o  y  —  -i + =  0 ;  which  gives 

a  a 


But  X  GsO,  when  3^  =  0,  and  therefore  c  =:  -  a ;  the 
equation  of  the  curve  is^ 

y  :^  X  +  a  —  «€•• 

This  problem  was  proposed  by  a  Mr.  De  Beaune  to 
Descartes^  and  resolved  by  John  Bernoulli*,  who  gave  in 
common  with  Leibnitz  and  De  rUopital,  methods  of  con- 
structing the  curve  by  points.  It  was  afterwards  proposed 
under  a  more  general  form  by  James  Bernoullif,  who,  in 
place  of  the  line  AQ^  substituted  any  given  curve:  the 
differential  equation  then  becomes 

ady  -^ ydx  z=L  qdxj 

where  q  is  the  function  of  Xy  which  is  equal  to  the  ordinate 
PQ  of  the  curve  which  is  the  locus  of  Q. 

(31).  Let  dy  +  Pydxz=Qy''  +  'dx,  where  P  and  Q 
are  functions  of  x. 


*  Joh.  Bern,  Opera.  Tom.  I.  p.  62,  J 693. 

t  Problema  Beaunianum  generalius  conceptum.  Opera*  Tom*  II* 
p,732.  1695. 
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Make  u  =:  .-^ ,  and  the  equation  becomes 

du  ^  nPudx  =  — «  Qdx. 
Consequently 

u  =  -^  =  -  €«/'>"  {/6-»/'''«  Qda:+C  ]  . 

This  is  the  form  under  which  the  problem  in  p.  S29.  was 
proposed  by  James  Bernoulli  * :  it  was  solved  nearly  at  the 
same  time  by  Leibnitz  t  and  John  Bernoulli^. 

(32).    Let  dy  +  y  dx  zn  xy^ dx ; 

,\fPdx  :=:  Xf  n  =  2,  and 

1  1 


•   -r 


«  =  --  =  a?  +  -  +  c  €*'. 
,*  2 


/ 

■« 


(SS).    Let  dy  +  ^^J    =  a:  v^j^  dx, 

.-.  fPdx  =  -  log  V(l  — »'),  «  =  -•  i ,  and 

2y 

u  =  ^/yi=r^(i-x«).-tLz-£!).  ;■ 

rV.   The  equation 

dy-^-y^  d^=zaxf^dx 

admits  of  the  separation  of  its  variables,  when  wi  = : —  , 

where  i  is  any  number  from  0  to  infinity. 


*  Jac.  Bern,  Opera*  Tom.  1.  p.  663.  Dec.  1695. 

t  Actajjeips*  March.  1696. 

X  Job.  Bern.  Opera.  Tom.  L  p.  175.  March  1696. 
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(54).    Let  di/ +^*dx  ^a^'dx; 

.\  dx  zz ^ —  I  and 


€-' 


(55).    Let  «/^ +V  rfx  =  ^^  . 

Make  «  = ,  and  x  =  - 

when  it  coincides  with  the  last  Ex.  and 


> 


(36).    Let  dyJ^y^dx  +  ^-^  =  0. 


The  same  process  as  in  the  last  Example^  gives 


4 


■    * 


tx^y  —  x—ay 


1  ,  (a:v  —  1)^       1 

-  tan—'  ^— ^^ zzc. 

a  ax 


(87)-    Letdy+y'dx=:^'^''  ''^''' 


x^ 

3  a* 
Make  x  =:  /""',  and  y  = ,  which  giref 

2* 

which  coincides  with  Ex.  35 ;  consequently 

ly(l-3aa:*)  +  3Vx""*3 


/ 


(38).    Letrf5^+5/*rfj?  = 


334 

a*  dx 


8 


Make  j:  =  -  ,  and  y  =  -  —  -  s  /— /•  z. 

t  ^         X         X* 


and  the  equation  becomes 


dz  +  z^dt=aU    ^dt,  (Ex.  37.) 


e^,--|C(x— 8fl3:^)y— l+3ax     '^-Sa*x    ^\  ^ 


w       -  .2  d  X 

(39).    Letdy-i/^dx  ==' 


8        • 


X^ 


In  the  same  manner,  as  in  Ex.  38,  we  get 

1  1    . ,  S    x'^-^yx^-6    ■)  ^ 

-r  = tan        < —, —  i  +  Cm 

a*       3v2  <•  3>^2x*(i+'»J^)> 


(4fO).    Let  dy-Vy^dx  z=. 


V2 
c?  d  X 


Make  a:  =  /    "^^  ^d  j^  = ,  which  gives 

3  z 


25  /I*      —  8 

9 


which  coincides  with  Ex.  38.,  and 


^..  ioax*3 


1(3— L5  a x"^ +  25  a*x^)y +  5  a' x'"^  +  25  a' x"" "^J 


:=:  c. 
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(41).   Lttdi/  +  Aft^dt=Bt^dt. 

M3keA^dt=:dx,  /.  il/^  + •=(/*+ 1)«, 
and  the  equation  becomes 

This  is  the  form  under  which  the  equation  in  page  852. 
was  proposed  by  Count  James  Riccati  in  the  Leipsic  Acts  for 
1732. 

V.  Equations  whose  variables  are  separable  by  particular 
substitutions,  not  included  under  any  of  the  preceding  cases. 

(4«).    Leta^dx  =:(x  ^yf  d x. 

m 

Make  X'^y^u,  .*.  dy  = , 

and  tan-*  ^'        '  =:  ^^^. 

a  a 

(43).    Let  dy /    ^  ^  =  x^dx. 

s/{a-{-y) 

Make  \/(a'^y)  =  z,  and  a?*a=fi : 

we  thus  get  the  homogeneous  equation 

udu  +  4udz  =  4!zd  z, 


/ 


f  J?«  +  2(l+^/2)v/(a^-.y)^■7; 


(i4).    Let  ««/* +dy  =»iy*«/*. 
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Make  y  zzz*  i  which  gives  us  the  homogeneous  equation 


and  log 


tan"-'      ^^ 


(45).      Let  aydx+bxdy+sf'!/''  (a'!/dx+b'xdy)s:0. 
Make  x'y*  =  /,  and  x*' y^'  =  u:  we  hence  get 

^a'b  —  b'a^  yub'  —  ub 


—  +  -:: r-r  =  ^- 


a!n^h'm       an  —  bm 

If  a'fi— i'm=0,  or  an—bm^Q,  we  must  put  log  /  or 
log  fi  in  the  place  of  either  of  the  preceding  expressions. 

Euler.  Calc.  Integ.  Tom.  I.  Art.  43 1 . 

*  \ 

(46).    Let  fydxz=^*l9cy-\ ,  or 

y 

ydx  +  Qxdy  + 2  =  0* 

Make  xy^^i^  and  —  =  m, 

4  « 

.'.  ^ 7  4-  2  i^T  :r  c,  or 

4     !i  !»  « 

(47).     Let  c'dj:  -f-  -^dy^dy-^y d x. 

Make  y  =  « c' ;  we  hence  get 


3S7 

(48),    Let    {  (x  -  aj/)dy  +  //  dx]0  +  '^*.y*)  *=  ^ydx 
+  bxdy. 

Make  xy  •=.  u\    consequently 

,  ,  hdu 

du  -  aydyzz  '       -^^ 

1  +  « 

or  J  V  -  ^  tan  —  *  J  V =^  =  r. 

^  2 

(49).    Let  5^  rf j/  +  d^  (a  +  6  -^  +  ^  J?*)  =  ^  «?  J?  (^  +  ^  *)• 

Make  uzz-f-=^  — ,  ^  \  ^V — r — ; ; 

and  therefore  v  =  3l££J  . 

Differentiating  the  logarithm  of  this  expression  for  j^,  collect- 
ing together  those  terms  in  the  result  which  involve  4x  and 
d  u  and'  multiplying  them  hj  e  +  cx—  Uy  we  find 

dx  du 


(a'\-b X  -{-  c x'^)  {t  +  c x)     u\ac  -{-  e^—eb'^^b-^^iju+u*  \ 
where  the  variables  are  separated.     Euler.  U.  Art  433. 


{80).    Utiy-s)dy  =  "-i^LiL±J^, 


Make  y  = ,  which  gives 

\ 

dx      __  udu \ 

1  +/' 
and  putting  1  +  «*=/*,  and  t  = ,  we  get 

uu 
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tan->  .=2  tan-  . ^-:j^^ tan-  x  \/ (^^  + 

Euler.  16.  Art.  434. 

1 
(51).    Let3^dJ?-^£/5^  +  aa:"i^rfi/(«"  +  ft)^  =  0. 

Make 5-  =  wy, 

(**  +  bf 

when  the  equation  becomes 

+  y^-'dy  5=0, 


r. 


/ 


«*  («  ft  +  w) 
where  the  variables  are  separated.     Euler.  3.  Art.  490. 

V.    Every  differential  equation  admits  of  factors  or  mul-' 

tipliers,  which  render  it  a  complete  differential  and  satisfy 

/  the  criterion  of  integrahility :  no  general  method,  however 

t  ^  is  known,  by  which  these  multipliers  may  be  found  for  any 

/    assigned  equation. 

If  Mdx  Jir  Ndy  =:  0,  be  homogeneous,  a  multiplier  is 

«- — - ,  as  the  reader  may  readily  ascertain  in  any  of  the 

"•      examples  of  homogeneous  equations  which  are  given  above. 

J-    1    /dM      dN\  . 

N\W^  'd^^  ^^^''^  "      '     ^    multiplier    is 

fXdx 
€  :  this  applies  to  all  linear  equations  of  the  first  order, 

see  p.  333.    /     ^      . 

Whenever  the  variables  can  be  separated,  a  multiplier 
may  be  found  :  thus  if  2  and  t  be  the  new  variables  intro- 
duced^ if  we  get 

Zdz  +  Tdt  =  U(Mdv  +  iVrfj/),  where 
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Za=/(z)  and  T-f{ty,  then   U  is  the  multipUer 
required. 

Thus  in  Ex.  So^  by  making  ^  =  7  >  and  ^  =  /  —  /•  ;r, 
we  find 


.'  ; 


==  dS/  +y<'«a?  —  ^^-—  ,'/7      /;.'/•    .    ^     /'^    "  *^  ' 


and  dividing  by  f  (;s*— fl*)>  we  get      ^    _, 

where  —  -:=-- is  the  multiplier  required  to  ren- 

der  the  second  member  of  this  equation  a   complete  diffe- 
rential. 


n 

^L 


Now/Ndy=:J^\logr"-^^^^-^^i}+  X:     ^ 

d  jy  a=  -  _  and  JT  = +  C ;    the  complete    integral 

therefore  is  ■  ■  ^       '     '   '  .     .>  *  , 


*  Euler.  Calc,  Integ*  Tom.  I.  Art.  4-9 1 . 


2  73 


a  I 
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The  multiplier  in  Ex.  37)  in  a  similar  manner  is  found 
to  be 


a 


(5^  +  3fl«d?-i)^  "Q  a^x^y 

and  the  same  method  may  be  applied  to  its  determination  in 
any  of  the  Examples  which  are  given  above. 

Euler  has  reversed  the  problem  and  in  several  cases  in- 
vestigated the  nature  of  the  functions  *y  which  must  enter 
into  a  differential  equation  of  given  form,  in  order  that  it  may 
become  tntegrable  per  se^  when  multiplied  by  a  given  factor : 
thus,  suppose  it  was  required  to  determine  the  functiona 
P  and  (2  of  ;v  in  the  equation 

P^rfap  +  (5r+(2)rfy=0 

in  order  that  it  may  satisfy  the  criterion  of  integrahility  when 
muhiplied  by 

1 


y  +  Mj/^  +  iVi^ 

where  M  and  iV  are  also  functions  of  x  :   the  condition  will 
be  answered,  when  M  is  any  assigned  function 

ax 

Q^  M  -  a  +  b{2  a-  My 

where  a  and  b  are  arbitrary  constants. 

These  investigations,  however,  frequently  involve   diffe- 
rential equations,  which  cannot  be  integrated  by  any  known 


*  Euler.   Caic,  Integ,  Art.  403.  to  539, 
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method,  and  it  cannot  b'e  said  that  the  cases  in  which  they 
are  successful,  are  of  very  great  importance  or  extent. 

In  order  to  ensure  this  method  all  the  success  of  which  it 
is  capable,  it  would  require  a  very  complete  classification  of 
the  forms  of  difierential  equations  of  the  first  order,  as  well  as 
a  knowledge  of  the  forms  of  the  multipliers  which  aie  suited 
to  each  class.  The  immense  extent,  however,  of  this  enquiry 
and  'the  great  difficulties  which  are  met  with  even  in  the 
simplest  cases,  preclude  all  hopes  of  its  proving  of  much 
service  in  the  general  integration  of  difierential  equations  of 
the  first  order. 

(52).     Letl£f+*-^  =  i^. 


U 


The  multiplier  is  x^y^  and 


^-•-  c  /    -  V       '     -       .• 


.-.  a-lft*  =  — +  C. 

m  +  a+  1 

(53).    Let  X  dy-^2  y  dx-^-adxzzO. 

% 

The  multiplier  is  — ,  and 


V  a 

'^ —  +  c  «  0, 


or  y  +  r  X* =0. 


(54.)    Let  ay^dy:.  11^1:=^ 


The  factor  is  y,  and     C     -4i^f 

/I  +  2         X 
(55).     Let  ay^dy  sz  nxdy  -^  ydx. 


X' 


J»  *     ^  ^        ^         0 
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I/*  —  *  1 

The  multiplier  Is  —  ^^--  =:  -  -_-  ,  and 


,r  — « 


ayr    ^  ^  x 

(56).     Let  axdy  +  2  ay  dx  =xy  dy» 

The  factor  is  — ,  and 


1 


(57).    Let  yxdx  -{x^'ydy  +  y  1/3^)  »J y  —  y'^dy. 

The  factor  Is ,  and 

y(a?'+/) 

3 

(58).     Let  dx  +  (a  Jj7  +  2  ^3^  d^^)  v/  (1  +  a:*)  =  0. 

The  factor  is ,  and 

V(l+^^) 

.•.  log  {  j:+ V(l +x*)  \  -{-ax  +  by-zzC. 
(59).     Let  (2  x-^y)  dy  +  (0,  a-y)dxzzO. 

The  factor  is ,  and 

(2  a'-yf 

.'.x^y—a  +  ci^a—  yY. 

Euler.  Calc.  Integ.  Art.  493. 

(60).     \.^t^Ll^p-^xdx^(n^\)ydy^O. 

The  factor  is  \  .v+n/(1  +  j^"*)  {  **  5   and  if  «  =  1,  we  have 


(6l).     Let  acxydx  +  ydi/ {a  +  bx  +  ex*)  $?      '►^  «..- 


-—adi/  (a-^c  X*) =0. 


The  multiplier  is 


(a  +  *«  +  ^a?*)^*-  a(2  a+ix)^  +  fl» 


and  «  log  V  {  a  (y  —  «)*  +  a;'*  (y  —  flt)  ^  +  ^3^*  ^  J 


2  V  (6'- 


Euler.  C^i/f.  Integ*  Art.  499 . 

(62).    Let  X  d X +a  1/  d X  +  2  X y  d i/'-Q  a^y  dy^O. 

The  factor  is  ; — ^--r — -,   and 

{X'^a')x/(y^  +  2ay+xy 


.    Euler.  i>.  Art.  520. 


-  .  ,  pay    .    oyax       ^ 

(63).    Let^Jj^-jrfx  -  -^  +  ~—  ==  0. 


bdy       bydx 


The  factor  is  (^*  — J?*)%  ^^^  the  integral 

6  5  «*         3  j;'  .r 

Euler.  TJ.  Art.  524. 

/^^\     T   i.  J     .    Of      ,    a^dx       n(n-^\)  dx  ^ 

(64).    Let  dy  +.y-  rf  i^  + -^ = ^-^^ .  ^-    <? 


344 

The  factor  is 


{sfy  —  nx'^-'y  +  ~- 


or 


jp-w 


,1           ^  /j:*"j/-«j:'"^*\  1 

and  ••.-  tan"-'  I I  —  — ,^    ,„ — :  =  c 

Euler.  /*.  Art.  533. 


(65).   Let  ^,  +y  ^x  +^.  -  1^)  =  0. 


1  —  :i'* 
The  factor  is 


fy(i~^')+«^r+fl*' 


Euler.  JJ.  Art.  533. 

(66).    Letaxdy-aydx  ={xdx'hydy)  s/ (x*  +5^*— a^). 

If  the  first  side  of  this  equation  be  multiplied  by  ^  .  its 

J?* 

integral  is  — :  the  second  side  of  the  equation  is  integrable 

X 

per  se :  the  factors  oi  the  first  side  of  the  equation  are  includ- 
ed under  the  formula   -j  t  (^  )>  and  those  of  the  second 

under  the  formula  (p  (**+y*— as*):  also  since 

-±-,  -   \  «'  +  (T'+.v^-.,^)  \-^=<i>\  x*+r-a^)  \     , 


X' 
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« 

it  is  a  factor  common  to  both  sides  of  the  equation  :  con- 
sequently 

,   .tan-  g  =  >/(^'+/-^')  _  g  3ec-'  >^(^'-^^'>  +  C. 
x  2  2  2 

By  a  similar  process,  we  shall  be  enabled  to  find  a  factor 
common  to  both  sides  of  the  equation 

aydx-{-bxdy=  x'^if  (a'tfdx  +  ^'  x dy) ; 

^  inr^.*;  — ^  X  y ^•*' - ^'^        . 

See.  Ex.45,  p.  336.  *Paoli.   Elementi  d^ Algebra.  Tom.  II. 

p.  l75,        .  '    ^,.^^  .-.:,  f^  ..    '/  . 

V.  The  following  equations,  in  which  the  variables  are 
separated,  admit  of  algebraical  integrals,  although  the  in- 
tegral of  each  part  considered  separately,  is  transcendental. 

(67).    Let  ^"^ 


t  I 


::/. 


Consider  x  and  y  as  functions  of  t^  and  make 

at 

'   '  at 

Make  also  x  +y=P3  and  x^y^^q,  .'.  since 

df        dt"^  df^       dt*       2d»^2dy^ 

we  have 

^-b  +  cp  +  ^e(p^  +  q^)  +  ifp(p^  +  3f)     (a). 
at* 


X  X 


^C-/.-e'         -^    /     /. 


.■  / 


J  ■' 


a/* 

Multiplying  equation  (a)  by  q,  subtracting  equation  (fi) 
from  the  result,  multiplying  the  remainder  by  --^  ,  and 
integrating,  we  shall  get 

l^  =  C+ep+fp' 


"de 


at 
.  ■  ,^.    The  integral  of  the  equation 


or  sj  X  —  ^/T  = 


VX+v^ 


This  is  the  process  given  by  Lagrange  in  the  Memoires  de 
Turin  Tom.  IV.  p.  108  ;  the  integral  had  been  previously 
determined  by  Euler  under  an  equivalent,  though  much  less 
simple  form*". 

dx 
The  transcendent — -   is  always  reducible  to  the  form 


•^  liiovi    Comment.    Petrop.     Tom.   VI.    et    VII :     Calc,  Integ. 
Tom.  I.   Cap.  5.  6. 
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Add 


=— ; — :r-»  where  A  and  c  are  constant  quantities  and  c 

V(I-r*sm*e)*  ^ 

always  less  than   1  * :  the  equation  becomes  by  this  trans- 
formation 


^(  1  — c*  sin' «)       V  ( 1  -  <r*  sin'  <l>) 

/        *?   /j   <i" 

and  its  integral  found  by  the  same  method  is        >■   "^-    ^^  *-'       * 
^(l-r*  sin»^)  +  V(l-r'  sin^  ^)  =  C  sin  (^±^). 

In  the  same  manner,  we  may  find  the  integral  of 

de  d^  _         . 

V(l  -c^  sin*  d)  "  v^(l  -r*  sin«  0)  ""    ' 

which  is      - 

V(l  -  c«  sin^  ^)-  V(l  -r^^sin*  0)  =  C  sin  (^±«). 

■ 

(68).    Let  ; i^ =z  0. 

Make  ^  =  V  JT,  ^  =  Vn  X  ^^J^  =/;, 
and  we  find  as  before 

This  result  is  obviously  not  deducible  from  the  integral  of 
Ex.  67,  by  making  ^  =  0  and/=0. 

-^  The  integral  of -^  _  i|.  =  0,  is 


*  Legend  re  Exercices  du  C(dc,  Integ.  Toin.  I.  p.  10. 


am 

_,      As 
tiix  integral  is 

oraeducbgttlnMEs.68,      *  ^^"^^ifc^] 

Li^ni^.  jMmMrrxrdlr  7»m.  Tom.  IV. 
(70).    Let-^+-^=0. 

llis  its  caaa  ctf  Ex.  68.  Harare  v^s4-A«4-«'^B«+^«a!. 
atiddieiefoieam>%i=Sai^atidc=/9):  conse^uendy    - 

€««(«%  J) +  (8'J(-         * 
Esler.  4rt«.  P*ft^-  Tom.  II. 


(71).    Let 


Hie  integral  of  this  equation  is  not  deducible  from  diat 
of  Ex.  67,  by  supposing  ^X^a  +  ibx+cx*\  for  in  that 
case,  if  we  externiJnate  the  radical  in  die  final  equation,  it 

redoces  itsdtf  to  C  =  -~- ,  ftom  w&idt  no  infermce  can  be 


Make  therefore  -^  =  a  +2  6  «  +  «*'  =  JT, 
du      ydx    ,   xdv  V         V       , 
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dtdx      dtiy  ^      {fu-a)dt 

d^x   .  d^y       2cdu 
or-— +~^  = , 

dx        ay       cu^a 
.-.  log  rfx+  log  d  j^  =2  log  (rw— fl)+log  C, 


or ^ zzCdfj  since  d / is  constant  j 


or 


_       XT      ^Q_  (^a+9,bx  +  cx*)(a  +  2by+cf) 
{cxy-df^     ""  (cxy—df 

or  subtracting  unity  from  both  sides  of  equation 

gflft  {x -\- y)-^ a c  {x  '\' yf  -^ ^jh"" xy -^-9,  h c X y  {X -^ry)  ^Q 

(cxy-af 

Euler.  a. 

tan-ij:+tan-'y  =  tan-»-^Jl^=sC, 

1  ^  jpj^ 

I  -  xy 

the  same  result  as  is  given  by  the  second  of  the  formulae  in 
Ex.71-     Euler.  lb.     a  -i    / .  ^-  ,    c.  -^    / 

dx                 dv 
aS).    Let ^  + /—I  =  0, 

/.  — 7- tan-* --^^— +   — tan  — ^-i-i-— 
\/3  2+x       V3  ,€+y 


sso 

The  MCflod  formula  in  Ex.  7 1 .  gives 

^-(i+*+»)(»+.v+Jrt  ,    ^' 

one  of  whoK  factors  — ^ — ^  ,  coincides  with  the  solution  "■ 
xy—  1 

deduced  by  the  otditlary  method,  as  may  be  readily  seen,  by    Ih 


aubtncting  unity  from  its  reciprocal.     Eulei 


-■,.«^>i 


(M).    Let 


is 


dt 


(J/4'       dtdy       qdt  ' 
oxhgdx+log  dy=2logq  +  C, 


=  Cd**i 


or  adding  i 
we  find 


*(a— ^l*"     ~  (ar-y)'  '   ■ 

f ,  and  extracting  the  square  root  of  the  s 
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V(A+^y+^3^*+//) 


=  0. 


This  example  coincides  with  Ex.  67,  if  we  make  a=0, 
and  put  X*  and  y*  in  the  place  of  x  and  y.     Euler.  lb.      7  k  y  '"'    ' 


C7e>;.    i.et  ^^^  _^  ^  ^,  _^^^3^  -  V(r+^i^  +//)  "^ 

This  example  coincides  with  Ex.  67;  if  we  make  a=0, 
and  b  z=:0,  and  put  x*  and  ^  in  the  place  of  x  and  y* 
£uler.  3. 


On  the  Integration  of  Differential  Equations  of 
the  First  Order ,  hut  not  of  the  First  Degree. 

I.    By  resolving  the  equation  with  respect  to  -^  or  -7-  , 

dx      dy 

and  thus  reducing  it  to  an  equation  of  the  first  order  and  first 
degree,  which  must  be  treated  by  the  methods  in  the  pre- 
ceding section. 

» 
(1).  Let«?j^*  — ^2rfx*  =  0: 

.•.r7--=  ±  a,  and  j^  =  a  x+r,  ory= — ax-\-c\ 
dx 

both  of  which  values  of  j^  satisfy  the  equation. 

The  equation  is  also  satisfied  by  the  product  of  these  in- 
'tegrals,  or 


/ 


Sb2 

which  is  equivalent  to  the  equation 

f 

(2).    Let  dy*— axda;*=0, 

dv  2    4    A  2    1    X        * 

.-.  -7^  =  ±  Va X,  y  =  -  a*  x'  +  O  or  V  =  *-  -  fl»  jpt  +  ^^ 

or  combining  these  integrals  together,  we  get 

4 

The  two  first  integrals  represent  two  separate  branches 
of  a  cubical  parabola,  which  are  both  represented  by  "die 
third. 

(3),    Let  rfy  +  rf  j:'  =  0 ; 

(l+V^-3)    ^,  (l-v^-3)    ,   ,, 

Ojf  combining  them,  we  get 

or y +  x3  - a^*  —  ^  Ary  - r  j:*  +  ^j<  +  B  OP  +  C=0, 

where  the  constants  -^,  jB,  C  must  be  so  related  to  each  other 
that  the  equation  may  admit  of  resolution  into  simple  factors. 
Euler.  Caic.  Integ.  Tom.  L  Art.  680. 


'M., ,,,,,,./£ 
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+  («» j^  +  J/'  T +i\y')  ^  -  a'.;/  =  o. 

« 

Resolving  the  equation  and  integrating  its  factors^  we  fin4 


9 


if  «  eS*  +  c,  J/  =  J  +  c',  ^ jp  -  -  +r^  or 


(5).    Leti/dt/*'¥itx4ydx=iydx\ 

.».  .-jzL  -s  3LJL-^ — ix     or 

3?   -^  *" =  ±  //x  ;  consequently 

rbich  .combined,  produce 

(6).    Let  V(Jx«  +  //^»)==a//j  +  id^. 

Make //^ ^edx,  .^y^jss^rci    consequently 


(7).    Let  */{dy  +  ^!i£m=:-flii.  +  ^dy. 


••■'*"«^  V.?^- 


fl^dj^'  .  ,       ..  X 


Make  Jm  =r ,  and  therefore  u  = 


by  making  Ay^edu^  we  find  as  before 

Y  Y 


yt  f /J    ii_    'Wlien  the  equation  involves  (2a,  (f^,  antTj'ohTy^ 

(8).    Let^i'  +  rfy  =  ^\  Make^  =;>, 

,  and  J/  =fpdx  =  ip—/x  dp 


1+p^' 


l+f^ 


J  1  +p^     1  +1J* 


^nd  eliminating  p,  we  find 

y  —  v'(*'-a')-tan- 


^/(^')- 


//.^ 


(9).    Uxxdx  ^ady=b  ^{dx^  ■irdy-'\i  ' 

»  =  —  fl^+iVCl+p').  ^^k 

tind  the  elimination  o^  p  would  give  tlid  primifive  reiatHm- 
ietHttta  X  zo^  y.    Eulet. /S.  Art.  67S. 

(n).    Let  rf/+ydyd:r_rfi4=0.     Make-^=;ij 
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(12).    Let  x^dx^^df=:axdx^dt^y 

or  x^+p?  =  apx. 

We  must  resolve  a  cubic  equation,  in  order  to  cxprcM  f       . 
in  terms  of  jp  :  make  therefore  ^=m  t,  which  give$  ni  r  (  3 

J^  =  77— :  J  i' =  T— 1 5  and 

y  =  fpdx=^ar   I   ^ —J 

=  7;  a' . '  +  -  a' . +  c. 

6        (l+M'f       3         l+«* 

Euler.  It.  p.  441. 

IIL    When  th^  eq[uatio;i^  hon^ogeneoi^s  with  respect  ^9 


(13).    Let  ydx^x d^=zx  ^(dop^-^d^^). 

Make  y  =  m  J?,  .*.  »=:j»+  >/(l  +/>*), 

' —  = ,  and  log  X  s?  —  log  (/?— «)  +  f — ^ 


/ 


-log  V(l  t/)-log  J;»+  v/(l  +/>•)  J  +log  c. 


Rud  eliminating  /?,  we  find 

j:  =  0,  and  j;'  +j^* ^f  2c ar  =  Q. 

The  value  j?  ;=  0,  results  from  the  second  of  th^^e  splu- 
tions,  by  making  ^  =  00 :  it  is  not,  therefore,  a  particular 
solution. 
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This  equation  becomes,  by  rceoiving  it  with  respect  to 

iixydy  +  i*4x  "  y*dx  =0, 
the  integral  c^  which  is  very  easily  found.  Euler.  ffi.  Art.  68S< 

(14).    lAixdif>+sdx>=.dsdx^\xs{dx*-k-d^')  \  f 
Qtp*  -t-uszp  V  {  «  (1  •jrp*)  j  ,  making y  tz  uxy 
.%  u^ip^-p'  +  ip*  -h  1/  V(l  +/)  (1-4^  +/>, 

and  log  X  =;  -  log  (;,-„)+i/-^i^^ 

+  2  f t^ : 


--'=\/(i^B^)- 


$uler.  ib>  An.  68f . 

(14).    Let y  rfi^  -r  yxdxd^^-  ^yx dy  dsfi  -jf-  a^* rf^  -fr 
«« rf  j^*  dx^  =  0, 

|the  second  of  which  gives 

I  1 

f6*/^  (»*+  Ore*'* 

The  other  value  of  ?/,  gives  x  =y,  which  is  a  particular 
solution. 

(1,5).    Let/v/(rfa'4-rf/)=N/(2a\y),  or 

V(l+/)  =  ^^; 
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and  making  p  =    ~^   in  the  exbression  for      "  .  we  find 

^  '^     ■  Iv  *^  p-u 

|<»gj:=log  .-log  {  2-(l  +«/  I  _-I-log{^|±i±j|, 
aiqd  tt  5=^  =  -  (1  +^* :  consequently       ^^ 

,  x^L.  -J 1 

Euler.  /^«  Art.  685. 

(16).    Let/^/((ij:*  +  dy)=>/(>*  +  ^*'), 

orv^(l+/^')  =  -^t^j.    Make^=ri*x, 
from  whence  we  get 

C  X  X  S 

If  ^=s  1,  the 'Original  equation  becomes  yi/j?  —  xdjf  =  0, 
p^.     or  y:=zcx,  the  equation  of  a  straight  line  passing  through 
the  origin  of  x  and  ^«     Euler.  Jb.    Art.  6g3. 

rV.    Equations  included  under  Clairaufs  formula 

y=px+/(p), 
^hich  are  integrabk  by  differentiation » 

(17).    Let  jfdx  -^  xdji  =  a  ^{d  j'  +  dy^\ 


y  ■ 
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ox  1/  =px  +  a  ^(1  +/?*); 


differentiating,  we  find    /i   -  /i 


JL--  /    ■ 


n     ■■ 


> 


a  p 

TConsequently  ///;==  0,  or  x  = /iijlW 

The  first  of  these  values  gives  p=c,  and 


^ 


which  i§  the  general  solution. 

The  other  gives,  by  the  elimination  of  p 

J?-  +  y  =  a^, 

ati  equation  involving  no  arbitrary  constant^  and  not  deducib|e 
from  the  former,  unless  by  making  c  variable  and  equal  to 


X 


it  is  therefore  2l particular  solution, 

}i  ^e  had  resolved  the  equation  with  respect  to  ^--^ ,  w(^ 

ax 

should  have  found;  {pc^-^a*)  dy-'Xydx^^a  dx  >/(ar*  +  y*— •^') 
which  might  be  treated  by  the  same  method  as  that  used  in 
Ex.  66,  p.  344.     We  thus  find  the  multiplier 


y 


which  makes  both  the  sides  of  the  equation  complete  di^c- 
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irentials.    This  process  hbwdver  will   furnish   dsi  With  the 
general  solution  only. 

This  is  the  solution  of  the  following  problem :  ^*  To  find 
the  nature  of  the  curve^  so  that  the  perpendiculars  upon  its 
tangent  from  a  given  point,  niay  be  constantly  equal  to  a 
given  line." 

The  circle  which  results  from  the  particular  solution,  is 
the  locus  of  the  intersections  of  the  straight  lines  which  are 
expressed  by  giving  every  possible  value  to  c,  in  the  general 
solution,  and  which  ate  likewise  tangents  to  the  circle. 

In  general,  the  curve  expressed  by  the  particular  solution  is 
the  locus  of  the  intersections  of  the  curves  which  are  expressed    ~> 
by  giving  every  possible  value  to  the  constant  in  thei  general 
solution. 

Euler,  Hist.  deF Acad,  de  Berlin^  1758.  p.  301.  Lagrarige, 
Mtmoires  dt  Berlin.  1774.  p.  2204 

(18).     Let  y  d  i:  —  T  dy  =  /J  ^{dx^  +  dy^y 
The  general  solution  is 

The  particular  solution  is 


feuler,  B.  p.  306. 


y  —  sJZ 


(19).     hetxdydx^dy^=:ydx^'^dydx. 
The  general  solution  is 
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The  particular  solution  is 

the  equation  of  a  parabola. 

Clairauty  Memoires  de  P  Acad,  des  Sciences^  p.  210.  l7S4^. 

(20).  Problem.  To  find  the  nature  of  the  cunre 
BMC,  of  which  the  hypothenuse  Tf  of  the  right-angled  tri- 
angle JTt,  the  sum  of  whose  sides  AT  and  ^  ^  is  a  constant 
quantity,  is  always  a  tangent.     Fig.  1 18« 

Make  J  Pzzx,  P  i¥=y,  and  J  T+A  tz=aszj  C:  tfaeii 

we  have  % 

ay  ax 

ox  p  X  -^  y  "npy  +  (^  —  ^)p'^*  •   '^  y} 

The  general  ioXwtiovi  IS  \  '•  .     '     '  ^ 

ac" 
ex  =^  y  -^ ; 

^^       \  +c 
the  particular  solution  is 

(x  +  yY  sx^ay 

the  equation  of  a  parabola.  -  Simpson's  Fluxions,  vol.  II. 
p.  514.    Clairaut,  Jb, 

(21).  Problem.  To  find  the  nature  of  the  curve 
AMA^,  so  that  the  rectangle  under  the  lines  J  T  and  J'  2% 
which  are  perpendicular  to  A  A\  and  meet  the  tangent 
TMV  in  T  and  T',  may  be  constantly  of  the  same  magni- 
tude. Fig,  119. 

Make  A  A'  =  2  a,  A  p  =  x,  P  Mssy:  then  we  have 

a  X  ax 
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jrnd  therefore 

y  -szpx  -'  ap  -±  ^/  (^•+aV^ 
7he  general  solution  is 

The  particular  solution  is 

/ 1 .  ■        '  ■  .       .  •     .. 

#  t/  ss'^  ^  Oi  ax-- X*), 

«  :-    . 

the  equation  of  an  ellipse^  ot-vftiich  )t  is  a  wdl  known  pro- 
perty. Znlex.  lb.  30a. 

(2£).  f^RQB^Eiid.  To  %d  the  nature  of  the  furve 
A  M  A'y,  BO  that  if  S  The  a  perpon^qlar  upon  its  tangent 
Y  Mixotci  a  givep  point  B,  the  line  IB  V  drawn  from  another 
given  point   Bf^  nacj  be  conatantljr   of  (he  san^e  length. 

?ig.n9. 

Let  BF=:a,   BB:=:  ae,  BPz^x,  and  P-ftf^j^i 
then  we  have  JB*  r»  =  rZ;»+  B'L^  or 

^nd  therefore 

th^  particular  solution  of  which  equation  gives 
x^^  a( e  —  — -3 i^ I  , 

V      v^  (1  -  f^  +  pY 

z  z 


„=  "(I-'-)    . 

and  eliminating^,  we  find 


•tl 


'•) 


I,  or  making 
:  /,  we  get 


jM 


«'  (I  -e')  =6'  and    ae 

y^  =  ^  ia'—x'^)-      Euler,  i5. 

(23).  Pboblem.  To  find  the  nature  of  the  curve 
EME,  so  that  the  rectangle  contained  by  the  perpendiculars 
£  r  and  B'  V  upon  the  tangent  V  M  V  may  be  constantly 
of  the  same  magnitude.     Fig.  120. 


Let  BiJ'  =  2 


I  f ,  B  P  = 


,  PM- 


then  we  have 


ydx  —  X  dy 


,  B'iT 


y/(dj^  +  dy') 


_ydx  +  (iae~  x)d,y 
s/idx*  +  dy') 


■^)dy  i  . 


dx^  +  dy* 


!.=:%» 


and  .-.ys  *!jV-(a»-i)»(, 
&iler,  ft.     Lagrange,  Calcul  da  Fonctions,  p.  280-. 
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i(24).  To  find  the  nature  of  the  curve,  so  that  the  locus 
of  a  perpendicular  drawn  fi^oin  a  given  point  upon  its  tan- 
gent, may  be  a  give^i  s^aight  line.    Fig.  121. 

Let  <S  be^e  givtfki  point,  ^7  a  perpendicular  upon  the 

tangent  TM^  meeting  the  given  line  AE  in  Tj  and  let 

SAira,  be  a  perpendicular  upon  jiE :  let  SP:z:x,  FM^^y^t 

y  :=:px  +  -.(1  +^*); 
a  particuIsH'  solution  of  which  gives 

* 

the  equation  dF  a  parabdb,  whose  vertex  is  A  and  focus  5. 

V.  Equations,  which  are  integrable  by  differentiatioii^ 
though  not  included  under  the  preceding  formula. 

(25).  Let  ydx  -  iia:d^  =:«  >/<d*»  +^y)>  c* 

« 
Differentiating,  we  get 

a  linear  equation  of  the  first  order.      ;       "■'     ^ 

•  *  •  ,  ■ 

Consequently, 


li  n  =. ■ — ,  we  have 

0 


2  \  (2  \  -  2) 


.c.lV0+;>' 


(3  A-  1>(SA  -  9)j^ 
EuIct.   Cff/c.  /ni-f^.  Art.  lOS.  "^ 

VI.  Equations  which  may  be  treated  by  particular  methods^ 
not  included  under  any  of  those  above-mentioned. 

(2fi).     Let  d^^=  (2  X'  +  bi/)  d-t'. 

Make  .y  =  z'  and  the  equation  becomes 

4  ;'  rf  i'  =  (2  x'  +  bz')  d  ,i', 

which  is  homogeneous. 

Consequemty  if  2  =  «  J-and  r  =  v'i;2  +  ^«'), 
we  find 


-  (Ex.  68.  p, 


Eulei.  ^.  Alt.  704,  -      ^ 


Make  «  zt  ^  z  iiad^  =:  b  ;/  l(i  —  A  4hi!ft  tbe  eiauittot 


^l«';;2~+"(l^V)a„ij  *'%^»''- 


where  the  variables  are  separated. 
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Consequently 


sin"'  . — 


^     ^  ji.   >    < 


O  '**■•'  ^' 


fas\      Let         ^dif^ydx  _      /5^^Wl  j 

Make  x  =z  uz  and  ^  =  m  v^(  1  —  2^,  which  gives 


■  t 


(29).  Problem.  To  find  the  nature  of  the  curve 
whose  normal  bears  a  constant  ratio  to  the  part  of  the  axis 
intercepted  between*  the  origin  and  normal. 

The  4ifferemi>l  eqwtwii  pf  *^  cui^ 

*^.  +g)  ..(x  ,'!^-)      ■ 

which  is  homogeneous  and  may  be  treated  as  the  Examples 
given    in    p.  356, :   or   more    simply^    by    resolvfrtg     the 

equation  with  respect  to  "^—^ ,  and  multiplying  the  result  by 

d  X 


— -^- »r 


,  when  it  becomes  integrable  per  se: 


4  -  X 

/   .  '  '   -  •  -? 

we  thus  get     --  ' 


9 


VT  mating  c  =  C  +  - , 


\ 


yliich  is  the  equation  to  a  circle>  ^i 


The  particular  solution  deduced  from  this,  by  considering 
us  variable,  is 


i 


\  the  equation  of  a   parabola,  which  obriously   resolves  the 
problem. 

The  reader  will  find  a  most  instructive  discussion  of  this 
I  Example  and  of  the  different  solutions  of  it  given  by  Leibnitz 
i  and  John  Bernoulli,  in  the  CoIkuI  des  Foncthns  of  Lagrange. 
I  p.  263. 


On  the  Integration  of  lyifferential  Equations  of 

z-Aqii)\x?rSdi  ^^'>}; r.i^ vi.[ii  him  k .-losii 950/11  od  «  ibtifw 


;i).  ut 

o>P3,; 

=Jtif 

i  <"  f 

.X. 

.-.  Ji. 

-■'P. 

_adr, 

p  ' 

mix^ 

-.t+a 

Hf 

rf* 

,rff 

=  ,df; 

^i,-. 

=  ^'  + 

It  p. 

s- 
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Consequently,  by  fUimnating.jp,  we  find 
,    ,,      a  ^  e  +  a  ]og  (t;^y^ 

"Evler.  Caic.Integ.  Tom.  II.  Art.  79S. 

t2). ,  Let  d'sf=dx  V(dx«+dy)  or  q=sA^  +p*) : 


x=.log{^±V^Zli:)}. 

*  I  _ 

(S).    Let<^^W^,, 

and  {x  —  it)*  +  (y  -  cfzi  a\ 
Euler.  i».  Art.  726. 

(4).    Let  ^^  =^,  where  ds  =:  ^{dx^+dj,*) 
arx  ay 

IS  conalant ; 

.-.  di,-t=:d'x  ^{l  +p*)  +    P^^^f*  t  therefore 

J^x  =  —  ?■ ^ ;  and  the  equation  becomes 

lI ^  —  ""  5  consequently 


,  ap 


Euler.  lb.  Art.  728. 


/ 


(6).     Let  ^I^  ==A  tm-'^iE:,  ^h«»re  d^^  Mk'^Vdv^) 
a*  X  ax 

\9t  constant.    Cox]ieieqt)[€nt)jr,  a^  )n  the  fast  Example,  we  get 


k  • 


.T  zz:  ^  — 


— - — - — rtan""'/? ^  ■  ^  » 


y  zz  c  + tan     *  /? X ar- 

This  is  the  solution  of  the  following  prdblein :  *^  To  fin4 
the  curve,  wiioae  radius  of  curvatuce  is  proportional  to  the 
angle,  wUok  k$  tangent  make^  widi  th«  9x1s  of  the  absctssae.*^ 
Euler.  Ji.  Art.  729, 

II.  Difibrential  equations  of  high^  «r4#fs,  ^hese  tl^ 
highest  differential  coefficient  is  a  function  of  the  one  nex( 
inferiQr  to  it. 

(6).     Let  ad^ifcPy  =z  dx^ sA^x*  +  ^y\ 

or  a^di^e*  da  >/X\  +  q\  whete  q  ?s  ■^\ 

ii=/qdx=r-^^^^^i- 

dx      -f^  J    v^(l+j')  ^ 


+  |%+«rV(l+?')  +  f"- 
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The  elimination  of  j  {rona  j^hese  expressionsi  will  give  the 
primitive  relation  between  x  and  ^. 

^       <7).    Ut  1^  =  ^ :  or  if  ^,  =r,y(a^  =  r ;         /  :6 
^=  4i« r  +  — .  (log.#">^  +  ay  log r  +  ^'^, 

k 

/     (S).  -Let  ri*j^  =  tfi/x'^/(cP^<ijr); 


«  ^  -: • -I-   ■     >4  ■  -f-       ■     if..  +  ^  • 


III.    Where  9  is  a  function  of  .x. 
(10),     Let  li^^  =  ''''''* 


•         p 


—  9 

X 

\ 


.          a  d  X  t       .1. 

.-.  dp  =s 9  pssalogx  ^  c. 


and  1/  zzflxlog  X  -^  ax  •{•  ex  '\-  c* 

Euler.  /*.  Art.  739. 

(U).    Leti^-icosjvwhere 

ax*        a       o 

d  X  =6  ^(d  X*  +  dyf%  is  constant.  ., 
Consequently  rf  J  cP  J  =1  dxd*x  +difd*ymQi 

3  A 


■\ » 


•mo 


and  since  d*x  <=     r    ^    P ,  Ex.  4.  p.  367.  weTiswre 


+P 


6   .    9 
a       & 


— ^  COST  +  rr-hc. 


ISuler,  U.  Art.  74D. 


(12.)  Problem.  A  body  T  moves  niiiforinly  along  a 
straight  Ime  JB  C,  whilst  another  body  M  xnoyes  unifonnly 
in  pursuit  of  it :  to  find  the  nature  of  the  curve  described 
byM.    Fig.  122. 

Let    B  P  =r  jT,    P  M  s=  y,  A  M  szsi    then  we  have 

91  d  V 

^L- X  ss  es,  where  ^  expresses  the  ratio  of  the  velocities 

•of  the  bodies:  differentiating  this  equation,  considering  <f^ 
as  constant,  we  find 

tP  X  edff 


^{dx*+  djf*)        y 


dp  ,  dx 

—     ,,    — 7t#  "Where  px=—-: 
-s/(l+ip»)*  ^      ds 


.-.  p+  N/a+p»)=Xi)'» 


and  .r  =  — K. + f 4.  n 

2(^+1)^      2(^-1)^-*/^ 

This  is  one  of  the  simplest  cases  of  the  problem  for  de- 
termining curtes  of  pursuit.  See  Bouguer  and  Maupertuis 
Mtmoires  de  P  Acad,  des  Sciences.  1735.  Simpson's  Fluxions. 
vol.  II.  p.  516. 
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.ly.    Where  f;h  a  functloa  o(y. 
(IS).     Let  a*i?3f=.yrf«*} 


dv* 


dx 


a' 


or  expressing  if  \n  tetmsoi'x,  we  find 


Euler,  /*.  Art.  745. 

(14).    Let  a"  d'y  -^ydx^szO. 


6   •• 


•  v  ■• 


X  =:  /I  sin""**?  +Ci 


rS     *■■ 


c  ^^^  -y 


7  V      /■  - 


or  y  :£&  «in^  +C^co»  -  .      •  -^      ■  •  ^ ' 

a  a 


Euler,  76.  Art.  746. 

(15).     Let  d'y^ipy)  =  djr*. 


»'  ' 


and  ^  =  I  (v^- 2  ^cO  ( v/y  +  V^O  +  C, 

•  1     .  *  *  • 

where  ^' = ^  v/^r.    Euler,  Jb.  Art.  748, 


»       • 


VI.    Where  a  diflerentjal  coefficient  *of  y  is  a  functtoti 
of  one  whose  order  is  inferior  by  two  unities* 


/' 


fl'/     f.      ca*     -£ 

2  2  C 


ar  C6^+  C*    •  +  C"«  +  C"'. 

Vll.    Where  the  equation  involves  ar,  />  and  q  etAj. 
(17).    Let<l^±^*=:^-£.; 

dx      2xdx 


dp      ^  d£  ^ 


A 


(1+P*)'        ^  " 


x'  +  a  f      J  (a:*  +  a  f) 

and  p  =:  ^  ' 


V(l  +p*)  a'  "^       V^  {  a*  -  (x'+  at)'  I 

and«=y (■x'*4-ag)<^* —       ^^dch    is    the  general 

equation  of  the  elastic  curve.     See  Mr.  WhewelPs  Mecha-' 
uics^  Vol.  I.  p.  210.         Euler,  lb,  p.  757. 


37^ 


(18).    Let  (i£±W  ^fL'. 

dxd'y  flV 

...  p  =  _(££ri!)  and 

p9).   Letdx(dx*+d^)+adyd'y=ad'yiy{da^  +  dy)t' 
or     , 

dx  (1  +p*)  +  xp  dpasa  dp  v^(l  +^») 

which  is  integrable  when  divideJ  by  >/(l  +p% 
Therefore 

Euler,  lb.  Art.  759- 

(20V    l.et^*d"^v^(a*+  3f)^a'dxdy^x* d$f^f 
or  d'd p n^ia^ -V  x')  +  a^pdx  =  a:* da:, 

or  a  »  +  — ^- zr  ,  ..-* 

^^  V(a*  +  x»)      ^iV(^*+  ^") 

a  Imedr  equation  of  the  first  order. 


Consequently 

a*p  —  —  J — S' >  ^t^^fi  +a  )-c  J, 

md  ;■■  J  =  _  i  ,■  - 1  «•  I  +  ?  (»•  +  »•)'  -  5  t  i- 

+  -J-  VC""  +  »')  +  —log  ( ^, \  ■ 

Euler.  Ih.  Art.  761. 

(21)-    Let(a'rfy +j;'rfj:')rf'j'=«*rfl'rfy, 
or  (a'p'+ar')(/p  n  npx  di^ 
a  homogeneous  equation  of  the  first  order,  with  respect  to 

Therefore,  if  j:=:;jU]  we  find  ^| 

If  n—l,  we  find  .  ,,-   .,A  .i\  ,„i„j 

I  =,«y  y/(«  log*),  *«»,^(og  (».iog«)  ", 

■   --//"'?  \/(2  1ogf)- 
Euler.  a.  Art.  ?62. 

(82).    htt  adx dy'  ^x^  d  X  d' ystn  X  dy  V(rfr*+^!d'^*)*. 
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wblch  is  homogeneous  with  respect  to  x  and/7  j 

dp       __au*  +  nu  ^(l-n'a^u*  +  a*V)     „. 
dx      ^  »*a«tt«-l  V 

dx        du 


X  ^     ^ — u 
du  «•«*!*•— 1 


'..         :     •) 


If  nss^Q,  we  have 

—  ■  + — .  .  ;       [  ••     '  .     '•  •' ;  .». , 

X  U  1— fltt 

Euler.  B.  Art.  764.  f 

(23).    hetdx^dy-xds^d*y^adxds  s/(,i^ x'^d'y*)^ 

< 

where  ds^^(dx^  +  dy*),  is  constant. 

Since  £?/s*0,  we  have  - 

-,«              pgdx*        J  J,          flrdi?* 
d^x  zz  -  '^ — r-»  andtf*y=:  I ; 

1+p*  l+p»' 

and  the  equation  becomes 

p  ^  xq  ^aq^ 
which  comes  under  Clairaut's  formula^  p.  S57. 

If  dqssO,  or  7  =  -  >  we  have 

x+a         •          a:*  +  2fl  4?   .     , 
p  cs ,  and  y  =  - — +  c . 

IfjTss  -fl,  we  have/?  =  0,  andy=r',  which  is  a  particular 
integnd  arising  from  making  r  =  co  •    Euler.  B.  Art.  767. 


\ 


3^6 

(24).  ^  Let  dx> dif^xds'd^s  e      ^ff^^fv 

/  ,    .  .   ^{dx'+a*di*d^^)'. 

where  dsss>y{da.*  +  dy*),  is  constant. 

.  •  r  - 

In  the  same  manner  as  in  the  last  Ex^ple^  we  find       ..  «-^. 


p-gx  = 


_         *? 


Ma> 


,/(I-J-fl»j«) 


Consequently  .J  =  i ,  i,  =  1 1 -^^^, 

and  y  rr  —  H r r  +  r, 

is  the  genend  solution.  ***'   " 

The  elimination  of  g  from  the  equations 


Xss  — 


(l+fl*y*)« 


^  '^  2(1  +fl* sr»)»    ■*"  8  (1  +  d» y»)» 

+ ^4 — ;  +  — -*  tan    •  «  a  +  f , 

^  \6[l^a^q^)       16a  ^^    ' 

** 

will  furnish  a  particular  solution  of  the  equation.     Euler.  lb. 
Art.  768. 

VII.    When  the  equation  is  between^,  p  and  q. 
(25).    Let  ahd'y^  dx  ^J{y'^  dx'^  +  a'dy^ 

or«i9=:V(/  +  .V)  =  ^^^> 

dy 

an  equation  which  is  homogeneous  with  respect  to  y  and  p. 
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Consequently^  if  y  =j3  u,  we  get 
dt/  ^  abdu 


■$^mA  )rf  making  ^(a^  +  ?/*)=/  u,  and  ^  =  ^,  we  find 

and  a  J?  z= -— ♦ 

(s*-2fs  -  l)v^(«*-l) 

Euler.  /ii.  Art.  780. 

(26).    Let ^  -^    T  if  ^»*  ; =  n  y,  or 

which  is  homogeneous  with  respect  to  p  and  y. 

Therefore  ♦ 

cZ^  ^ nudu 


Euler.  /*.  Art.  781. 

(27).    Let       <^'  +  y'^*       :^a: 

Let  p*  +y  =  X*  }  then  we  have  pdp+Sfdtf 

•  3b         / 


*  ■     ■       ■■^878     . 

^~me  equation  reduced  becomes 

z*di/  =  Q,azdy~aydz. 
Consequently  I 


y'  =  ,  and  d  x 


(j:+u)du 


2wV  i4a'»-C<:+")M 
Euler,  li.  Art.  785. 

(28),    Let  tfi/  l^/dtf  +  ndx)  -  di/{dx^+dy*), 

<ip  (?!/+")  =  d_i/(_\  +P''}, 

ordy-nAP  ^JiJ^.    E..  24.  p.  329. 

-Zulw.  JJ.  Alt- 7S8>  ,.    [. 

(«9>.    Ulrfy-yrf»y  =«  V(rf**rftf' +«''>')      ■ 

which  comes  under  Clairaut*3  formula. 

Ifdu=0,  we  have  u=c,  ^=ry +  n  V(l+a*<*), 
and<:x=Iog    {£y+ft  ^{l+a*c^)}  +e'. 
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P  — — r-^  ,  X  IS  c  —  a  tan      a  u, 

and  =  sin"**  ^-^^j  a  particular  solution. 

tf  na 

Ettler.  J}.  Art.  789. 

VIII.  Differential  equations  which  become  homogeneous^ 
by  considering  the  dimension  of  j:  or  ^  as  1^  of  p  as  0^  and  of 
jr  as  -—  1. 

(SO).    Let  x^d^y  :=:  xd  xdy-^Sy  dx*,  or 

x^q  =  x/j  +  3y. 

Make  y  ^ux,  ^  =  -  • 

X  , 

^                 .     dx      dp         dp           du 
Consequently  —  a=  -^  =  — C—  = ; 

X         V       p+3tt      p—u 

or  {p  +  3«)  du^pdp—udpy 
which  is  homogeneous  with  respect  to  u  and  p. 

Therefore 

iog*=/^=iiog{iii±-:^g±iifl)} 

=  -  log  I J,         ^1 ,  putting  4c  for  f ; 

•      -  C C'x  ' 


or  V  =  C  flr' . 


Euleri  /i^.  Art.  802. 


(sl).    U.?^=V(»»-^  +  »*"^J>X      '  : 

Making    the  same    substitutions    as   before,    we   find  ^| 

i- 

V(m/)'  +  wu')=Cp-u)(/pi  and  making p  =  M/,  we  get  ^| 

<I«               (/-l)<li                                       ^1 

,.k 

^(ws*  +  jO-s'  +  j'                              ^H 

hVt 

Enl 

lb.  An.  803.                                                                ^H 

Let  « i>  If  J,  =  (ji  ^ .[  -  >.  is)'.      ^^^^^^^1 

<ii«-4i--e'!  «oin«i««iitiy  ... 

Enlet.  ji.  Am.  804.' 

(3S).,    I*t(Jl?+*j(>)li»i,>y^(^+yi).    .- 

Making  _y  =  »r,  and  y  ^-,  we  get 

(l+p')lii«=,o  (p_«)  ip  ^/(i  +„•). 

In  order  to  integrate  this  equation,  make  ^  c  tan  0, 
u  :=  tan  f> :  this  gives 
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de  =        '^^-^^ =  — ^±— ,  if  ^i.=0-4> : 

1  — «  sm  (O—ip)       1  —n  sin  x//- 

,  da:  _    rfw    _    d<J>  cos  6 


X       p—u      cos  ^  sin  xp- 

d 0  (cos  0  cos  xf/'  —  sin  0  sin  >/^)  _  d^ ^  cos  yjr      d<f>  An^ 
cos  0  sin  \/r  sin  >/r  cos  0 

n  d  \^  cos  x/r      d0  sin  0      .         ,         n  sin  \U  dyU 

=  r ; — ; ^,  Since  J0  =z ~ — f  J 

1— rismx/r  cos  0  1— w  sm  >^ 

,  ^         r  cos  0                   c  sin  0 
•  •  ^  =  ; ~--7 ,  5^  = 


/ 


1  — «  sin  \|/' '  1  —  «  sin  v/^  * 

and^  =   f .    ^    T   .  . 
*/    1  — «  sm  yj/^ 

Euler.  J*.  Art.  806. 

VIIL  Differential  equations  which  become  homogeneous 
by  considering  y,  p  and  q  zs  of  n^n—l^  and  »»2  dim^isions 
respectively. 

(34).    Let  x^d^y  zz  ay  dx^  +  bxdxd^.  -    v  ** 

This  equation  becomes  homogei^eousj  by  making  ]p  =  -  , 

^  s=  ^ ,  n  being  equal  to  0 \  consequently  v^ay  +  ^  /; 

but  dp  =  q  dXf  or  xdt^tdx  =z  vdx  ^ 

dx        dt           J   ,            ,         tdx 
,\  —  =  ,  and  dysspdx  = , 

X  V-^-t  X 

dx  ^dy.      ,     dt    _  d^ 

JT  /  V+t  t 


^ 


0Ttdt=^(y-\'t)dy:=  {  ay+{b+  1)/  |  dy, 
which  is  homogeneous  and  of  the  first  order. 


CoiWeqUcntly  ~'i  \ 


where  a  =fg,  and  6  +  1 
,  Euler.  Ih.  Art.  817. 


-^ 


(S5).    Let  a*d'^y  =  x'dxdy  +  -ix  ydx  dy~4,y* da' 

or  x' q  =  x^p  +  Sxyp  ~  iy*. 
Make  y  =  x*Ji,p=ii;  j  =  u,  and  therefore 

Also  dy=a'  dit  +  2uxdx:=pdx=tx  dx, 
A    ■    ~   —       ^^ 


i 


or  xdt  +  tjs  =  vrfx  ; 

"(-aw  .  jB(-4tt** 

'    or  2  »  Jid  (*  — "4  «)  «  dt{t-ami^" 
Let  8u({u=(f  IF,  and  .*.  (=w'  +  c'i 
rfi  ,    du 


'  X        «•  -  2  M  +  < 
If  cs:  1,  t'=(j:'— 1/)  log -r- 
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If /  — 2t«=0,  we  have  —  s= ,  and  .•.  £{k  =0; 

/.  u  =  c,  and  y  =z  ex*: 
this  is  a  particular  solution.     Euler.  3.  Art.  820. 

IX.    Equations  in  which  y  and  its  differentials  amount 
to  the  same  dimension  in  every  term. 

(36),    Let  ay  d^y-^b  d y^  =  U^^^V  . 
Make  y  =  c^"''':  and  the  equation\ecomes 


du  +  u^d  X  =z 


a^ie'  +  x^)  a       ' 


by  making  w  =  -.  ,  this  becomes 

J               sdx  /.       b\  J 

ds  +  — : '  =  (  I  +  -  )dx. 

a  linear  equation  of  the  first  order,  whose  integral  is 

(a  H-  J)  C  > 

Euler.  /*.  Art.  828. 


(37).    I*t«s<i'„jalj(^Ij(,+jAl»'*-^i^.. 
Make  y  m,^'*'^  add  the  equation  becomes 


dH*tfdi,m 


■  xdw^it:  _      bxdx 

Elder.  3.  An.  8Sq,  „  ,  . 

X.    When  die  iqraHoi^  are  linear  with  respect  to  one 
.  of  the  variables  and  iw.dilfePBntiaU.    o'^^^ri'U-^f-.    3-^9 

(38).    Let(2'jf+^<J9</«  +  £(fi's:0,  where  ^  and^ 
areconannt.    ^-^  y  ^.'^   *<5'^a^-Vi-f-'''f^*^) 

Make  s  =  «/""»  from  whence  we  get   '^^^-f  »^^-f  (^ ' 

C<maequently 

''  '■       ■    ■  '  j^^ 

dx  = 


.•  +  4«  +  B' 


(1).    Leta*  +  AM+B=(u— a)(w— 6),  then 
if  ft  =  a,  we  have  y  =  c€"; 
if  u  =  £,  we  have  y  —  c'  ^'  \ 
and  the  complete  integral  is 

y  =Cf"+  c'e*'. 
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(2).    If  a  =  i,  then  we  have 

y  =  €*'  (c-^c  x), 

(3).    If  a=aH-/3^(-l),  and  b-a^-fi  V(-l)>  wehave 

=  €**  *  {e  ros  /3  x  +  c  sin  /3  a:), 

where  C=c  +  r',  and  C'=:  (c-c')  v^(-l) 
Euler.  lb.  Art.  775. 

.    (3d).    Let  d'y  +  5di/d«  +  4y</x*=0, 

(40).    Let  d^y-^di/dx  +  lSj/dar'szrO, 
y  =  €»•  {  r  cos  3  J?4-^  sin  3  f  J 
=  C€"sin(3  4?  +  C')5 
making  r=:C  sin  C,  and  f'=:C  cos  C. 

(41).    Let  d'y  —  \Odydx  +  25ydx*  =  0, 

1/  z=  c*'  (f +  r  a:). 

(42).    Let  d*  J/  +  — r^ +  — ^ as  0. 

dx 
Make  —  =  d  / ;  then  we  have 


rf.V  _    dy 
dx       xdt 

d*y        d*y 

dy 

dx"       x^dt* 

X*  dt 

.-5  0 

Subatituting  these  expressions,  we  find 
the  integral  of  which  is  gi»en  in  Ex.  38.    Euler,  lb.  Art.  847. 


C4S').     Let  (f  J/  +  - 


+  bx        (a  +  ix)- 


dy  tPy 


■^y 


bdy 


dt      (a-i-l>x)dt'  iix-~  (a  +  bxydf       (.a  +  Bxydf 
and  the  equation  becomes 


ndydx 


(Ex.  38). 


(4*).     Let  d's VA^fdydx  +   Ba"_yrfa'=a 

Make  '  v'  dx  =  dt,  and  the  equation  becomes 
(Ex.  38.) 


d'y  .  A  dy       „ 


■L4r 

Ealn,  J>.  An. SCO.  '""_ -  to(^ 

(4S).     Ut|Hj+,  =  o. 

^/7.  T  .'.  J  =  c  ain  a^  +  «'  COS  «. 

fVeedkaiue^  Ph/iical  Attnmmt/^  p.  23. 

ifv 
(46).    Let  ^  +  J  =  X,  where  .^  U  a  function  of  *. 


./f     ■-J/-, 


-  Co.   -  ^^ 


^.. 
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/.  jf  ±:e  %in  X  +  c'  co$  X  +  sin  xf  X  co9  xdx 

—  cos  xf  X  $in  fcdx.    , 
Woodhouse.  lb.  p.  97* 

(47).    Let  jp  -t,  y  +  -^  cps  mxszO. 

,  A  eoa  mx      A  eozx 
y  =  .sm^+ccosi+-^jrn ^^JTrr- 

WoodhoQsei  U.  p.  99. 

(48).    Let  ^  +  y  +  -4  C09  ^  =  0. 

.*.  y=^  sin  X  +  c  cos  X cos  jr. 

Woodhouse^  iJ.  p.  107.' 

(49).    Let  -7-2.  +y +  ^  cos  mx  +  B  cos  nxnO. 

.   «— ^«;«  ^j_v /./*-«,  J- -^  COS  wx  .   iScosMx 

iw*—  1     ^     /!•-.  1 

I   -r +      ^        ■    ICOS  X. 

Woodhouse^  ii.  p.  100. 

(56).    Let  ^+^4^  +  J3^-A: 
_  €«  f  ^  +/€-^jrdx  I     .    e**  J  c-\-f€-^Xdx  \ 

^ 7=r* — "■*■ 1="^ * 

where  a  and  i  are  roots  of  the  equation 

tt*  +  -4  U  +  J3  35  0, 
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(51).    Letg  +  ^+B^=«(«-iy;.- 

+  7 '■ 

+  of" 


a  —  b       a  —  k 
Euler,  a.  Art.  859. 

The  roots  of  the  equation  «*+2  «  +  2=0,  arc— l+v^(-  I), 
and  — 1  —  */(  —  1):  consequently 
y  =  e""' cos  j:  {  f  '^f^' X dx  cos  *  J 
+  6— 'sind?  {  c  •\-fi' xdx  sin  x  } 


€' 


=  «—'  COS  X  }  r  —  -  (x  sin  J  —  X  cos  x  +  cos  pt)  \ 

^2  . 


e' 


+  €""'  sin  X  {  f'  — "  -  (x  cos  X  +  X  sin  a:  —  sin  x)  J 

z=  €~'  (r  cos  J?  +  r'  sin  t)  +  -  ('^--1). 


(53).     Let  4^  -  ^-.^  4-  13  3/  =  ^  cos  w  X. 
The  roots  of  the  equation  m'—  6  «  +  13  =:  0 
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/ 

ar«  34:2  >/(— 1)  and  S-2V(— 1) ;  therefore 
y  =  €"  (^  cos  2x  +  ('  sin  2  x) 

A    {(i»  +  5)'Sm  (i«  +  2)  >r  +  (w  —  1)  cois  (/»  +  2)  J  } 
7*  «i*-f  4wi  +  13. 

^     {(wi  —  5)  sJQ  (i»  —  £)  j:  —  (m  +  1)  cos  (w»  —  2)  j} 
T'  tw»--4wi+13 

(54).     Let$^-l3^  +  4^  =  :r*. 
dx^        ax 

The  roots  of  the  equation  m*  —  4  w  +  4  =  0,  are  2  and  2. 
.-.  y  sc**}  xf€-^x^dx  -f€-'^x^dx  ] 

(55).     Let  _  +  ^^^--_^jj-^. 

A  particular  integral  of  the  equation 

d^v       dv    ^  V   _  Q 
5x*      xdx       ac*  "" 

is  ^  =  -  :  consequently 

dM 


— 5 — dx  {/c*^  '  wJTrfxl 


r«fi^     Let^-_i^— = 
(56).    i^et—      (Y3^- 


A  particular  integral  of  the  equation 
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31^  ""(1  -a*)*~    * 
18  V  s :. :  therefore 

9C 


■-{,-(.^V)]{..^} 


{«'(l  -  J*)+l}  {gx~(l  +«*)} 

(57).    Let  d^y{\  —  ««*)  =  bxdxdy* 

Make  dy^pdx.    See  Ex.  17.  p.  372. :  we  thus  get 


b 


p=:  c(l  —  cia?*)*"«a,  and  yssc/dx  (1  —a**)    «•. 
Euler,  Calc-  Integ.  Tom.  TV.  p.  534. 

(58).     Let  d^y(\—ax*)''axdxdy'^cydx^zsO. 
Multiply  hj  dy  and  integrate  :  we  thus  get 

dy*(l-a«'«)-^y*£/x*=  Cdx»;  or 

,,/^ — n  =    ,,^  _?     as  >  *^  integral  of  which  Is 
V(l-«^*)       V(C  +  cj/*) 

2  7j/=  C{aa:+  v'(l+a*j?*)}5 

where  a*=:—  o,  and  7*=  C. 

There  are  many  cases  in  which  it  1$  possible  to  transform 
the  equation 
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SO  that  it  may  coincide  with  one  of  the  two  preceding  ez» 
amples :  thus,  if  we  assume  y  =—  ,  the  equation  becomes 

and  by  integrating  every  term  and  collecting  the  results^  we 
find 

d^v{l'-ax*)-(b-'2  a)jmdxdv''(c-B+2a)vdx*:=:0, 

an  equation  in  every  respect  similar  to  the  original  and  ad- 
mitting of  integration  in  die  same  cases. 

Thus  iff  —  6-f2a=0,  or  if  b  =z  S'a^  the  equation 
admits  of  integration. 

By  making  v  =  -_  ,  and  repeating  th^  same  process,  we 

dx 

find 

which   admits  of  integration,  when   ^  —  4  a  —  a,  or  when 

c-26-f-6  «=sO. 

By  continuing  this  process,  we  should  find  that  the  equa- 
tion admits  of  integration,  whenever  6  =  2  /a  +  tf,  or  when 
r=i*  — i(/ +  l)fl,  i  being  a  positive  whole  number. 

Another  transformation  of  this  equation  may  be  effected, 
by  supposing  y  ^fzdx^  which  gives  us 

dz  (1  -ax^)  -  bxzdx—cdxfzdx^Of 

which  becomes,  by  differentiation, 

d'z^l—aa^)  —  (^  +  2  a)xdx-  {c-k-b)  zdx'^z^O\ 

which  admits  of  integration,  when  ^  +  2  a  =  ^i  or  when 
f  4-  A  =5  0 :  a  repetition  of  this  process  will  shew,  that  the 
integration  may  be  effected,  whenever 
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bzz—Q,  ia'\'a  or  when  c=  -ib  —  Hi—  \)a, 
filler,  /^.  p.  534. 


f. 


If  Oy  a  J  a"  be  the  roots  of  the  equation 
then  we  have 

If  fl'  =  a  +  /3  v/(— 1)  and  a''-a^/3 ^{^  l),  then 

2/  =  tf  €"*  +  C  cos  /3  X  +  O'  sin  /3  x. 
If  fl[  =  a'=  a",  then  we  have 

Euler,  C/i/^.  /«/^g.  Tom.  II.  Art.  1117. 

(60.)     Letj,-^+^--^  +  ^  =  0. 
The  roots  of  the  equation 

are  1,   1,  ^(  —  1),  —  v'(—  1) :    therefore 
T/  =  6*  (r  +  ^'  x)  +<:"  cos  JT+c'"  sin  T. 
Euler,  lb.  Art.  1131. 

(61).     Let  aH'-y  +  (a^  +  ^^)?^'^  +  tl  =0- 

y  =  c  cos  ^  or+c'  sin  a  x-{-c"  cos  ^  x  +  <r'"  sin  b  x. 
Euler,  Ih.  Art.  1132. 


3» 


,*,,,    U,.*y^'4p*^=0. 


dx' 


dot^ 


yxz  (c-^c  x)  COS  a  r+  (C  +  Cx) sin  a  »* 
Euler,  lb.  Art.  1132. 


(61).     Let  fl*y  -  ;?i?  =  0. 


<^         /< 


.2::^    —  ^-   ^  -TZ       t> 


y  =  f  €«+r'  €  -  ^+C  COS  (tf  X+C). 

£ttleri  ik.  Art.  11S6. 


/ 


/^  •/  v.- 


(6i).  .  Let  a»j,  -  Jl  =0,      /''''' 


T-- 


^  ^<i«co»-^| C'cos  fla:  sin^  +  C  sin  ax  sin  j^ 

=  r  c-*  +  r,  C^^-y*"  cos  {a  X  sin  ?«•  +  c^ 

+  C,  €^«--»"  cos  (rt  a?  sin  36*+ C.). 
Eulcr.  /*.  Art.  1136. 


} 


(63).     heta'y  +  ^-O. 
y  i:  r  €     *    cos 


/. 


L^ 


6'''+'') 


+  ^1  cos  (a  a?  +  r'l) 
4.  t.  «  — '^  cos  (^  a  *  +  f'.) , 
Euler,  -B.  Art.  1136. 

3  p 


=0. 


S«4 

d  X 

Make 7—  =:  du  and  the  equation  becomes 

a-^-bx  ^ 

the  solution  of  which  is  given  aboTe.     Ex.  57.  p.  392. 

(65).    Let^- 19^+ SOy  =x'co8  J. 
dx^  dx 

The  roots  of  the  equation  t^— 19  ti  -f  SOssO^  are  2,  d  and 
—  5 :  therefore 

+  - —  (2  cos  x—  sm  x)  I  «•  +  — ^  +  rr  I 
7x5  V  5        25/ 

(3  cosx*-sm  X}  tx*  +  -z-  "♦•  rr  J 

8x10  V  5         25^ 

+  z — -• (5cosx+smx)i x' rr  H'TTsr*/ 

7x8x26^  ^V  13       I&9/ 

""  7725 ^""^^  """^^  "'^  *^  ("^  "***  5) 


8x  100 
2 


(cos  X  +  3  sin  x)  Tor  +  -  1 
~(cos  J?  — 5  sin  x)  (x I : 


^7x8x26*^  '  V        13- 

the  integrations  being  performed  by  means  of  the  formula, 

/«""•' JC  COS  mxdx  = <  (fl  cos  mx 

\  /  XT  .         a         dX   ,     a*  —  m^      d*  X 

-^  m  smmx){  JT  ■{ . + .  -^ — 

+  tf  sm  ^  x)  I  — —  4. 


"C 


dx       a*+  /»*     dx' 


4- J —  +  &c.  I  J- . 


«»5 

The  roots  of  the  equation  u*  -  8  m»  +  23  w'  —  28  u  +  W  sO, 
are  2, 2,  1,3:  therefore 

^^  (2-1)  (2-3) 

"^  (l-^2)«(l-3)       (3-2)«(3-l) 

(67).    Let  $^  -  54  ^  -  216  ^  •  240 1/=*. 

The  roots  of  die  equation  li*— 54  w*  —  2l6  m  --  240  =  0, 
are  ~  3,  -*  3,  —  9,  and  9 :  consequently,  making  a^  —  3^ 
we  have  , 

€-3' I  x^/^^xdx-^xf^x^dx^fe^'x^dx  ] 


J^e-P'lx/e^'xdx-'/e^I^dx]    ^^ 


^1— ) 


6 -»'(/*€»' a? //x)       Va— 9>^    .   ^fe-^xdx 
^  2  da"  ^        C^-^y       ^ 

J     :             (fl-9)  1  (fl  -  9)  2 

and  since  j^  =  -  jgi,  and  -        j^a      =  -  75. 

we  have 
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(68).    Let  ^  -  10  ^  +  62  ^  -  aiO^^i+lSly-**, 
^     '  ds*  rf*'  ox*  ax 

The  roots  of  the  equation 

are2+5  v^(— i),  2-"5v^(-l),  3,  3,  or  of  the  form 
a  +  p ^{-\)y  a—fi  >/(—!),  a  and  tf :  therefore 

_2(a-a)€«V6-«^Xrf>r 

g^^  {  g(g—a)/3*sin/g:r+  [ffl-(a--ay]/8co8/9jr  \f€-''*lCdxAnfit 
=  (tf  +  r'«)  6»'+(e  cos  Sx  +  C  sin  5  *)  cH 

6* 

+    r . 

104 

(69),    Letey-fixfif +  Sx«^- jc»^  +  x=0. 

a*  dx*  dx^ 

dx 
Make  —  =  dt^  and  the  equation  becomes 

dl'  df  dt  ^ 

consequently 

^*  fe^^xt* dt       ,,  ^      ,,      ,  ,, 


3»7 

•f» .  —      * 

2 

=c  €«  +  *' i" + f" ««  +  if^  +  if! 

2  4 

<70).    Let  -r4  +  fl*y=Jr,  where  «  is  an  odd  number, 
ax* 

One  root  of  «* -Ha"  =0,  is  — a,  and  the  rest  areinclude4 
in  the  quadratic  formula^ 

vi^-'^au  cos  Q  +tf'=0^ 
where  ^  z:  (2  f  + 1)  -^  ,  admits  of  every  different  value  which 

.can  arise  from  integral  .values  of  u 

d  P 

If  Pea*  +  a*,  we  have  --r-  =«ii*— *,  which  becomes^ 

when  tt=fl  cos  ^  ±  a  v^(  -  i)  sin  ^, 

=nfl— >{co8(«--l)^±^(--l)sin(«-l)a}«^±5^(-l): 

consequently 

^Qxco6»  I  2^cos(aJr8ing)+2^sin(tfX8ing)  }/6^^^^^^Jirj^cos(a^sin^ 
^arco«g  I  g^sin(flj?sing)-g.Bcos(aJrsing)  {/6""''^*^^Xdxsin(gJsing) 

+  ^mTB^ 

+  &c. 

and  since  -4  =  «a'*"~*  cos  (/i  — 1)  ^«=  — n^*-"*  cos  tr, 
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Substituting  these  expressions,  we  find 


|^^,^_,)^+J,iO, 


the  integral  of  which  is  giyen  in  Ex.  38.    Euler,  li.  Art.  847. 

(48).     Let^^'  +  iMf+^ll^l^O. 

a  +  bx        (a+bxf 

dx 

Make  — r-r—  =  d  ^  and  therefore 
a  -\-bx 

d^  _  di/  d^tf d^y h dy 

dx       (a+bx)dt^  iP^  {a+bxydt*'^  (a  +  bxyit'^ 

and  the  equation  becomes 

d^  V  dv 

^.  +  (il -  i)  ^  +  JBy  =  0.  (Ex.  38). 

ndydx 
(44).     Let  d'y ^ k-Asf'dydx  +  Bs^vdx*  =0. 

Make  'x^dx  =  dt,  and  the  equation  becomes 
j^  +  ^^  +  ByzzO,  (Ex.  38.) 


Euler,  lb.  Art.  850. 


(45).    Let  |j+y  =  0. 

,\  1/  =z  c  sin  X  +  f  cos  .1?. 
ffoodhouse^  Physical  Astronomy ^  p.  23. 

(46).     Let  ^  +  y  =  X,   where  X  is  a  function  of  x. 
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•*.  y  =  f  tin  *  +  f'  co$  ar  +  sin  xf  Xcot  xdx 

—  COS  wf  X  sin  fcdx.    , 
Woodhouse.  /*.  p.  97. 

(47).    Let  j^  -t.  y  +  u#  cps  mx^O. 

.         ,  ,  A  eoa  mx      Aootx 

Woodhouse,  lb.  p.  99. 

(48).    Let  j^  +  y  +  ^  cos  *p  =  0. 

Am 
.*.  v=^  sin  a:  +  c  cos  x cos  *. 

Woodhouse,  JJ.  p.  107,^ 

(49).    Let  -j-^  +y4--4  cos  ott  +  5  cos  /ix=:a. 

0  X 

/.  3^=;r  sin  x+c^  cos  ^+  ^  ^^'  ^^  +  ^  ^^^  ^5 

«•—   1  /!•-   1 
I    -r +   -T-—  jCOS  X. 

Woodhouse^  /A.  p.  100. 

(50).    Let  tL  ^J^^By^X 
dx^         dx        ^ 

_  6«»  { ^r  •\-fe-'^Xdx  }     .    e"  {  c+fr-^Xdx  \ 

^ im — -+ tlTS * 

where  a  and  b  are  roots  of  the  equation 

t**  +  4  U  +  J3  35  0. 
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(51).    Let  €^  +  ^  +Bj,=«  («-i)-;— . 
dx*        dx  ^        \         / 


C  €-  C'  «*• 


+  Of 


Euler,  /(.  Art.  859. 

The  roots  of  the  equation  tt*+2tt  +  2=:0,  arc— 1+^(—  I), 

and  — 1  —  V(""l)'  consequently 
y  =  €— ' cos  X  {  €  — y €* xdx  cos  Jr  J 

+  6~"'sin  X  \  c  +/€' X  dx  sin  x  } 


€' 


=  « —'  COS  J7  {  f  —  -  (x  sin  J  —  X  cos  x  +  cos  k)  \ 


€' 


+  €  — '  sin  X  J  f'  —  -  (x  cos  X  4-  X  sin  X  —  sin  x)  \ 
=  f ""'  (^  cos  X  +  c  sin  x)  +  -  ('^— 1). 


(53).     Let  -—4  —    -,—  4-  13  V  =  ^  cos  w  X. 
d  X         a  X 

The  roots  of  the  equation  m*—  6?^+  13=0 
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art  S-t2  n/(— 1)  and  S-2V(— 1) ;  therefore 
y  =  c"  (f  cos  2  X  +  ('  sin  2  x) 

A    {(m  +  5)  sin  (fn  +  2)x+(m  —  l)  cos  (i»  -f  2)  J  } 
4  *  fw*+  4wi  +  13. 

^     {(wi  —  5)  sin  (y»  —  2)  j:  —  (m  +  1)  cos  (m  —  2)  j} 
T  '      '  m*—  4m+  13 


(54).     Let$^-.lL^  +  4v  =  :r*. 
ax*        ax 

The  roots  of  the  equation  u*  —  4  u  -f  4  =:  0,  are  2  and  2. 

(55).     UtpL+^^£=J-. 
dx*^  xdx      x'      «*-l 

A  particular  integral  of  the  equation 

rf*v        dv         V   ^  r\ 
dx*       xdx       X* 

is  ^  =  -  :  consequently 


— \ — dx  [fe^TvXdx] 


(56).    Let^^-^^1^=— ^ 
A  particular  integral  of  the  equation 
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is  V  s  -77— — r  •  therefore 


dap     /»  2  t^d 


^-''/"^V 


X 


(1-*^ 


'■rd'-('*iM*lb] 


s • 

(1  -*-)^ 
(57).    Let  d^y  (1  —  iia:*)  =  bxdxdy- 
Make  Jy  =/?  dx*    See  Ex.  17.  p.  372. :  we  thus  get 

psz  c  (I  —  ajc*)'^it»,  and  y=:c/dx  (1  — a**)    ««. 
Euler,  CoA:.  Integ.  Tom.  TV.  p.  534. 

(58).    Let  d^y{l—ax^)^  axdxdy—cydfic^ssO. 

§ 

Multiply  hj  dy  and  integrate  :  we  thus  get 

dj/*(l— ad?')- ^j/*Jx*=  C  Jx*;   or 

—  ^9  the  integral  of  which  is 


2yy=:C{aX+  ^/(l +«*•»*)}« 

where  a*=:—  o,  and  7*=  C. 

There  are  many  cases  in  which  it  is  possible  to  transform 
the  equation 
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tPy  (1  — «»*)  — 6  »d xi/y—ey d x^=:Of 

SO  that  it  may  coincide  with  one  of  the  two  preceding  ex- 

•f 

amples :  thus^  if  we  assume  y  =  —  y  the  equation  becomes 

and  by  integrating  every  term  and  collecting  the  results^  we 
find 

^  V  (1  — a  a:*)- (ft— 2  fl)W J?  d  V -(c-^+2  fl) V  rfai*=0, 

an  equation  in  every  respect  similar  to  the  original  and  ad- 
mitting of  integration  in  the  same  cases. 

Thus  if  tf  —  6  +  2  fl  =  0,  or  if  ^  =  3Ja,  the  equation 
admits  of  integration. 

By  making  v  =  -—  ,  and  repeating  th^  same  process^  we 

d  X 

find 

d'T'(l-ajr«)— (^-4  fl)«rfa?dv +(^-2  ft+6  o)t/d«»aO; 
which   admits  of  integration,  when   ^  —  4  /i  =  ^>  or  when 

c  --  9,b  -if  6  a  =sO. 

By  continuing  this  process,  we  should  find  that  the  equa- 
tion admits  of  integration,  whenever  6  =  2  /a  +  j,  or  when 
c=itb'-t(j-¥  l)a,  t  being  a  positive  whole  number. 

Another  transformation  of  this  equation  may  be  effected, 
by  supposing  y  ^fzdx^  which  gives  us 

rfz  (1  -ax^)  -  bxzdx—cdxfzdx^Of 

which  becomes,  by  differentiation, 

d^ziX—aa!^)  —  (*+2  a)xdx-^  (r+^)  ;rdx*=0; 

which  admits  of  integration,  when  b  •\'  9,  a  =:  a  or  when 
f  +  6  s  0  :  a  repetition  of  this  process  will  shew,  that  the 
integration  may  be  effected,  whenever 


-  u  • 


.V      ' 
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^  =—2  ta^a  or  when  c=  -ih  —  iit—  l)fl.. 
JSuler^  /i^.  p.  534. 

If  fl,  fl ,  a"  be  the  roots  of  the  equation 

M»  +  ^«*+Bw  +  C=0, 
the«  we  have 

If  fl'  =  a  +  /?  v/(— 1)  and  a''=  a  ^  /?  ^(- 1),  then 

y  =  ^  c*'  +  C  cos  /3  X  +  C'^  sin  /3  x. 
If  flf  =  a'=  a",  then  we  have 

Euler,  Ca/c.  /«/^|:.  Tom.  II.  Art.  1117. 

(60.)    Let,--^+^-^  +  ^  =  0. 
The  roots  of  the  equation 

are  1,   1,  ^{  -  1),   —  >/(  -  1) :    therefore 
y  =  €*  (c  +  <:'  x)  -^-c"  cos  ar+c'"  sin  x. 
Euler,  76.  Art.  1131. 

(61).     Let  «'^*.v  +  (^^  +  ^')?-!  +  i|=0. 

1/  =  r  cos  aor+f'  sin  aX'-{-c'  cos  ^.r  +  r"  sin  3a:. 
Euler,  /i^.  Art.  113^2. 


B93 


((fo).     Leta*y+^-^+^=0. 


dx' 


dx* 


y=  (r+^'j:)co8  ax+{C  +  Cx)mt  a  #- 
Euler,  R.  Art,  1132. 


(61)-     Let  a*y  --^=:0. 

dx* 


^  'V  i>w 


y^c  €''+c'  €-'^+C  COS  (fl  x+O. 
£uler»  /i^.  Art.  11 S6. 


(6i).     Let  a^y  ^^y  - o, 


/  ;♦  ^  r 


/^  -'  ^^ — 


:?: 


«/.**-b.«*«» 


y  s=f  £*+  « 


^ 


z:^ 


"X  ^  ^  coi  /I «  sin  -^  +  r  sin  a  J7  sin  —  ?^ 


^  ^^«co«^  JC'cos  fliT  8in^  +  C"  sin  fl:p  sin  j!^ 

=  tf  €-*  +  r/c-'^-y*'  cos  {a  X  sin  ?«•  +  r.) 
+  C,  €-««<»•  cos  (rt  0?  sin  36»+  C.). 
Euler.  /*.  Art.  1 1 36. 


} 


(6S).    Let  a*  y  +  ^- 5=0. 


(  • 


/, 


(y 


mM'll 


y  -^« 


008 


(^a.+^) 


+  r,  cos  (a  j;  -f  ^'i) 

9 

Euler,  Jb.  Art.  1136. 


(64).   Let 


AH^ 


3d 


■y     I     ^/»    +:  Cy    ^ 


c. 
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dx 

Make —-  =:  d  u  alid  the  equation  becomes 

a-^-bx  ^ 

the  solution  of  which  is  given  above.     £x*  57.  p.  392. 

(65).    Let^- 19^+ SOy  =^'co8X. 
doc^  dx 

The  roots  of  the  equation  n*— 19  114- SObsO^  are  2,  3  and 
—  5  :  therefore 

i  1  /         Ax        6\ 

+  _.  (2  cos  X  -  sin  X)  {^x-  +  "^  +  5^; 

—  —  (3  cos  j:-smap)  |x*  +  --.  +  --- I 
8x10  V  5         25^ 


12  \ 


4.  ^ (5cosjr+sinj:)f  J?*— -—  -f  77:,,  # 

7x8x26^  V  IS       lOa^' 

(cos  X  +  3  sin  x)  (^  +  r  I 


8x  100 

+  —- (cos  J?—  5  sin  j:)  I  j:—  —  I  : 

^7x8x26*^  ^\        \S^ 

the  integrations  being  performed  by  means  of  the  formula, 
f§''''  X  COS  mxdx  =: —  <  (a  cos  mx 

n/tt  .        a         dX   ,     a^'-m^      d"  X 
V  a'^ni'    dx        {a'  +  m^'j^     d  x* 

.  aid'-Sm'')    d'X,^\  m      , 

{a*  +  my       dx^  /       (T'^'m* 

^       .  ./dX  ,      2fl        rf*^ 

+  £ism^x)(— -+  .-_ 

(a*  +  my    dx^  /  > 


yfi^     t   s.d*y       8^3/   .   25^3/       28rft/    .    ,^ 

<e^.   Let  -^  -  -j^  +     ,  / j-:^  +  13y«jp. 

ax*       d^  d<v*  ax 

The  roots  of  the  equation  w*  -  8  ii»  +  23  w*  —  28  u  +14  =sO, 
are  2,2,  1,3:  therefore 

^ '^  (2-1)  (2-3) 

'^(l-2)*(l-3)       (3-2)«(3-l) 


(67).    Let  ^  -  54  ^  ~  216  ^  «  240  j/=*. 
^  ^x*  ^x*  dx  ^ 

The  roots  of  the  equation  li*— 54  w*  —  216  m  --  240  =  0, 
are  —  3,  —  3,  —  9%  and  9 :  consequently^  making  a^  —  3^ 
we  have  ^ 

6-»^  {  x*/€^ X d X --2 xf€^ X* dx  +/€^' x^ d X  ] 
y-  2(/i-9) 

€-"(A"*rfx)        Vii-y^'    .    ^fe—^xdx 


.            (a -9)            1           .         (a -9)  a 

and  since  j;^  =  --fp,  and  ^f^j-  =  -  ^. 

we  have 
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(68).    Let  ^  -  10  $^  +  62  ^  -  filO^^+iSly =*% 

The  roots  of  the  equation 

ii4_lQtt»  +  62M«— 210«  +  261s=  0 
are  2 +5  v/(-i),  2— 5  v/(  - 1),  3,  3,  or  of  die  form 
o  +  /9  v^(-  1),  o— /8  >/(—!),  a  and  a :  therefore 
_  €«'  {  xft-"  Xdx-/e-^*Xxdx  I 

.  c*^  }  g(a— g)jS'co8/9<c-r/3'-(a-a)*3/88m/8g  |/«-°*X</jcos/ 

4  (a-r«)«/a*+[Ca-a)«-/a*j«/8« 

«"'  {  g(fl— a)/3«8in/8x+  [ffl-(a— ay]/gco8j8j  |/«-°'-y</»8in/ 

4  (fl-a)« /3«  +  t(a  -  a)»  - /3» j«  i8« 

«  (f  +  c'x)  «"  +  (€  cos  5  *+C'  sin  5  *)  tH 

■*■  loi' 

(69).    Lttey-6xp.  +  Sx*pL       t*^  +  x=Q, 

ax  ax*  ax* 

dx 
Make  —  as  <//,  and  the  equation  becomes 


— ^  —  6 — ^  +  11  -^—  6v 


€': 


consequently 


+    :£■ . 

(70).    Let  -r~  +  fl*  j/es  JT,  where  «  is  an  odd  number. 
ax 

One  root  of  ii*-fa''=:0,  is  — a,  and  the  rest  are  indude4 
in  the  quadratic  formula^ 

«•  — 2aM  cos  ^  +  fl*=:0, 

where  0  :=  (2f  + 1)  -^  >  admits  of  every  J&fferent  value  which 

n 

.can  arise  from  integral  .values  of  f  • 

d  P 

If  Pb:u»  + a*,  we  have  --7-  rsnii"""',  which  becomes^ 

au 

when  wssfl  cos  ^  ±  a  v/(  -  l)  sin  Bj 

=nii— '{co8(«-l)^db^(-l)sin(«-l)^}«^±jBv/(-l): 

consequently 

.  ««*«**{  2^co8(aJ?8ing)+2g8m(aj?8ing){/«~***^'.y</jco8(a.rsmg) 

•" 3^T^5 

f-   &c. 

and  since  Assna"—^  cos  («  — 1)  fl  =  — ««"  — '  cos  p, 
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-B=iifl*-»$m(n-l)  ^sswa*^' sin^,  and 
^'  +  JB*  :^  «•  a^»--%  we  find 


c  — «* 


-        ^_,    {  cos  (^ +<J 0? sin  ^)/€-«*^«» ^ XJ j: cos  (ax sin^ 

+  sin(^  +  ax  sin  e)/^'''''''^^  JTdx  sm(flxsme  ]  -&c.  ; 

the  number  of  terms,  including  the  first,  being > 

Euler.  Caic.  Integ.  Tom.  II.  p.  1 1 89- 

(71).    Let  ---^  —  a*  j/ssX,  where  n  is  an  odd  numbe^r^ 

In  this  case 

2/  = ^^—J^-'^'Xdx 

o  _«  «  cos  *  ^ 

"^      — J- {cos(6  +  aj:8in6)/€    ""^^^^    -YrfxcosCaarsin^) 


/I /I* 


+  sin  (a  +  fl  x  sin  6)/^    «a;  cos  ^  ^r  ^^^^  ^j^  ^^  ^  ^.^  a)+  &c.  | 

where  0  = ,  and  the  number  of  terms  including  the  ftrst 

is  ^i-i.     Euler.  lb.  Art.  1192. 


(7'i;.    Let  --2.  ~  w  =  cos  X. 

'•  2/  =—  -/e-'cos  arfj:  + A*  cos  xrfx 


3^ 

4  -  I  sin  t/(fM  xy  dx— <ioa  X  ./ cot  X  sin  X  d  *  I 

9 


1 

4 


sin  X  /^      t      sin  g  jtX       cos  j?  /^,  _  cos  2  x\ 


=  re^+fc'^'+r,  sin  j;  -h  c^  cora:'+ 


«  sin  X 


(7S).    LetJS:=y+^  +  J^  +  &c +  g. 

dx      ax*  da^ 

The  factors  of 

l+u+w'  +  «'+ -f-w*  s-i — !i =  P,        « 

^e  included  in  the  formula 

1  —  2  ?/  cos  ^  -f  M*, 

—           2  iir 
where  ^  =: :  by  substituting  ti  =  cos  ^  ±  ^(  -  1 )  sin  6, 

w  +  1 
in  -— ^  and'redudng  then«fultT>y  making  rin  (^+ 1)^=^0, 

COS  (n>tf  1>^=:1  >  and  therefore  s;n  «  ^  =  —  sin  ^  and  xbar  n  ^ 
scos  6,  we  get 

^±  JSv^(-  1)=  -3(n  +  l)(l+2cos^)  ±i(n+l)  x 

aineO^geosO)    , .       ^  >  .^d  il»  +  ^  =      ^^  +  ^>',  : 
cc^sequently 

y  =s  -^      ^     e^^^sin-^Mn  1(3  0  +  2  x  sin  ^)x 
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ft--  "»  »  X  d  x  co8.(*  sin  fl)— cos  1  (8  »  +  2  4f  sin  fi)  J^ 

/€-'«•  ^  Jl'd*  sin  (x  sin  ^)| —8cc., 

making  ^  successively  equal  to ^ ,  — j^ ,  -^ ,  &c., 

w+lw  +  l     w+1 

as  long  as  it  continues  less  than  «-. 

If  n  4-  ^  be  an  even  number^  1  4-tf  is  a  factor  of  P,  and 

2 
we  must  add e'-'f^Xdx  to  complete  the  integral. 

Euler.  lb.  Art.  1194. 

(74).    Let  ^  zz  y  +  ^J^  +  ^  +  &c.  in  infinitum. 

where  X  =  a  +bx'\-cx^'+d3^  +ex^  +  &c. 

Let  t/  =  J[€'*^«^^cos  (a?  sin  0  +  0)  be  an  integral  of  the 
equation 

where  0  and  ^  are  any  angles  whatever :  then  we  have 

y  =  ia^h)  +  (*-2  r)  a?  +  (c-  8  d)  *'  +<^- *  e)  *»+&€.+» 

:=  X  ^  4^  +  ii  €'  «»^ 'cos  («  sin  0+0). 

Euler.  /^.  1198. 

/»Tr\     T   ^  V  .    «^V   .    n(n—\)    dy* 

(75).    LetJr-  =  ,  +  ^  +  -i^.^. 

I  -2.3  dx' 


/ 
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In  this  case,  the  factors  of 

1  +  „„  +  li^zil «•  +  &c,  =:  (1  +  »)" 

1    •  « 

are  equal  to  each  other  :  therefore 

V 

1  •  2»  •  *  .  •  [71  —  1  ^  C 

1.3  -^ 

1  •  2  .  3  *^  3 

If  X  =  €—',  the  integral  becomes, 

^       1.2.  a..n  ^.2.;.(n-l)  *  ^* 

+  &c :.  ..r„_iX+r»}  . 

Euler.  a.  Art.  1200. 

(76).   LetX^ll-^ii^i:!^^ 

a  I  .2a^    dx 

1  .  2  .  3  a^     ^  j^* 


.  -I .  I 


-  •  ^  — :: > 


/j*i/ 


whose  factors  are  contained  in  the  formula 

fl*— 2^x(a— I/)  cos  2  ^4-(fl— w)V. 

2  f  ▼' 
where  2^  = :  the  integral  is 


_4i>*sin^  ^tMsJAme^^ 


n 

3e 


4m 

{sm{Se-axsm2 e)/€ - «* f (^•^^  Xd x  C06  {ax  m  2^> 
+  C08(S^-a3P8ia2J)/6-«r'^^*Xrfx8inUa:$m2j9)  ]  +&c. 

putting  for  6  the  talues  -  t  .^^  — ^  i  ^<e'  iw^  long  as  thef 
contmue  l^ss  thaii  ^  . . 

If  X  be  an  even  xmmber|-we  must  add  the  integral 

If  n  as  OD^  and  a  =  li,  the  equation  becomes 

jr  =  t/-      ^y      + ^1^ *iL__+8cc.} 

*      l.e.rf*      1.2.^3,.  dx«      l.^.S.4.<fa;» 

and  its  integral,  when  6  zz-^is  indefinitely  small^  and  there- 
fore tf;r  sin  2^=:2fir  jtj  is 

y  =r  4f  4r  {  cos  (2,iwx)/Xdfc  sin  (2  iws^ 
—  sin  (2 1  «■  x)/Xd  x  cos  (2 1  «■  j?)  |  +  &c, 

omitting  those  parts  of  the  expression  which  are  indefinitely 
small)  and  putting  1,  2,  3,  8cc.  successively  for  i,  Euler.  Ik. 
Art.  1206,  1209. 

(77).    I.etX=:a  +  ^(iLl^>^.        . 

1.2     eFdx^ 

1.2.3.4....^*      '  dx^ 

.-.  P  =  (^+  uy-hja-uT 

2fl*  ' 


/ 
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and  y«  +ifL^lf£iLVf  sin  (iir  tan  it)fXdx  t:os  («  a?  tan  ^) 

n  • 

*-  cos  (a  j:  tan  B)JXd^  ^in  (^  a?  tan  ^  }  — 8u:. 
writine  successively  for  0  the  arcs  -— ,  — ,  r-~>  &,c.  as 

long  as  they  continue  less  than  ?;  the^terms  being  atterhately 

+  and  — . 

If  n  =  00^  and  a^e  n,  the  equation  becpmes 

^^  i:4^dV^I  .2.3.4^*^^ 

Since  0  is  in  this  case  indefinitely  sinaUi  we  have  cos  ^s  1^ 
and  tan  ^=d :  consequently 

-^  2=  AnipfXdx  cbs^— cos  ^/Xd«  sin  0 

—  sin  SipfXdx  cos30  +  co8  S<l>/Xdx  sin  3^ 
+  sin  5  4>/Xdx  cos  3  0— cos  3  ipfXdx  cos  5  ^ 

—  8cc.  i/;i  infinittttn. 

where  0  =  — - 
^         2 


If  ^  =  5  n/(— 1)>  we  have 

X  =:  v— ^ +   ^^ 5 — 

^    •  1  .2  .*Vx*       1  .2  .  3  .4j^dx* 

and  the  integral  gives 


&c. 


\ 


^=  e~ +/«'•' Xrfx-e+/£^+Xd« 


-  e"~'+/*^'''^''*  +  *^V*~*'''-^'^***«'  i»if^»f*m' 
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where  >/.  :==  ^4^.     Euler.  lb.  Arts.  1211. 1214. 


XL  On  the  integration  of  equations  of  the  second  and 
higher  orders,  which  satisfy  the  criteria  of  integrability. 

If  ^u  be  the  complete  differential  of  u\  and  if  we  put  x^y 
J-,,  x„  &c.  yiftf^yy^i  &c.  for  dfj?,  d'x,  d^x,  &c,  dy,  iPy, 
fy^iac,  we  shall  find 

^  _  rf^  +  d-^  -  <P^  +&c.;=0.  (1). 

dx         dx^  ax^  dx^  : 

T— —  »-r-  +  d^i ^T—  +&c.=:Oj  (2> 

rfy        ojf.         rfy«         oj^s 

the  number  of  equations  being  equal  to  the  number  of  vari- 
ables in  u. 

If  u  result  from  two  ^fices^ive  differentiations  of  «',  whose 
order  is  therefore  inferior  by  itwo,  we  shall  likewise  find 

—  2a -J h3a*-- 4^-—  +&c.=0.        (3). 

dx^  dx^  dx^  dx^ 

^-2rflfi+3d'ili-4d»lfi+&c.=0.         (4). 
rfy,  dy,  dx,  dy, 

If  u  result  from  ihre.^  successive  differentiations  of  tt',  w^ 
shall  find,  in  addition  to  equations  (1)>  (2)>  (3)^  (4), 

^-3</^+e«?^-10^1fL+&c.=0.        (5). 
dx^  dx^  dx^  dx^ 

-r Sd.^  +  erf"- 10^  --—  +&c.=:0.         (6). 

^5^.  ^^3  ^5^4  dy, 

and  so  on. 

These  equations,  which  are  denominated  equations  of  con^ 
dttiouy  were  discovered  by  Euler. 
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(78).    Let  u=xd'y—tfd*it; 


du 

• 

dx 

=y„ 

d  u 

* 

dx,' 

-0    ^"  - 

-.y^ 

du 

dy  *"* 

~"*flj 

du 

dy^ 

=  «■. 

Contequentlj 

^j?         ax,         ax, 

-; a  -r—  +  rf"^— =— Xa+d*X=:0. 

«y         dyi  dy^ 

Th^  function  t^  is  therefore  a  complete  differential^ 

and  u  =  X  dy^-y  d  x. 

(79).    Let«=5X*rf*3^+(a  +  2)x</ydx+(tfy+2;v)rfx« 

+(ax^  +  x*)</*x. 

-I 
/.  ^  =2x^,  +  (fl+2)j^,x,  +  2x,*+(aj^  +  2x)x, 

d—  =:(a  +  2)(xjy,  +^rfx)+2(ay  +  2  x)dxi 
a  X, 

^2  Xi(ady  '\' 2  dx) 
4^-r—:=:a(xd'y+2dxdy+yd'x)  +2  xc^x+2  rfx*; 

O  Xg 

--  =  a  Xj*  +  fl  X  Xo 

» 
^  j^  =  (a  +  2)  (X  dx.+x  *)  =5  (a  +  2)  (x  x,  +  x^*) 

,<i*  j^  =  2  (x  rfx,  -f  x,^)  =  2  (x  X,  +  Xi»). 
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It  i^  readily  shewn  that,  I^ j  die  $ub$titutk>n  of  these  quan- 
tities^  the  genera!  equations  (1)  and  (2)  are  ^tisfied :  and 

(80).    Let  »  ==  (a  a?  —  2y)  <f^j(— 2  iyi^  +  2adi/dx 

In  this  case,  we  shall  find 

dx         dx^  dx^ 

du       ^  jdu       ^ 
2  d-T —  =0  : 

dx^  dx^ 

dy       dy^       ,dy^ 

dyx  dy, 

consequently  i^  results  from  two  differentiations  of  u",  which 

:i:a  X  y --y^ '^  C* 

The  test  furnished  by  these  equations  is  of  -universal 
application,  but  the  laborious  operations  which  it  ^usually 
requires,  render  it  expedient  to  seek  for  other  conditions  of 
greater  simplicity,  at  least  for  those  cases  which  are  of  most 
frequent  occurrence.  Thus,  if  we  take  the  general  equation 
of  the  second  order, 

u  =  Pdx^  +  Qdxdy+Rdy^+Sd^x  +  Td'y, 

we  shall  find,  from  the  preceding  general  equations  of  condi- 
tion, whenever  u=:dt/,  that 

73       d  S     r>       ^^      J  rx       dT      dS  ,. 

dx  dy  dx       ay 
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If  S^Oy  or  if  ^  1>e  cohsfanti  the  equations  of  cmditionare 

^     dT   -do      dP  ^d'T  ... 

iJ  d=  _.  and  -^  =  ^y-   +  j-^.        (*). 
dy         dx        dy        «« 

(81).    Letu—(x*  +  xy)d^y^y*d^x-^xd^     " 

+  (2  a?  —  y)  dydx. 

d  S 
In  this  case  S=s  —  j/*  and  P=  ^—  =sO :  the  other  conditions 

(a)  are  ako  verified^  and 

!/'=(«• +0?  y)dy—y^dx  +  C. 

(82).    hemzz2 x^y^d^x^^^ — ^+6a;V^** 

X 

.  Sdu^  .   i  ^     J     f        Sydsdy 
4. i.  +  An^ydxdy  —     ^    ^ — 2  . 

All  the  conditions  {a)  are  satisfied^ 

and  i/sir  2x^y^dx  +  l^</y  +  C. 

Any  equation  of  the  second  order,  and  of  die  first  degree 
with  respect  to  d^y^  in  which  dx  1%  constant,  is  reducible  to 
the  form, 

(^P'dp  +  Qdx)d<x^ssud3if^^^ 

bj  making  dy=zpdx  and  therefore  d^yzzdpdx :  the  function 
Pdp  -^  Qdx  wilt  arise  from  the  difierentiatiM  Of  u'  ss 
fPdp'k  F"^  where  J^ is  a  function  of  x  and  y  only^  whenever 
wehaVe' 

dp^  "  dxdp        dy        difdp 


dQ,     ^       </*(2  ^  .  d»P  .  « «?P  ^     <fP 

rfj" dpi^x  "* ^S^* 7F ?"  17d^^    7^^     ' 


m 
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(83).    Let,ud3i'=:(ia>ydy+ai*ydt)tPjf+x dy-f- 

■9 
\ 

.V  P=b2  xyp+x^'y  and  (2=a:|>'+Cy+x*)p* 

The  equations  («)  and  (fi)  are  satisfied  and  therefore 

u'=fPdp  +  F  u^ 

zsxyp*+  x*yp'\-F: 

Differentiating  u^  and  comparing  it  with  u,  we  find 

dV        dV 

-—  rf  a: + -7—  dy  =y  dx  +  Sxt/^  dy,  and 

aa.*  ay 

••.  Vzzxy^^  C  :  consequently 

u'dx^zziipc  yp^+x'yp+x'jf^  +  C)  dx*. 

(84).    Let  M  =  3  ax^p'^dp'—bxdp  +  S  ax^p^dx^bpdx 

+  cxpdx+cydx. 
The  equations  of  condition  are  satisfied  and 
u*=/Pdp-{-V=:ax^p^-'t9cp+F,  and 

- — dx  +  -j—c^y^scxdy  +  cydy;   .%  F^cxy+C. 
ax  dy 

Consequently  u':^a  xi^p^ — b  xp+c.x  y+C. 

Particular  equations  of  condition  havQ  been  investigated 
for  the  equation  of  the  third  order, 

Pdx^+Qdx''dy+Rdxd''y+Sdxdy'^ 

+Tdyd''y  +  Vdy^  +  Zd'i/=0, 

and  formulae  given  for  its  integration,  when  these  condition* 
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are  satisfied :  this  subject  however  has  alteady  exceeded  the 
limits  consistent  with  the  object  of  this  work,  and  we  afe 
therefore  compelled  to  omit  them* 

XII.    On  the  Integration  of  Differential  Equations  of  the' 

second  and  higher  Orders^  by  means  of  Multipliers. 

ft 
The  equation 

y  d'y-^-Qdf-^Rdxdy+Sitx^zzO 

where  Q,  R  and  S  are  functions  of  x  and  y  only^  is  integrable 
when  multiplied  by  the  factor, 


(/Tdx  +  3d9) 

%    11  € 


where 


dx*  dx  dy  dy        dy*      dxdy 

ik.^ii — ' "' 

dy  dx 

if  the  following  equations  be  satisfied  1 

1st,  —  5=  -ife  and  therefcMTe   Tdx  -i-  Qdy  intigraUe 
per  Si. 

2d,  Qs  + 1^  =f(k^T)  +  iJ^^iI. 

dy  dx        dx 

(85).     Let  X*  y  d"  y+2  x^ dy^  +  (fi  x+3  xy)  dxdy 

'  •  ^     T.»  ^^ '  9   ^  ^  -af  consequently 

y  xy       .         X*  ^         ' 

r=  -,/(r</x  +  Q(iy)=loga:*y*and;ra:jr»y«- 


3  F 


^^'/    :  c 


7 
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Multiplying  the  equation  by  j^y^  and  integrating  a*  iit 
Ex.  8S|  and  84,  we  find 

(86).    Required  the  factbr  necessary  to  make  the  equation 
d*y  +  Adydx4-Bydx*=,  XJx^ 
integrable/7^r  jr. 

^  y  Make  p^  =  pdx  and  multiply  by  V  xsf{*)\  then 


y 


have 

Vdp^-AVpdx-^-BVydx^V  Xd9t\ 
the  integral  of  whicb^  by  the  method  in  p.  408,  is 
Vp^S^fVXdx:  consequently 

dS=-^pdV-\-Arpdx+Bryd* 

dr> 


=  dy(A  r  -  IT)  +  B  Tj,  ds, 

which  is  integrable^  when  F'=  €*•,  which  gives 

S  ss  {A  —  a)  ^  y^  if  we  likewise  have 
(^— j)a  =  JB  or  n*— !^<jr  +  B=0. 

We  thus  get  the  first  integral  of  the  equation,  which  ia^ 
making  A^assb, 

dtf^-hydxszc^'dxf^Xdx^ 

which  is  linear  and  of  the  first  order :  consequently  multi- 
plying by  6*',  where  b  is  the  second  root  of  the  equation 
a^'-Aa^BzzOy  we  find 

y  =  JL_  €--/e"  J^dx+      ^  .     c-**  A*'  X  dx. 

Euler.  Qak,  Inte^.  Tom,  II.  Art.  865. 
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(87).    LetX-Jy+Bx^+  Cx-^^^Dji^^.  («> 
^     ^  ^  dx  J^*  dx^ 

Let  the  factor  which  renders  the  equation  integrable  pir  se^ 
be  x^ :  suppose  the  integration  performed,  and   we  get 

differentiating  this  equation,  dividing  by  x^dxy  and  com- 
paring the  result  with  equation  (a),  we  find 

C  =  (x  +  3)C'+B' 

D  =  (\  +  4)  Z^  -h  C = C' :  consequently 

(\  + 1)  (x  +  2)  (\  +  3)  C'=(\  +  1)  (\  +2)  C-(.\+ 1)  B  +  ^ 

<^+l)(x  +  2)(\  +  3)(\  +  4)Zy=(x+l)(\+2)(A  +  3)D 
-(\  +  l)(A+2)G  +  (\-|-l)  B-iissO. 

If(x+l)(A  +  2)(\  +  3)D--(x+l)(A  +  2)C  +  (A  +  l)B-^ 
=  D  (\— /i)  (x-^)  (A— <:)  =  P,  then  a^,  a:*,  z', 
lUre  severally  the  factors  required. 

If  we  divide  equation  (/?)  by  o^  +  %  we  get 

mn  equation  similar  to  («)  in  form,  but  whose  dimensions  are 
inferior  by  unity. 
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If  we  treat  equatipn  (7)  in  the  same  manner  as  (a)  we 

\ 

shall  find  that  the  values  of  \,  in  the  factor  x  ,  are  determined 
from  the  equation 

.    Q=(\4-l)(x  +  2)C'-(A  +  l)5'-f-^'=:0, 

which  results  from  the  division  of  P  by  A  — a  :  consequently 
QcsJD  (Xt-^)  (\  --  f)  :  ai|d  the  factors  are  x*  or  a^.  We  thus 
get  the  equation 

x-*-!/^  X'dx^X":=A"y^B"^^^,  (S). 

ax 

which  is  of  the  first  order  ;  a  similar  process  will  give  us 

x-"'^fx'X"dx  =A"'y  =Dy  («). 

=  x-'-^/x'-^-'dx/J^'x^dx 
:=zx-'-''fx'-^-'dxf3tf-''-'Xdx\ 

9T  D  xy  :=. ^ + s^ - 

x-'fx'X  dx 

If  X=0,  the  equation  becomes 

the  denominators  being  included  in  the  arbitrary  constants 
C,  C,  C". 

It  is  evident  that  the  same  method  of  investigation  may 
be  pursued,  whatever  be  the  order  of  the  original  equation. 

This  very  elegant  process  is  given  by  Euler*,  who  has 
developed  the  complete  integrals,  when  any  number  of  the 
roots  of  P  =  0,  are  equal  or  imaginary. 

The  same  illustrious  analyst  by  the  research  of  factors  of 
the   form   Pdx+  Qdy,   P  dx""  +  Rd  x  dy  +  Qdy\   &c. 


*    Cak,  Inter:.  Tom.  II.  Ar(.  1226. 
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where  P,  Q,  R,  &c.  are  functions  of  x  and  y,  has  succeeded 
in  the  integration  of  several  equations  of  the  second  order, 
which  resist  all  other  methods :  we  shall  subjoin  two  or  three 
of  the  most  remarkable^  omitting  all  detail  of  the  processes  of 
deducing  them,  which  do  not  admit  of  any  material  abridge- 
ment. 

(88).    LetfH  +  2dj,(i+^) 

m 

n{n+\)ydx  ^^ 

/!*  +  *• 

The  multiplier  is 
and  the  integral 


5 


Euler.  /*.  Art.  89S. 


n-l 


(89).    I»et2ayd'y—i^ady*-}f-^^dx^{l+x*)^    ssO. 
The  factor  is  ^^  +  li±^)ly ,  and  the  integral 

ad  X*       2  axd X  dy       a  (1  +  x^)  dy* 

y*  y"  if* 

7Z4-1 


Euler.  Nov.  Comm.  Petrop,  Tom.  VIL  1761.  p.  17S. 


ST       Ml                Avdx^  ^ 

(90).    Let  rf*  w  H .  ■     ^    •^. r- — TT  =  0, 
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The  factor  is  2  dy(a+2  bse  +  cx^)  —  2ydif(^b  +  cs) 
and  the  integral 


e(fl+2bx+cx^+ey^) 
If  the  equation  be  —^  +  2-_.  —  o, 

the  first  integral  is 

^dy^^  2xydy  J^  ^  ^. 

dx*  dx  ^        x^'  +  y^ 

if  we  make  yssiux,  we  shall  find 

dx  du  V(l+M') 

where  the  variables  are  separated.     Euler.  Opuscula.  Tom.  I. 
p.  82.  Ccr/r.  /«/^^.  Art.  906. 

(91).    Let  y*d^y  +  ydy^=:axdx^: 
The  factor  is  Sydy^--Sax dx^,  and  the  integral 
y^df'-'Saxy^dx''dy'{-afdx^'\'Q:'x^dx^zz  Cdx\ 
Euler.  Nov.  Comm»  Petrop.  Tom.  VII.  p.  IQO. 


On    the    Integration  of  Simultaneous    Deferential 

Equations. 

(1).    Let  the  simultaneous  equations  of  the  first  order  be 

.Y  fi  X  +  Bdij-hiC  x+  Dij^d  t  =  T  d  t] 

J'dr  +  B'dy  +  {Cx  +  D  ij)di  =  Tdti        ^"^* 
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where  A^  A\  B,  B',  C,  C^  D  and  D^  are  constant  quan- 
titieS}  and  T  and  T^  are  functions  of  t. 

Eliminate  d  y  and  d  x  successively  from  these  equations 
(a),  when  we  get 

d»  +  (ax  +  by)dtss  edt\ 

03). 


d^ 


'\'(a'x'\-b'y)dt=:e'dtf' 


Multiply  the  second  of  these  equations  by  m,  and  add  the 
result  to  the  first :  assume  m^  and  m^  to  represent  the  two 
values  of  m  iu  the  equation 

h  +  b'm 
a  +  a^m 

and  make  tf+^'^i^^iy  fl+//wi«rrr„  6+m,  ^a±Ft 

and  ^  +  iw,  6'  =  F^)  then  we  have 

jr-|-w,y«€~V  f/€V  V.dt-^^C^  } , 

from  which  the  functions  of  /  which  are  equal  to  or  and  y  may 
be  found. 

(2).    Let 

Adx^9dy  +  (^^^x-\-4iQy)dttstdt 


8  dfx+7  rfy  -f-O*  x+38y)  d 


tsse'dt) 


.'.  dx+{Sx  +  y)d /=(7 /— 9 eO dty 
dy+(i>x  +  5y)dt={4,^—3t)dt)' 


OS). 


If  01  B ..     -    "* ,  we  find'm,  =  l,  and  m,—  —4,  and 
5  +  m 
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Consequently 

y  =4r.«-«'  +  r,€-'  + --£'——/+  --,         (7). 

7  3         y 

If  the  two  differential  equations  (a)  for  (/?)  correspond  to 
two  curve  surfaces  whose  co-ordinates  are  x,  y  and  /  respec- 
tivel^}  the  equations  (y),  {^),  are  those  of  the  curves  resulting 
from  projecting  orthographically  their  common  intersection 
upon  the  planes  of  yt  and  x  t. 


(3).    Let  dx  +  {5x  +  y)  dt  =  t' di 
dy+(Sy'-x)dt  ts  e^'d 


')■ 


In  this  case,  we  find  m  =  -^ ,  and  therefore 

5— m 

iw,  =:  7w,  =  1 :  we  thus  get 

J  Jit 

x+y  zzct-*'  +-  +  ■-: 

O  D 

Find  the  value  of  x  in  terms  of  y  and  /  from  this  equa>- 
tion,  and  substitute  it  in  the  second  of  the  two  differential 
equations,  and  we  find 

dy  +  ^ydt^c€-**dt  J^^AL  4.  l£!Jl^ 

5  6 

and  /.  V  =  ^^ — '  A h  - —  . 

^  6*'        ^  25  ^   36 

(4t),    Let  us  take  the  linear  equations  of  the  second  order, 
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2  d^ X   ,  dx   .        .  d^v   .  dv  ^ 


Make  x=€*",  and  y^a^*:  we  thus  get 

2  w*  +  m  +  1  +  a  (fw*  +  w  +  1)  =  0; 

Eliminating  a,  we  get  the  equation 


w*  +  m  +  1  +  a  (fw*  +  w  +  1)  =  Oi 
i*  +  96m-9  +  a(w*  +  50wi  +  16)=o// 


The  values  of  w»  are  1,  2,   —  3,    —  4,  and  the  correspond- 

,         c            -4—11-16        J  -29 
ing  values  of  a  are ,  __.  -  ,  and :  conse- 

^  3  7  7  IS 

quently 

» 
4       ,       11       ,,       16       _,,      27     ^_^' 

^  3  7  7  Id 

(5).    Let  us  take  the  three  linear  simultaneous  equations 
of  the  second  order ; 

2d^x       ISdx  .    ^^         Sd^y    ,   Sdy 
dt^  dt  df  dt 

Ar^  .      ^2  Sdz      .      ^  ^  ,-v 


—  H ; —  —  254  X -^  +  — 

dt*^     dt  df     ^  dt 


H-  2501/  4-  ~  +  ^-^  -  36  z^O.        (2). 
I  ar  at 

Sg 
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+  130i/.-|^^+H^-  182«0.        (S). 


f/3(w*  +  17w-36)=0,V. 
l-.iS(w»-13m+18)aso3 


Make  J?  r=  €%  j/=:a6*»',  z=fi^^f  whicJhgive 
2iw*— 18in  +  58  +  a  (3m«  +  3  wi-48)  +/3  (iw*-3  i«  +  2)=0, 

m*  +  43i»-254j-o(23i«*— m-250)+/3(i 

3m*+l  1 1*1-  128-a(l2i«*— 2iw- 130)-/S(w»-  13m+18)i 

£Kminate  a  and  /3  from  these  equations  and  we  shall  find 
iii«-7wi*  +  7m*  +  35>/i»-S6i»*-28  wi  +  48  ==  0. 

The  valued  of  m  in  this  equation  are 

1,  2,  3,  4,-1,    -  2, 

from  whence  W6  find  the  values  of  a,  which  are 

h  1,  S,  --  1,  2,  3, 
and  of  fi  which  ate 

1,  2,  1,  -1,  3,  2r 

consequently 

z  =i:,  6*  +  2  c,  €«  +  r,  «'*  -  r,  €«  +  3  rj  65*  +  2  re  €  -  ^ 
Paoli.  jB/«».  £? .  -rf/g.  Tom.  11.  p.  236. 

(6).    Let  iAx  +  By  +  C)dt^  +  A^d^x  +  B,  d'y=0| 
{A'x  +  B'y  +  C)dt^  +  J,'d'x+B,'(r'y=zO) 

Eliminate  d*  y  and  rf*  x  successively  from  these  equations, 
when  we  get 


{ax  +by  +  c)dt''  +d''x  =0 
{ax+  b'y  +  c)dt^  -r  d^y 
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Multiply  the  second  equation  by  m^  add  the  result  to  th6  firsts 
when  we  find 

C.         a+am         a-^a  mj 

Make  m  = r—  ,  and  u^x  +  m  j/  +  — 7— r — ;  con- 

a  +  am  a+am 

sequently 

{a  +  a'm)udi^  +  d^usiO. 

If  we  make  a  4-  a'  ms  — i%  we  shall  find 
If  i7f  I  and  19^.  be  the  two  values  of  m,  we  harei 

.  .  c  '-\-  c  m^  ^»g  ,        __fc« 


-  (3  ^  +  4y— 3)  </<•  :??  00 
+  (a.  — 8y  +  5)dt^=:0  > 


(7).    Let  c?  J?  -  (3  a?  +  4  y— 3)  </<•:«  0, 

The  values  of  »i  are  —1,  and  —  4  :  and  therefore 


X  =zi  +4c,€^  +4^,6-*'  — 3^,e^^.7*-r,€v^7/^ 


(8%    Let(25a:  +  36y— 7S)i/if*-lld*a:-8£i»i/=0 

Eliminating  d*'y  and  d*a:  successively,  we  get 
d*  r- (3  ^  +  4 y  -  3)  J<*s30i 


D- 
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In  this  case,  we  find  mi^M^=2:  consequently 

In  the  second  of  the  given  equations,  substitute  for  x 
its  value  derived  from  this  equation,  and  we  get 

d^y  —  ydt*  +  (18  +  c,^  +  C^€-')dt*:s:0, 
the  integration  of  which  gives 

4 

It  would  occupy  too  much  space,  if  we  were  to  attempt 
to  exemplify  all  the  forms  and  cases  of  simultaneous  equa- 
tions which  admit  of  integration,  which  is  less  necessary  as 
the  methods  generally  resolve  themselves  into  those  which 
have  been  given  before  for  the  integration  of  linear  equatiqns ; 
the  subject  however  is  of  considerable  importance,  as  such 
equations  frequently  occur  in  the  solution  of  dynamical 
problems. 


On  the  Integration  of  Differential  Equations  by 
Series  and  iy  Approximation. 

(1).     Let  dy+t/djc  =  ax^ d x,  in  which  x^sc,  when y =6. 
Assume 

where  if=x  — r,  and  therefore  x=r-f  ^ 
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Substituting  for  y^  dy  and  oc^  in  the  original  equation 
and  equating  corresponding  coefficients^  we  find 

a  =1, 


B^ 


^3 


2.3 

(2).    Let  dy+xJy—tnydx=0. 

Making  the  same  assumptions  as  in  the  last  Example^  we 
find 

I   ■  c+iS     (^+  ir^     ' 

=  C  (1  +  .»)"•. 

(3).    Let  fP^  +  tf  ^^-^flfa^^s  0: 
Assume 

y:=  Ax    +  Bx        -h  Cx  +&c. 

Substituting  the  value  of  y  and  £2^^^  in  the  equation,  we  find, 
by  a  comparison  of  the  terms  of  the  result,  that  we  must 
make  a=:0  or  az=l,  and  also  h=zm:  from  these  two  hypo- 
theses we  deduce  two  series  for  y,  which  combined,  furnish 
the  complete  integral  of  the  equation :  er 


x^  a«  A?'** 

-  + 


i)m       1.2  .(m-l)C2  w-l)m' 

+  &C.  ^ 


1  .  2  . 3 .  (»i  —  1 )  (2  «i  - 1 )  (3  m  -  1 )  la- 
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t        {m  +  l)m       1.2    (»»+l)(2»»+ 1) 


M* 


fl^!i:!l_____ +&C  "^ 

1  .2  .  3  .  (w4-l)(2m  +  l)(3iw+l)iw'  *i 

Euler,  Calc.  Integ,  Tom.  IL  Art.  931. 

Mr.  Spence,  the  author  of  an  Essay  on  Logarithmic 
Transcendents,  has  deduced  the  same  solution  of  this  equa- 
tion, by  means  of  his  General  Series  for  the  integration  of 
linear  differential  equations  of  the  second  order,  of  which  it 
affords  an  easy  and  satisfactory  exemplification  :  he  has  ap- 
plied the  same  method  to  several  other  cases  of  the  general 
equation,  which  have  been  considered  by  Euler,  where  one 
or  both  of  the  series  for  y  fail,  in  consequence  of  involving 
terms  which  are  infinite :  the  Memoir,  in  which  this  method 
is  explained,  may  be  seen  amongst  the  Posthumous  Works*" 
of  this  original  and  able  Analyst,  which  have  been  arranged 
and  published  by  Mr.  HerscHel. 

Both  the  series  for  y  fail,  when  fw=(0);  in  this  case  the 
equation  may  be  integrated  by  the  method  given  in  Ex.  SS. 
p.  3S4,  which  gives 


y 


^^,4Wa--)^^^^->/(i--). 


1 

which  becomes,  when  a  -=:  -  ^ 

If  m  =  -  ,  where  i  is  a  whole  number,  the  first  series 
i 

falls  and  the  second  when  m=  - — :  :   in  both  cases,  assume 

t 

y^p  +/:?  +  ?  log  A  =;?  +  gr  log  C  .r, 

where  q  is  the  particular  integral  of  the  equation,  furnished 


Spence,  Mathematical  Essays^  p.  315.   1819. 
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by  that  series  which  does  not  fail :   the  substitution  of  this 
Ualue  of  y  in  the  original  equation  gives  the  equations, 

d^q  +  aqj^-^dx^—O,  (a.) 

,,  9,dxdp       qdx^  «a     2  .  •     rv     //^v 

the  second  of  wkich  will  determine  the  value  of  p  by  means 
of  a  series.    Euler.  3.  Art.  934. 

(4).    Let  J*y  +  ^^^^  =0,  where  w=  !• 

In  this  case 
a  ^  jf  <x + . +  &c.  5- 

The  equation  to  determine  p  is 


rf 


>  +  i^^  L+lf  =,0. 


dx*      xdx      JT*        X 
Assume 

p  =  4  +  B  J?  +  C  ;ff*  +  D  A^  +  &c. 
and  we  shall  find 

2'  P.2»'  1».2'.3» 

making  £  =  0;  and 

^sj^+rjr  +  jr  log  X. 

Euler,  iJ.  Art.  935. 

(5).     Let  d'y  +  ^ =.  0,  ^where  tw  =  —  -  . 

If  y=p  +  ^3'  +  ^  log  r,  we  find 
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^  C  1.3  1.3.2.4 


64  a'  _a  .  o 


1.3.2.4. 3  .  5 
The  equation  for  the  determination  ot  p  is 

s  ^ 

^.^  ^  2dxdq  _  gdx^  ^  apd_3^  ^  ^ 

we  shall  find 

T'      ""4  a**      ■"  1*.S* 

TV      100xl6a»^    o       T  Tj    /^ 

^=TTT-Trr--rr— rr*  &C.  if  B=0. 

1*  .3*.  2'.  4* 

Euler.  /6.  Art.  938.      . 

,  (6).  Let  d^  y—c^  x'^y  dx'^zizO^  which  is  the  same  equation 
as  in  Ex.  3. 

Make  y  =z  qe  *^  =  ^c  »"  +^ ,    when    the    equation 

becomes 

d:^q'{'2  cardxdq+mcx*^--'  gdx'':^0.  (fi.) 

If  we  assume 

and  make  a=0  and  a  =  l,  successively,  we  shall  find 


^  C.  ;w  (/«+l)        1.2. 


m  (2  w +  !)(«!+  ly 


w  (3  m  +  2)  (5  ffl  +  4)  ^  3:^"*  +  ^ 
1.2.3.  7w(2m  +  l)(3m  +  2)(fff-f-l)3 


+  &c 


■] 


/ 


425 

L  (»i  +  2)(wi  +  l)  "*"  1  .2(/w  +  2)(2/w  +  S)(m  +  iy 

_        {tn  +  g)  (3  m  +  4)  (5  w  +6)  g»  ar^"*  +  ^         4-  &c  i 

If  we  make  iw  =  —  2  a,  the  equation  becomes 

and  we  find  y-nq/^^izqxe        ^  ^•^     : 
if  we  assume 

qzzAx'^^'  Bx^^^^  +  Cx^^-^  +  Dx^^""^+  &c. 
and  determine  q  from  the  equation 

d'q  +  2cx'^^^dxdq  --  2  \ c x'^^^'^^ q d x^  zz 0, 
we  shall  find 


=  ^p- 


x(A-l):r^^     ^ 
2(2\— l)r 


\(A-1)(3X->1)(3\^£)  ^5>.-2 

2.4(2A-l)»r» 


x(\-l)(SX-l)(3\~2)(5\-2)(5\-3)x 


7\  — 3 


—  +  &c.  I . 


2.4.6.  (2 A- 1)V 


The  last  series  is  finite  whenever  a  = •  or  w  = 

2i±l* 

2  i 

:  in  all  these  cases  therefore  we  derive  from  it  a  par-^ 


2i±l 

ticular  integral  of  the  equation,. in  finite  terms. 

If  we  denote  those  terms  of  this  particular  integral,  whiclr 
involve  the  even  powers  of  ^  by  P  and  those  which  involve 

3  H 
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the  odd  powers  of  r  by  r  Q,  we  shall  find  the  complete  in- 
tegral or 

c  Jf , 


2\-l 


since  c  must  have  a  double  sign. 

The  integrable  cases  of  the-  equation 

depend  upon  those  of  the  equation  of  Riccati :  for  if  we 
make  y=€-^«*',  we  find 

du  +  u*dx  =:  c^s^dx^ 

which  is  integrable  whenever   «  =  —  --; ^ .     Euler.  lb. 

Art.  944. 

(7).    Letrf*y— c*x— *ydx*=0: 

In  this  case  x  =r  1,  jf  =  Ax^fpdx  = ,  PizXy  and 

(2  =  0. 

.-.  y  =  j  Ae—^  +  A'e'  \  X. 
Euler.  /*.  Art.  946. 

(8).    Let  d'j/— f^i^  o:'"'^  djr"  =:  0  : 

r.Xzz-^,  q  =  J  (x^  "  ^Jyfpdx-Scx^, 

P  =  ri,  and  Q  =  r^ :  consequently 

3  f. 
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Ifr»=-*«,  we  find 

yss(A  cos  3  ixi  +  A'  sin  Siai)xi 


+  —  (J' cos  3  ixi- A  sin  Sbx^). 


Euler.  Ih.  Art.  947. 

(9).    Letrf*y  +  **t/ar""T^yda:*=0, 
•'•  y=  (^^  -■  z^j  {A  cos  5  ft  jr"*'-f^'  sin  5bx^) 

+  7-7^^"^  (-^'  cos  5  6  x^-^A  sin  5  6  x'*'). 

Euler.  iJ.  Art.  9^9. 

(10).    Let  x^{a+bx^)d^y  +  x(c  +  ex^)dxdy 

If  we  make  j:"  =  2;,  this  equation  becomes 
z*  (a'^bz)d''y  +  z{c'+e' z)dydz'\'(f+g  z)ydx*=:0;    (y). 

we  may  therefore  confine  our  attention  to  those  cases  of 
equation  (J3),  in  whidh  /is  i. 

Assume 

2/  =  Jf^*  +  J5x'^+VC^'^+^  +  &c.; 

and  substituting  for  y,  dy^d^y  in  the  original  equation  (/d)^ 
when  nsl^  we  shall  find  A  indeterminate,  and  that  a  must 
be  determined  from  the  equation 

a(a-l)fl  +  ac  +  /=0:  (S> 

the  two  values  of  a  furnish  two  series  for  y  which  combined 
furnish  the  complete  integral  of  the  equation. 
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One  of  these  series  will  terminate,  when  we  find  that  in 
addition  to  equation  (3)>  we  also  have 

(«  +  0  (a  + 1  —  1)  *  +  (a + 0  ^  +ir =0.         (€). 

Euler  by  different  transformations  of  the  equation  (fi)^  and  die 
theory  of  multipliers,  has  found  9  different  cases  in  which  this 
equation  admits  of  complete  integration  in  finite  terms*. 
The  same  subject  has  also  been  completely  discussed  by  the 
German  analyst  FfafF,  who  has  generalized  some  of  the  inte- 
grate cases  of  Euler  f. 

The  integration  of  differential  equations  by  means  of 
s^eries,  of  which  we  have  given  several  examples,  will  likewise 
be  a  method  of  approximation,  when  those  series  are  con- 
vergent, at  least  for  those  values  of  the  independent  variable, 
which  come  within  the  limits  of  the  calculation  :  this  how- 
ever is  not  always  the  case,  and  the  series  rarely  admit  of 
such  modification,  as  may  increase  their  convergency. 

Methods  of  approximation  were  made  use  of,  even  in  the 
very  infancy  of  the  Integral  Calculus,  particularly  by  the  two 
Bernoullies,  and  Taylor,  which  principally  depend  upon 
what  has  been -termed  the  geometrical  construction  of  differen- 
tial equations  :  however  elegant  some  of  these  methods  are, 
they  cannot  be  considered  as  a  substitute  for  the  processes  of 
exact  calculation. 

Euler  has  given  methods  of  approximation  dependent 
upon  the  series 

^  1  J  .2  '  1  .2.3  ^ 


*  Inst.  Calc.  Iriteg,  Tom.  II.  Cap.  VIII.   Comm.   Petrop,  Tom. 
XVII.   1773. 

f  Disquisinoncs  Analuticct,  HelmsleL   1797.  p.  135. 
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where  A,  -i„  A^  A^  &c.  are  the  values  of  ^,  --^ ,  ---^ ,  &c. 
^  ax     ax* 

when  r  =  ii,  and  where  two,  three  or  a  greater  number  of 
them  are  considered  as  arbitrary,  according  as  the  differential 
equation  is  of  the  first,  s6cond>  third  or  a  higher  order."*" 

(II).    Let  dy=dx  (x^  +cy)y  and  suppose  t/= 6,  when 
X  =  a  ;  then  we  have 

A=zb 
ax 

dx""  dx  ' 

^  =  7t  (»-  1)  x^-'+cpL,  ,-.  A,  =  n  (n-  1)  /I*— 
dx^  dx* 

Consequently, 
y:=,b^(a*  +  cb){X''a)  +  {na^-'+ca^  +  c^b)^^P^  +  &c. 

If  we  make  j?  — ^i=A,  a  very  small  quantity,  we  shall  find 
y=:b',  when  x^a+h  or  a' ;  these  values  may  be  substituted 
again,  and  a  new  value  of  y  =  //'  corresponding  to  *=fl'4-A 
or  a" J  may  be  determined  :  it  is  evident  that  the  same  pro- 
cess may  be  continued  as  long  as  we  please.  Euler.  Calc. 
Integ,  Tom.  I.  Art.  661. 

u  d  x^ 
(12).    Let  d'y  +  ^ =  0,  supposing  that  y  :=  b,  and 

—  =:r,  when  x  :=.  a  \ 
dx       ' 


■  / 


-»     -A 


430 

ax'  ^x  e  a 

dy 
<Py      ^        dx         ,     .        h'-ac     ^ 

Consequently, 

^  ^  a^    1.2  ^/i*      1  .2.3 

Making  a: — azzh,  a  small  interval,  and  a:=:a'=fl  +  A,  we 

find  v  =  b\  and  -r^  =  r".  and  so  on  by  successive  substitu- 

^  dx  ^ 

tions,  we  may  find  an  approximate  value  of  y  for  any  given 
value  of  X.     Euler.  3.  Tom.  II.  Art.  1098. 

This  method,  however,  though  of  easy  application,  fre- 
quently fails  in  giving  the  approximation  to  sufficient  accu- 
racy, in  consequence  of  the  accumulation  of  errors,  introduced 
after  each  operation :  it  fails  entirely,  when  any  one  of  the 
\  coefficients  -4„  A^^  A^y  &c.  becomes  infinite  or  extremisly 
large,  for  any  value  of  x  employed  in  the  process  of  approxi- 
mation* 

Lagrange  has  attempted*  to  remedy  these  inconveniences 
by  expressing  y  in  terms  of  a  continued  fraction :  this 
method  has  the  advantage  of  always  terminating  when  y 
is  expressible  in  finite  and  rational  terms,  and  leads  in 
general  to  a  certain  and  frequently  rapid  approximation  :  but 
the  equations  from  which  the  quotients  as  terms  of  the 
continued  fraction  are  obtained,  become  very  complicated 
even  in  the  most  simple  cases.  The  integrals  of  some  equa- 
tions which  he  has  expressed  in  this  manner  lead  to  results  of 
uncommon  elegance. 


■'•    Mewoirca  dc  Berlin.   1776.  p.  250. 
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The  method  of  approximation  which  is  commonly  called 
that  of  successive  substitutions^  combined  with  the  ordinary 
processes  of  integrating  linear  and  other  equations,  is  that 
which  admits  of  the  most  extensive  and  important  applica- 
tions :  it  is  this  method  that  is  so  much  employed  in  works  on 
Physical  Astronomy,  in  which  alone  it  can  properly  be 
studied. 


V 

'  On  Partial  Differential  Equations. 

In  a  subject  of  such  difficulty,  as  the  integration  of 
partial  differential  equations,  it  would  be  useless  to  multiply 
examples  to  any  great  extent,  unless  they  were  accompanied 
with  the  principal  steps  in  their  solution :  we  are  compelled 
therefore  to  omit  the  exemplification  of  several  important 
parts  of  this  subject,  or  at  least  to  notice  them  in  so  slight 
a  manner,  as  to  serve  rather  as  a  guide  to  the  student  in  the 
course  of  his  reading,  than  as  furnishing  the  materials  from 
which  a  perfect  knowledge  of  the  theory  may  be  obtained. 

A  considerable  number  of  examples  with  their  solutions 
have  been  given  by  Mr.  Herschel  in  Note  0,  to  the  Trans* 
lation  of  Lacroix. 

I.     On  Equations  of  Total  Differentials,  of  the  form 

Pdx  4-  Q^dy  +  Rdz  =0, 
which  satisfy  the  criteria  of  integrability. 

T       ydx   ,  xdy    ,  xydz       ^ 
(1).    Let  2. —  H-  — ^  +  r^— ^  =  ^• 

In  this  case,  we  have 

dP_dQ_      1  dP  _dR_ y 


^dy       dx       a  -^ z^    dz        dx       (a  --  zf^ 


consequently, 

f{Pdx  +  Q.dxj) 


dQ_dR_       T 

dz   ~  dy       {a  ~  z?' 
;idering  :  as  constant,  we  have 


.  +/(:)=v  +  Z; 


-<{'^'^^ 


f' 


x/K  +  j  +=M  ''+'• 

Considering  z  in  the  first  place  as  congtanl,  and  proceeding 
as  before,  we  find 

■  V  li'  + !(■+!■!  +tan-'i +i'  =  C. 


II.     When  the  equation 


(•)■ 


does  not  satisfy  the  criteria  of  integrability,  but  may  be 
made  to  satisfy  them  by  means  of  a  multiplier,  which  can 
only  be  the  case,  when  the  equation  of  condition 

p  (ladRi  ^  „  (rfs    jpi 


tail       tlx  f 


m 
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0 
Or,  if  the  equation  (a),  is  reduced  to  the  form     ,     ^  < 

dzzzpdx+qdyt  (7.)        ;?/..0 

the  equation  of  condition. becomes  '    ' 

from  which  the  equation  (/3)  may  be  readily  deduced,    .r      '     ' 

For  it  is  evident,  if  2;  be  a  function  of  x  and  y  considered 
as  independent  variables,  that  the  second  member  of  equa- 
tion. (7)  must  be  a  complete  dinerential :  and  the  equation 
(3)  is  the  expression  of  that  condition,  p  and  q  being  con- 
sidered as  functions  of  z,  x  and  y. 

The  process  of  integration  is  to  consider  one  of  the  three 
variables  as  constant,  and  to  apply  the  rules  of  integration 
which  are  given  for  equations  of  two  variables. 

(3).     Let  dx(y  -{-  z)  +  dy{x  +  z)  ^  dz(x  '{'y)s:  0: 

The  equation  (13)  is  satisfied  :  make  therefore  z  constant^ 
and  we  have 

dx(y  +  z)  +  dy{x  +  ^)  =1  0, 
or 


X  +  z     y  +  z 
therefore 

log  (x  -^  z)  +  log  (y  +  z)  =/(2), 
or 

(X  -{-  z)(y  +  z)=.  Z. 
Differentiating  this  equation,  we  find 

dx(y  +  z)  -{-dyix  +  z)  +  ^Z^;  (j7  +  y  +  2;?)=:rfZ; 

ccKisequently        "  ^    ^  ^ 

dZ  =  22  rfz,  and  Z  =  «*  +  r  : 

3  I 
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we  thus  get 
<Z-        (*  +^)  (y  '\'  z)  =i  z^  +  Cf  or  xy  +  X  X  -^  y  z  SI  f. 
Euler,  Cole.  Integ,.  Tom.  III.  Cap.  1.  Art.  12. 

(4).    Let  rfdT  +  rfj/  +  ^z  +  (a^  +  y  +  z)dz  =0, 
therefore,  a:  +  t/  =/U)  =  Z :  consequently, 

dZ  +  Zdz=i'^  dz  —  zdz. 
therefore 

or 

(a:  +  J/  +  2;)  *'  =  ^. 

(5).     Let  2rfj?(j/  +  z)  +  dj/C*"  +  Sy  +  2z)  +  rf«(x  +y)  =0  : 
therefore 

(^  +  y?  (y  +  z)=z  c.    Euler.  /*.  Art.  1 1 . 

(6).    Let  dx{ay  —  hz)'\'dy{cz  —ax)  '{'dz{hX'^cy)ssO^ 
therefore 

^^"~ — ?  =  f.        Euler.  lb.  Art.  IS. 

Other  examples  are  given  by  Euler^  which  are  remarkable 
for  the  artifices  of  analysis  which  they  exhibit. 

IIL     When  the  equation  (/3  or  I)  is  not  satisfied. 

In  this  case,  the  second  member  of  the  equation 

dz  Tz^p  dx  4-  q  dy^ 

is  no  longer  a  complete  differential,  unless  we  cease  to  con- 
sider X  and  y  as  independent  variables^  and  assume  one  of 
them  equal  to  an  arbitrary  function  of  the  other ;  it  then 
becomes  an  equation  between  two  variables,  and  may  be  inte- 
grated by  the  ordinary  processes  for  such  equations.  j 


'X 
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The  integral  will  thus  be  exhibited  by  a  system  of  two 
^  equations^  which  are  necessarily  indeterminate,  as  they  both 
involve  an  arbitrary  function. 

As  the  integral  in  the  former  case  might  be  considered 
^  as  the  equation  of  a  determinate  curve  surface,  so  in  this  case 
it  may  be  considered  as  the  equation  of  an  infinite  number  of 
curves  of  double  curvature. 

4 

(7).     Let  d z  ^aydx-^  ^dy. 

The  equation  of  condition  is  not  satisfied  ;  assume  there- 
d  X 

fore  y  «=  -j —  =  X\  where  X  is  an  arbitrary  function  of  x ; 
dx 

therefore 

dz  ^  aX' dx  ^  hdX'y 
and 

The  system  of  equations 

y  Bs  X'  and  «  =  a  jr  +  4  X', 
constitute  the  integral  of  the  proposed  equation. 

(8).    Let  asdx  +  j^rfy  +  J/ Jjr  =  0. 
Make  y«s=  X,  and  we  shall  find 


(9).     Let  df2^  =  tf*(dx*  +  dy%        (a.) 

Make  y  constant ;  consequently  we  have 

^^-        dz^  adtff        .\  z  zzay  +  X^  where  X mf(x), 

'  and  dz  zzady  +  d X  :=:  ady  +  X* dx ; 

substitute  this  value  of  d  z,  in  the  given  equation  (a),  and  we 


Q,dy  = 
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adx  _  X'  dx 


»  /*dx      X 

The  condition  expressed  by  the  equation  (a)  is  satisfied 
by  any  curve  of  double  curvature,  whose  tangents  make  a 
given  angle  with  the  plane  of  xy\  thus  the  straight  line 
determined  by  the  system  of  equations 


y 


^.^O-.-^')^^^ 


will  satisfy  the  equation. 

Monge,  in  the  Minmres  de  PAcademiedes  Sciences  for  1784, 
has  given  general  solutions  of  this  equation  and  of  others  of  the 
same  class,  which  do  not  involve  an  integral  sign,  and  which 
therefore  furnish  any  number  of  algebraical  solutions :  the 
reader  who  wishes  thoroughly  to  understand  the  theory  and 
geometrical  character  of  those  equations,  would  do  well  to 
study  this  Memoir, 

IV.   Partial  differential  equations  in  which  the  differential 

dz  *      . 
coefficient  -7-  is  given  in  terms  of  x,  y,  and  aj.      ^-^     -^  -  • "" 

dx  y 

(10).    Let  ^  s=  o, 
dx 

Euler,  Calc.  Integ.  Tom.  III.  Art.  33. 

dz  y 


^  f 


(11).     Let--  = 


dx       n/(j/'~^')' 

X 

,'.   z  =  y  .  sin"''  -  +  <pt/.        Euler,  3.  Art.  48. 

y 


--•     /  < 
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(12).    Letli  =  -^., 


,*.  z  =  X  tan^*  2  +  6x, 

X 


(IS).    Let^^cr?, 

.*.  jr  =  >/  }  2  z  y  +  0  2/  }  •      Euler,  /i>.  Art.  56. 

(14).    Let  ^  =  ^^^^  -  "'\ 

Euler,  /A.  Art.  57. 

(15).    Let  —  =  — , 

l/X  X 

%      .\   zzzaf'fpy.        Euler,  /*.  Art.  61. 

(16).     Let  -—  =  n  X  -  z.        See  Ex.  p.  329. 
ax 

.\   z  =  «(x  —  1)  -f  •'"'^J/'        Euler,  R.  Art.  62. 


Jz 


(17).    Letfr=-£i 


X' 


•••  '^g^  =  27.  +  *^- 


See  Ex.  p.  325. 
Euler,  3.  Art.  6S. 


(18). 


r    ^  dz        XZ 

Let  — -  =s — , 
ax      ay 


X 


a 


.*.  log  z  =s 4-  0  y ;  or  if  z  =  r,  when  j?  =  «, 
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then  we  hare 


,      z      X*  —  a* 
Euler,  7*.  Art.  69. 

(19).    Let^«_2(_,or 
ax      X  +  2 

,         xdz       zdz 

y        y       /' 

t 

.'.  i~y  (jr  +y  +  2)  =  ^y,  or  if  z  =  6,  when  jt  =  « , 
the  integral  mgy  be  put  under  the  form 

i  *       ' 

Euler,  /*.  Art.  70. 


y 

.'.  tan->f-tan->f  =.tan-^?JLZlf  ^^W' 

y  y  y*+xz        "^ 

ovif  z  =  tf  when  x  =  « , 

Euler,  iJ.  Art.  7 1 . 

V.    Equations  of  the  form 

where  «  =  — — ,  5-  =  -r-  and  P,  O,  R  are  quantities  any  how 

ax  ay  * 

involving  the  variables  x,^,z. 

The  following  theorem  of  Lagrange  will  enable  us  to  inte- 
grate a  great  number  of  equations  which  are  included  under, 
this  very  general  formula ;  "  if  we  integrate  the  equations 
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or  O  rfz?  -  iJ^/y 

and  make  the  integral  of  the  first  (a)  s  a,  and  of  the  second 
(J3)=:if  then  the  complete  integral  of  the  proposed  equation  is 

6  =  0  (a), 

where    ^    denotes    an   arbitrary    function. '^     See  Lacroipi, 
Art.  314.  .  , 

The  success  of  this  method  will  depend  upon  one  M.  least 
of  the  equations  (a)  or  (/?),  involving  two  variables  only  :  the 
integral  of  this  will  enable  us  to  exterminate,  if  necessary^ 
one  of  the  three  variables  from  one  of  the  remaining  equations^ 
after  which  it  may  be  integrated  in  the  ordinary  manner. 

(21).     Let  ap  -^  bq  =  I  ; 

The  equations  to  integrate  are 

ady  —  bdx  ^  0 

adz 
and  therefore 

ay  —  b  X  sc  tt 

a  z  —    X  Si  p. 

Consequently,  since  /3  s  ^  (a),  we  have 

jz;  =  -  -f  0(aw— 6x).    ^'     '  '^ 

a 

The  solution  is  the  equation  of  all  cylindric  surfaces 
whatever  be  the  nature  of  the  base.  Monge,  Application  de 
P  Analyse  a  la  Geometrie.  p.  ^5. 


-  bdx  =•  OV 


(22).    Let  pc='2i:  J 


t  ♦  ' 
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.-.   «-=^0  +  logx). 
Euler,  Calc.  Integ.  Tom.  III.  Art.  97. 
(23).     Let/;a?  +  jry  asO. 

/.  z  =  ^  (^- }  .        Euler,  lb.  Art.  139. 

This  equation  expresses  the  condition  which  is  fulfilled 
h^  all  curve  surfaces,  which  are  generated  by  the  motion  of 
a  straight  line,  which  is  always  parallel  to  a  given  plane,  and 
which  always  passes  tlirough  a  given  line  at  right  angles  to 
that  plane.    Monge,  lb.  p.  22.        /^  *- 

(24).  Let  Xp  +  Fy  =  Z,  where  JT,  3^ and  Z  are  func- 
tions of  !■,  y  and  z  respectively, 

(25).    Let  *>  +  fq  =  ^^^  '*'  '"^ ; 

.-.  v/(i  +  z«)  +  i  =  ^  (i^U)  . 

^  X  \    xy    / 

(26).      Let  p  +  q  ss^'j 

a 

.'.    2  =  e«0(^  —  y).        Euler,  /ft.  Art.  129. 
(27).     Let  mpx  +  nqy  =  a, 
...  ;?:  =  ?i .  log  1/  +  </)  f  ^)  .         Euler,  /*.  Art.  141. 

(28).     Let  q==^  +^', 

y      ^ 

The  equations  to  integrate  are 

y  d X  -\-  X dy  =:  Of  and  d.z-  ^  .  dy  =  0. 
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Consequently^  xi/:=s  a»  and  the  second  equation  becomes 

J  ;g  —  y  ■   y  =  0,  which  gives ;    , 

a 

.-.    ;?;  =  JL  +  ^  (arw).    Euler,  /*.  Art.  152. 

The  same  process  is  followed  in  most  of  the  examples  which 
follow. 

(29)-    het  px  ^  qz  ^  y  ^0\ 
(SO).    Letp+^fs=-} 


(31).    Let  y*ji  -xy.p=s  "-—-; 

•••  log  «  +  T^  =  *  (^^)- 

(32).     Let  py  +  qxsiz; 

.-.  2  =  (j?  +  y)0(^*  -J/*). 
Euler,  i5.  Art.  195. 

(33).    Let  p{x -^-y) -{■  q(y-x):=:z. 

The  equations  to  integrate  are 

{x  ^y)di^-'(y  --  x)dx  =iO. 

{x  +  yyd  z  —  z  d  X  =i  0, 

(y  -—  x)d z  -^  z  dy  ^  0» 
3  k 
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The  first  gives 

tan*"'  -  •—  log-s/  {x*  •{-  y*  ]  =r  a. 

the  form  of  which  prevents  our  exterminating,  without 
extreme  difficulty,  y  ox  x  from  the  second  or  third  equa* 
tions ;  make  therefore,  since  the  equations  are  homogeneous^ 

x=st z  and  y  tzuz\  the  first  equation  gives  -— =  —  ,  and 

z        u 

,              J  dz       '^  du 
the  second  —  = : 

z  t 

consequently,  we  have 

If  =_  l!*,  or /•+«*  =  ?l±^  =  ^i  Aerefore, 

2  =  ^{x*  +y)4'  I  tin—  -  -  log  ^/(*»  +f)\. 
Euler,  JJ.  Art.  196. 

(34).     Let  p(x  +  y)'-q(x  +  y)=:z. 
By  a  similar  process,  we  find 

z  zz  t'+v<p(x  +  yy     Euler,  3.  Art.  206, 
(35).     Let  p{x  -  2y)  +  5(2^  -  3^)  =  z; 


4r 


.-.   zz=  *'   '^   0(3:  ^  v)*-     Euler,  iS.  Art  207- 

(36).     Let  pxz+qyznxy, 

.\     z  zi  xy  +  (p  (  -)  . 

\y/ 

(37).     Let  r  -  2  =  (/2  -  J^)  p  -I-  (i  -  y)  q  -, 

z  —  c        t  z  —  c  y 


V- 


\ 
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The  solution  is  the  general  equation  of  all  conical  sur* 
faces.    Monge,  Application^ p.  10. 

(S8).     Let  (jf'-t  z)p  —{X'-az)q  zzbx  --  ay  \ 
we  hence  get, 

(y  —  6z)rfy  +  (j:-/i2)rfj7  =  0,  (1). 
(y-  bz)dz  '-  {bx  —  ay)cia?  =  0,  (2). 
(x-^  az)dz  +  {bx  —  ay)dy  :::zO,         (3). 

Multiply  (2)  by  a,  and  (3)  by  6,  subtract  the  products, 
divide  by  6  x  —  /i  j/,  and  we  get 

dz'hadX'\'bdyzz  0,  or  z  +  ax-^by:::  a.    ^    ^-    ^Z*^^' 

Again,  multiply  (2)  by  x,  and  (3)  by  y,  subtract  the  pro- 
ducts, divide  hj  bx  -^  ay^  and  we  have 

zdz  -{-  xdx  +ydy  =  0,  or  a?*  +  j/»  +  2;'  =:  /?.      <^   ''  "'':/'  ' 
consequently 

^*  +  J/'  +  ^'  =  ^  (^  +  «  ^  +  *  2/) 
which  is  the  general  equation  of  all  surfaces  of  revolution. 
Monge,  lb-  p.  21. 

V.  Partial  differential  equations  containing  four  or  a 
greater  number  of  variables. 

The  principle  and  method  of  integration  employed  for 
equations  of  three  variables^  may  be  readily  extended  to  those 
which  involve  four,  or  a  greater  number  of  variables. 

dz 
(39).    Let   nu  +  px  -{•  qy  ^  az,  where  n  =  -7—,  and 

au 
2  -/(3C,  y,  u). 

In  this  case,  we  have 

ud X  —  xdu  =z  Of  (1). 

ndy  —  y  du  sa  0,  (2). 

udz—azdu  ss  0,  (3). 
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from  which  we  get 

-   =  a,   2   =  ^,    -    =  y, 

u  u  u' 

consequently,  since  -i:=z  <p{a,  /3),  we  have 

» 

\u     u/ 

(40).     lAt  ap  '\'hq-\-  cn/nQ'^ 

.\  z  =:  fp  \  (ex  --  az)f  (cy  --  6  z)l » 

(41).    Let  px  +  qi^  +w«/  =  a2-h— ; 

u 

.:    (a-  i)z  +  ''JL  =  x'4,(U,!i'). 

u  \x    x/ 

(42).    Let  (1/  +  w)/?  -h  (r  +  m) y  +  (X  +5^)n  =  0; 

•••  ax  -zi  «■    ■     tf  M,  "2/  = »«> 

a?  H-y  "^       a:  -I-  y 

.\  dx  '^  dy  s:  ^ <  duf  or  = ^• 

X  +  y  X  -^-y         y-x 

Also  dx^dy^  dwr:  5il±iL±ifI^,   and  therefore 

.r  +  J/ 

du     ^dx  +  dy  +  du  __  dx  —  //y 


.*.  (r  —  y)*  (*  4-  y  +  «*)  =  tt,  and  in  the  same  manner, 

{x  -  uf  (r  +  1/  +  w)  n  ^,  and  since  </  z  =  0,    and  z  =  7, 

we  have 

zz=L<l>{{x-  yY  {x  +y  +  u\  (x  —  u)"  {x  +  y  +  u)  ]  . 
Euler,  lb.  Art.  483. 
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(43).    Let  (,z  +y)n  +  xp  ^{z  +  u)q  :=  u  +  y; 

.•.  z  +  y  +  «  =  J/*^  {  (piyZ'-^  xy\  {xy^xu)  \  . 
Paoli,  EUmenti  df  Alg?Vo\.  11.  p.  274. 


7.  '^' 


VI.    Equations   in  which  the  differential    coefficients 
p  and  q  exceed  the  first  degree* 

Consider  ^  as  a  function  of  p^  Xf  y,  z,  and  substitute  for 

-i  and  ~  in  the  equation  of  condition^  ' 

ax         dz 

j£_|i  +  ^^-p^=0;        (8). 
ay      ax       ^  dz    -     dz 

we  thus  get  a  partial  differential  equation  of  four  variables 
p^  X,  yf  z,  which  being  integrated  will  furnish  us  with  a 
value  of/7,  and  therefore  of  q  in  terms  of  x,  y,  z,  and  an 
arbitrary  constant  a ;  substituting  these  values  of  p  and  q 
in  the  equation  dz  =pdx  +  jdi^,  and  integrating,  we  shall 
find 

from  which  a  may  be  eliminated  by  the  ordinary  processes  of 
the  Differential  Calculus,  when  a  particular  value  of  <p  is 
assigned.     Lagrange^  Mem*  de  Berlin,  1774. 

Other  methods  of  solution  have  been  given,  particularly 
by  Euler^  which  though  less  systematic  and  general  than  the 
preceding^  yet  frequently  lead  to  the  results  in  a  more 
simple  manner. 

(44).     Let  pq  =  1. 

Making  --^  ==  p',  and  -j£  =  /,  the  equation  (S)  becomes 
dx  dy 

y'  +  2^  =  0, 
P 

consequently,        dp  =  0,  and  p  =i  a. 
Again,  since  dz-^pdx-^gdyssOf 
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we  have  dz  -^  adx 2=0, 

a 

and  2  —  oa:  —  -=/3=:0  (a), 

a 

and      j:-^  +  ^'a=0,    where   ^'a  =  ^f«. 

a*  da 

Thus,  if  ^  a  =  a,  we  find 

Euler,  It.  Art.  83. 

(45).    Lety  +?*=!. 
By  making  ~  =  «',  we  get 

consequently  dp  =^0,  p  =:  a,  and  the  integral  is  found  by 
eliminating  a  from  the  equations 

Z  —ax  -y\/{\  -  a«)  -  ^  a  =  0,^ 

Euler,  Z>.  Art.  90. 

(46).    Let  y  =  J:p  4-  /?' ; 

•••  /  —  (*  +  2/?)/  --- p""  tl  :=z  py 
we  hence  get  i/  —  log/?  =  a, 

V 

and  t  +  /?  4-  *-  .  0'  (?/  -  log  p)  =  0, 

P 
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(47).     Let  jf  =  p'  z  ;  eliminate  a  from  the  equations      -i:;    , 


Z  X  \ 

2  a'         a  -  f 


(4.8).     Let  q=zp^xy*z\ 
consequently 

q'  -  2xy^z^pp'  —p'xy^z^n'z^p^y^T^  +  Sp^xy^z\       / 

from  which  we  get  the  equations 

2  X2-^  4-  (2  -f-  3  »ar)  dj?  =  0, 
2dz  —pdx=:  0; 

putting  -- —  for  p  in  the  second  member  of  the  first  equa- 

tiouj  and  dividing  hy  2x  z,  we  get 

dp      dx   ^   Sdz 

p  2X  2 


.S    A.« 


CI    11 

,••  px^  z^  =  a,  and  5  =  — L  5   substituting  for  /;  and  q  in 

2 

the  equation 

dz  ^pdx  —  qdy^Of 
and  integrating,  we  get 

4  2> 

2  V  X  +  ~-^    +  0'  o  =  0. 

The  same  method  of  solution  will  apply  to  any  equation 
off  the  form 
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g^p'X  r  Z,  where  X,  r,  Z, 

are  functions^f  x,  g,  z,  respectively. 

(49).    Let  z  =  apq, 

we  hence  get  a  ^'  +  -^p'  H-  _  n'  =  1, 

p'  p 


•^ 


which  gives  --  =  a,        ^> 

and  2^/«--^-?^-««  = 

\/a  a 

Thus^  if  0  a  =  ^a,  we  get 

2  =  0?.  +  £1 .        Euler,  76.  Art.  136. 


a 


(50).    Let  y  jT*  =  ^*y, 
by  the  common  process,  ive  find 

2:  —  a  log  ar— 2  a  ^y  -  0  a  =  0/ 

log  a:  +  2  ^y  +  0' 
or  2?  =/(loga?  +  2v^y). 

This  example  properly  belongs  to  those  given  in  Sect.  IV. 


/a  =  0,J 


p.  438.  >  '  ,       ^/  ^^'  ^;^,^   _    ^.  y^    --    ^ 


^  ^'      Ir        9.  ...      .^ 


(51).     Let  o  =  ^  ; 


y   :     ' 


•■•    '=??{|^  +  "^'+^"] 


z' 


a" 


y~    -  f  =  <!>'''. 

Euler,  76,  Art.  166. 
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(58).    Let  q=tf  +  i; 

2/       P 


.*.  z  —  axy  —  ~  log y  —  (pa  =  0,  J 
xy  —  Llogy  +<p'a  =  o.        \ 


(53.)     Let  px  •\-  qy  Si  apq\ 

ap  -y       ap-^y  ^ 

consequently  ^J^ —  yp  ssa, 

also/  {dz'-pdx  -qdy  J  =  2  -  j:p  +/(xdp  —qdy) 
=iZ  —  xp,  since  xdp-^qdyssOi 

X  +  («/,  -  y) «'  (^*  -  ^  p)  =  0. 1 
Euler,  /^.  Art.  139, 


.•^ 


(54).     Let  p  jf  <r  1^  =  a  z  ; 


az 


.*.  dz=^pdx  + dy:  mdke?Ji  =  t. 


we  thus  get 


and  f  =  JL  ; 

ady  _  udz       u^dx  ^ 
"y  Vz  X 


•%  a  logy  zzz^u^z  —  ii*logj:  —fdu  \  9,^Z'-%u\ogx  ]  • 
Make  ^z  —  m  log  j:  =  0' « ; 


3  L 


4M 

=  u'logr  +  2tt0'»  —  a^B. 
Euler,  Ih.  Art.  218. 


On  the  Integration  of  Equations  of  Partial  Diffe- 
revtiah  of  the  Second  and  Higher  Orders. 

I.     Equations  of  the  form, 

/£_  +  p£f  =  (2,or'!l£  +  pl£  =  Q. 

dxdt,  dx      ^        dx'  dx      ^ 

where  P  and  Q  are  functions  of  x  and  y. 

"    dx~ 

where   ipx   and   ^y   are   arbitrary   functions    of  a:  and    y 
respectively- 

(2).     Problem.     To  find  the  volume  of  a  cone  whose 
altitude  is  h  and  the  radius  of  whose  base  is  a. 


of  the  cone ;   then  if  m  be  the  volume,  we  have  (Lacroiz, 

Art.  246.)     ■;■  :  '■  ■  /'  : '■    ■/ /  ,  o  j^    y  r\  « '-^  9 ' , 

d^u  k 


dxdy  a 
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...|2^w(«--.-)+i|:iog{it^a2:=i5},  ^ 

integrating  between  the   limits    1/  =  -f  v'  (a*  —  »•)  and 
^=— V^(flf»-a:*);   and 

u  =  - —  ,  the  integral  being   taken  between  the  limits 
3 

0?  =  +  «  and  JT  =  —  tf . 

(3},    Pbob.    To  find  the  volume  of  an  ellipsoid,  iirhose 
equation  is         '\u-^\j:      .-•-/^-c.' -^-.v- /--^-w    jk'^j    / 

X*      y*      z* 

tt^  3*  C* 


7 2"  V*  "^y'' 


d 


C'»-l=V(-S)"?=-\/(-S)' 


%v  abc 
u  = 


(from  -=+lto-=:— 1), 
a  a  / 


and  for  the  whole  ellipsoid,  on  both  sides  of  the  plane  of  jry, 
we  have 

o     —  *  V ahe 


(4).  Prob.  The  axes  of  two  equal  cylinders  intersect 
at  right  angles  ;  to  find  the  volume  of  the  portion  which  is 
common  to  both.         '  '^>"/<?  .^     ^^  .      ;"  ~   ; 

Let  »*  +  !/»=:  tf^^  and  x*  +  y*  as  ii%  be  the  equations  of 
the  cylinders ;  '         ^ 
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and  the  whole  volume 


(5).    Proh.     "With  the  data  as  above,  to  find  the  sur- 
face of  one  cylinder  which  is  intercepted  by  the  other. 


If  K  be  the  surface  required,  we  ha 
dxay        V     t         djr      dy  J 


■r 

2«  E=  3 


(6).  Prob.  Two  paraboloids  of  revolution  have  their  aiea 
coincident,  but  the  vertex  of  one  of  them  is  upon  the  base 
of  the  other ;  to  £nd  the  volume  of  the  portion  which  is 
common  to  both. 

Let  x'^  +  j°  =  fl  z,  be  the  equation  of  the  first  paraboloid, 
then  I*  +  y'  =  a'  (J>  —  z),  is  the  equation  of  the  second  ; 


dxdy 
du_ 

where  c  =  -• ,  > 


iu  ^ ciji+io^c^ _ .,).  {^  =  !  ;^g I  J>} 


■{.--=-}. 
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(7)»  Prob.  The  axis  of  a  given  cylinder  passes  through 
the  centre  of  a  given  sphere ;  to  find  the  volume  of  the 
portion  common  to  both.       /   ,  '-f  if  /h,<  f  /  S'  t'  ) 

Let  ^•  +  2/'+2:'=«*  and  jr'+j/*s=^%  be  the  equations  of 
the  sphere  and  cylinder  respectively ; 


dxdy 


=  >/(«2-^*-y*), 


ax 


3  "  ^  'V  3 

■  I  — '  *  /   ■!  '  'II  ~    5-  4-  ;i-tan  — 'Z^ 


sin—'  \/  <    j»   -  >  +  — tan~'    ^\- 


-___8in      3, 

(8).  Prob.  The  axis  of  a  cylinder  bisects  the  radius 
of  a  sphere  at  right  angles^  its  radius  being  one-half  that  of 
the  sphere ;  to  find  the  surface  of  the  sphere  included  within 
the  cylinder. 

If  ar*  +  J/*  4-  2'  =  a\  is  the  equation  of  the  sphere,  then 
x*  +  ^*  =  oy?  is  the  equation  of  the  cylinder ;  ^  "^ 


d^u  a 


''^-!l  =  2asin-«A/-^     Xy^''^,^'"''!^ 


u  ss  '^  a*  ---2  0 


% 


{'=-":} 


A 


If  similar  portions  be  cut  out  from  all  the  four  quadrants 
of  the  sphere,  the  whole  remainder  will  be  equal  to  twice 
the  square  of  the  diameter  of  the  sphere. 

(9).  Prob.  With  the  same  data  as  above,  to  find  the 
volume  common  to  the  sphere  and  the  cylinder. 


^  =  {.,-x)s/{''z)  +  (fl'-^)sin-'  \/-~, 

""si       ~'     t     ~  —  aJ  ' 

consequently  the  portion  of  the  hemisphere  which   i»  not 

included  in  the  cylinder  is  an  algebraical  quantity  and  equal 

to  -  of  the  cube  of  the  diameter  of  the  sphere- 
9 

(10).    Fbob.     With  the  same  data  as  above,  to  find  the 
surface  of  die  cylbder,  which  is  included  within  the  sphere. 

Let  >  =  arc  of  the  base  of  ihe  cylinder 


•'•  ^'-^(ax-x^' 


=  2a' {^=1::]' 

or  the  whole  cylindrical  surface  enveloped  by  the  hemisphere 
is  equal  to  the  square  of  the  diameter  of  the  sphere. 

(U.)     Let    ^=1'^  +  ^;    mal8  4^  =  ,.,  »nd 
a  xdtj      y  ax      x  ax 

integrate  considering  x  as  constant ;  '^ 
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dx      («—  l)x      *  '^    V 
integrate  again,  considering  y  as  constant 

Euler,  Calc.  Integ.  Tom.  III.  Art.  299. 

(12).    Let  -^  =  _J!_. ££  +  _£_; 
ax  ay      jt*  +  j/*   i/x      x*+^* 

Euler,  /*.  Art.  280. 

(13).      Let  T —  cr-  ...^..^ j«; 


.-.    ^  =  fl  v^(ar*  +  j/»)  +  0y, 


^'     ^  - 


Euler,  lb.  Art.  23 1 . 


(U).    Let -~=..^,  make -  =  «, 


•  • 


^^        X 


/.    v  =  x"0t/ 


^K  +  . 


^  =  ^^^y  +  v^j/- 


Euler,  i>.  Art.  258. 


'7?-- 


M    dz   ,    a 


■H  +  fri*^-"^^- 


(16).    Let  -'  ^        ^    ^      . 

dr*       t^  +  y^    dx       ay 


Euler,  /A.  Art.  259. 


log(,i^  +  y')~~Q'+6xif'~6yHan~'-) 


Euler.  J».  Art.  260. 


(1 1).     Partial  differential  equations  of  the  form 

dx"  dx  ay  dy^ 

or    r  +  Ps  -{-  Qi  =:R, 


d'z  d^z 


>  ' 


£l,  and  where  P,  Q, 


dx''  dxdy*  J^ 

R  are  fimcdoiis  of  x,  g,  z,  p,  q. 

The  following  procesa  of  solution,  first  givehby  Monge, 
is  of  very  general  application :  Fonn  the  two  STStems  of 
equations, 


dy-idx  =  0  ) 

idp  +  Qdq  —  Rtdx  =  0,) 
dy  -  k'dx  =  0  1 

k'dp  +  Q_dq~  Rk'dx=0,S 


C"). 


C8) 
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where  i  and  k'  are  the  roots  of  the  equation 

k^^  Pk  +  Q=0:        {y). 

if  from  either  of  the  two  systems  (a)  ox  (J3I)  we  cw  de4wt 
either  separately  or  by  adding  any  multiple  of  one  to  any 
multiple  of  the  other^  two  primitive  equations  M=^a  and 
N=ihj  then  N=:^{M),  will  be  a  first  integral  of  the  proposed 
equation ;  the  integral  of  this  equation  of  the  first  order^ 
determined  by  the  ordinary  processes^  will  be  the  second  or 
coxpplete  integral  required. 

t 

This  determination;  howerer;  of  the  second  integral  from 
the  first,  frequently  presents  great  difficulties,  in  consequence 
of  its  involving  an  arbitrary  function  of  the  integral  of  the 
first  equation  in  the  systems  (a)  or  (fi) }  it  is  generally 
therefore  more  convenient,  to  determine,  when  possibUf 
another  first  integral  JV'  =  ^,  (iM')>  fro™  the  second  of  the 
two  systems  (a)  or  {/?) ;  we  shall  thus  be  enabled  to  eliminate 
poi  q  from  the  two  equations  ]V=  <p{M\  and  N'  =  ^,  {M*) 
and  the  resulting  equation  involving  only  one  difTereotial 
coefficient,  may  be  integrated  in  the  same  nKUiner  as  the 
£xamples  given  in  the  last  ^ection. 


(17).    Let^=r*^,,or  r-r»/  =  0. 


2 


The  system  of  equations  (a)  and  (y3),  become 
dy  —  cd  X  zzX> 
dp  —  cd^ 
dy-^-cdx^iO 


^  P  +  V  rf  jT   =  0  J 


(«i.^ 


(i^. 


From  system  (a),  we  get  y  —  ex  z=,a  and  p  —  cq  ss  b^ 

# 

.'.J?  -rgr  =  <t>(y  -  c  x)y  (1), 


A 


3  M 


+58 


I 


From  system  ^0%  we  get  y  +  c.r  =  a',  and  p  +  t  q  ^  Vf* 

.:  p  +  cq  =  yl^iy  +CJ-)  (2). 

Eliminating  q  from  (I)  and  (_9,),  we  get 


^  = 


=  5.*(?/- 


i-)-i 


'-^(y  +  ci); 


2  =  *.  Or  - 


^)  +  ^AV  H 


■r). 


This  tliflerential  equation  is  that  which  occurs  in  the 
tolution  of  the  problem  of  vibrating  chords,  and  was  first 
integrated  by  D'Alembert  m  the  Berlin  Acts  for  17*7j  by 
a  process  extremely  different  from  the  preceding,  but  very 
simple  and  elegant-  The  same  equation  was  afterwards  inte- 
grated in  a  different  manner  by  Euler,  who  maintained  that 
the  arbitrary  functions  which  it  involves,  might  be  dis- 
continuous ;  contrary  to  the  opinion  of  D'Alembert :  this 
circumstance  gave  rise  to  a  controversy  between  these  two 
illustrious  analysts,  which  was  finnlly  decided  by  Lagrange 
in  favour  of  the  opinion  of  Euler,  in  a  masterly  discussion  of 
ihe  problem  in  the  Mimairer  de  Turin  for  1759- 

(18).     Let  r  -  e^t  =  xy. 

From  system  (q)^—^^-  -i'i/+  -  cX'=^(y—c.r),         (I>, 

for       fRdx=f.Tydx 


■'y-J^'ds 


.  I 


I 


1    -» 


2    ^      a-' 

Also,  by  system  (/?), 

p-\rcq  -  -x^f,  -  -cx^zz^iy^cx);  (2). 
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and  2  =  -  or^j^  +  0,  (y  -  r  x)  +  >^i  (t^  +  r  jc). 


\l9).     Let  r-^-  (a  +  b)s  +  abt  =  — ^,        ^^   -     ' 

(l+aXl+6)    4  3      (1+a)*     V  "^        2/^\l+a/ 

L^(xy  -  t£^  log  /"i+J^ 

(1  +6)»V  ^        2  /     ^Vl  -h*/ 

+  *i(y  — «j?)  +  >^i(y-*x). 

(20).     Let  r  -  £,2/  +1^  =  0. 


a  -         '  ' 


In  this  case  i(  =  —  7  =  ^'  and  the  two  systems  (a)  and  (/^ 
become  identical :  they  are 

d 


••.  6p  —  fl^  =1  0(ax  4- ^y). 
This  equation  must  be  solved  by  the  process  in  Sect,  V. 
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p.  438.  as  we  have  no  means  of  deducing  a  second  equatioa 
of  the  first  order,  as  in  the  last  examples ;  consequently 

adx  +  bdy  zzO,  and  dx<f>{ax  -{■  by)  —  bdz  =  0  ; 
.'.  ax  +  by  =  a  and  dx<t>a^bdz=:0, 

i 

or  z  s=i  X  (p^(ax  +  by)  +  \/^j  (a x  -f  by)» 
Monge,  /Ij^ication^ ....  p.  64. 


(21).    Let  r  +  ^s  +  4Lr=;  0  ; 


X  X 


/.    Jy  —  2rfx  :a  Oj 


X  . 


(«)• 


and^ 


•'/f  '■)-    i^<- 


z:  /" 


.-.  y^za,  znd  p  +  aq=^p  +  ^^gzztp  0)  j 
and  in  the  same  manner  as  in  Example  20,  we  find 

.  =  ,*(!).  *0. 

Monge>  J/pplicatifiH^^.  75.  Lagrange,  Mem.  de  Berlin.  1774. 
p.  27a. 

(22).    Let  r  —  if  /  4-  ^%  =  a 


.*.    rf?/  +  -rfor  =  0,  or  d;?  =  0,  and  .\  z  =  a, 

dp  —^  dq  =^  Oy  or  -  =  0  (2), 
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and  as  in  Example  21j  we  find 


(53).     Let   r  "  t  +  JH^  «  0^ 


/  J 


dy  —  dx  =  0  "J 

dp  —  dar  H ^  dx  -zz  o\ 

X  +y  J 

dy  +  dx  =  0 


dp 


+  dx  =  0  Y 

X  +  y  J 


(/3). 


consequently,  y—xsca  and*  the  second  equation  of  system  (<b) 
becomes 

dp  —  dq  +  -Z =  0, 

from  which  subtracting 

^  we  get 

(^y  —  a)  (dp  —  dq)  +  (2j»  —  2  j)rfy  +  2d  ;2f  =«  0, 

and    .  .  p  -  gr  +  — —  =      ^       ;*>  (1). 

From  this  equation  we  get 

dy+dx=::o,znddz-Q±rjJJy.:U^)dy^o, 

I 

or  ^  +  j:  =  i, 

and  therefore      dz ^^  =  -^0  (2  y  —  *), 


tt 


-V. 
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^^  i  1     ^^fj  7 

and  z  =  1*^  ^  ^  (6)  -'  j/i      ♦  dy<l>{2y^  lf).l 

where  b  ::z  x  -{■  y. 

If  we  had  proceeded  with  the  system  (fi),  we  should  have 
got  j:  +  ^  =  ^ 

and  dp  +  do  -  .--♦■■  ==  0, 

which  cannot  be  integrated. 

The  di£Ferential  equation  in  this  Example  admits  but  of 
one  first  integral,  a  circumstance  of  frequent  occurrence  and 
which  may  have  been  remarked  in  Example  21.;  it  arises 
from  the  form  of  the  primitive  equation  which  admits  of  the 
elimination  of  one  of  the  arbitrary  functions  only,  by  com- 
bining it  with  the  derivative  equations  involving  differential 
coefficients  of  the  first  order ;  thus  the  process  in  question 
will  enable  us  to  eliminate  \/^  (x  4-^)  from  the  complete  inte- 
gral of  the  preceding  equation,  but  not  the  other  arbitrary 
function  ^  (y  —  x). 

In  some  cases,  indeed,  we  can  eliminate  neither  of  the 
arbitrary  functions,  without  proceeding  to  derivative  equations 
involving  differential  coefficients  of  higher  orders  than  the 
first  and  therefore  the  partial  differential  equation  of  the 
second  order,  will  admit  of  no  first  integral  whatever ;  an 
example  of  this  may  be  seen  in  the  equation 


whose  complete  integral  is 

j2  =  0  (?/  +  .V)  +  >/,  (^  -  1)  -  a  {  0'  (j/  +  X)  -  x/,'  0/  -  .t)  ]  . 

See  Paoli,  Elementi  d'Alg,  Tom.  II.  p.  293. 

(24).     Let  s  '\'ay-\-bq'{'abz^  Vy  where  F  =/(r;  y). 
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Make  ---  +  a  2  ss  v,  which  gives         *"* 
dy 

dv         d* z      ,   adz 
dx      dxdy        dx 

and  ll  +  *t>=nr; 

dx 

by  the  method  in  p.  329 j  we  get 


'ly 


dy 


and  repeating  the  same  process,  we  get , 

Z  =  •— ^  0  a?  +«""*' >/ry  +  t-""^-^' f  t*^ dy  f  t^'  V dx. 
Euler,  J}.  Art.  292. 

(25).     Let  /  +  -p  +  -  ^  +  -~«  =  r, 

y  X         xy 

where  ?^  =/(^,  y). 
Make  —  +  -  «  =s  V, 

which  gives  —  +     v  ss  F ; 

dx       xf 

consequently 

2  =  j7-*3/— {  00?  +  yj^y  -Y-fydy/x^Fdx]  . 
Euler.  /A.  Art.  293. 

The  same  method  is  obviously  applicable  to  the  equations 

and        ^  4-  P;;  +  Q  ^  +  ^P  Q  +  ^^  2  =  r, 

where  P,  Q  ^"^  '^  *^^  functions  of  .r  and  y. 


/"■u 
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Laplace  in  me  MimAres  de  PAcadenUe  for    1773-,  has 
shewn  how  to  reduce  other  cases  of  the  equation 

s-^Pp^  dq  +  Rz^V,  (2). 

inwhichiIisnot  =  P(2+  ^,  or  P  Q  +  f^',  to  similar 

dy  dy 

equations,  in  which  that  condition  is  satisfied ;  the  method 
consists  in  assuming  -j-  +  P  2?  =  v,  when  the  equatign  (2) 


becomes 


4^+  Q«  +  «2=  r,  (3). 

ax 


From  this  we  get  values  of  z  and  of  --— ,  which,substituted 

^  '  dy  ^ 

dz 
in  the  equation  —  +  P  r  =  v,  give  us  the  equation 


dx  dy,  dx  dy 

J   P 

which  if  il,  =  Pi  Q  +  -^J  ,  may  be  integrated  in  the  same 

Qi  X 

manner  as  the  two  last  examples ;  if  not,  the  same  process  ( '' 
must  be  repeated,  and  if  the  equation  be  integrablie,  we  shall 
finally  get  an  equation  in  which  this  essential  condition  is 
satisfied.  We  shall  thus  get  a  value  of  v  involving  two 
arbitrary  functions:  the  value  of  z  is  easily  derived  from 
equation  (3),  at  least  when  the  condition  is  satisfied  after  the 
second  operation ;  the  method  of  determining  z  will  easily 
suggest  itself  when  a  greater  number  of  operations  are 
required. 

(26).    Let  .+  _;,+  _, +  i_-^^^,_J.  =  0. 
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■^ir  %      d  z         a  X  « 

Make  -^  H =  v,  and  we  get 

dy      x+y 

dx      X  +^  ^     (:p  +2/)*   *^ 

.-.   ^^^^•^/^\ji^H-^^\^^-^t.>  where   A^a^^^h 
A        dx  A 

dz  ^  (x+yY     d^v         2(x4-y)    dt?      ^(x+y)   dtj^^u, 
dy  ji     'dxdy  A       '  dx  A     'dy       A  ' 

dz 

consequently  substituting  these  values  of  z  and  ,    in 

-J-  +  =.^,  and  dividing  by  ^ — Jii. ,  we  find 

tt  y       ^  "■  2/ 

d*«      ,   a+2    rfv       h       dv       (ab  +  ^b-^a-^)        ^ 

dxdy       x+y    ax      ^  +y   dy  {x  -k-  yf 

Make^%(fL±l>x;=t/,    .V-     ./ 
dy        X  -^y 

and  we  get  ^-—  + =  0 ; 

a  X      ^-f  y 


dy      (of  +y)    ■ 

and  z  =  ^^ 2i_  .  —  +  _i — ULLv        r-:--       '■  ^    '^' 

fl  +  2— *    dx      a  +  <2-b  ■  ^  ^ 

=  (.x+y)-'/(x  +  y)'-*  +  ',^(y)dy 

-ix  +  y)-'-'/ix  +2,)— *+•>/,  (y)</y 

-(^x+y)-'-\fix)+  <-l±^f(x), 

/I  +  2  —  0 

which  becomes,  when  azzi 

z  =  1^-±|)Z:  {  r(x)  +0^^  {  -  (a  +  y)-^-\Fx  +  «,), 

3  N 


./.   .        V-  ' 


'7.' 


The  equation 

where  iJ,  5,  7i  P,  g,  N,  and  T,  are  funcdMS  of  j:  and  y, 
may  always  be  reduced  to  the  form 


./ 


/  f  y 


hy  considering  x  and  y  as  functions  of  two  new  ^riabiev, 
uand  ti,  to  be  determined  from  general  or  particular  integvaS* 
of  the  equations, 

rfti  = -— -  (rfy  +  irfx),  and  d  V  = -y— (rfy  +'i' rfx)^ 
dy  dy 

where  k  and  X:^  are  roots  of  fhe  equation 

Ui»  +  54  +  r  =  0. 

In  determining  particular  values  of  u  and  ,Vy  we  must 
consider  —  and  -—  as  the  most  simple  multipliers  necessary 

*f  if 

to  render  dy  +  kdx  zrxA  d^  +  V dx  complete  differentials  ; 
thus,  if  i  or  V  be  constant  quantities  or  functions  of  x  alone, 

--—  and  ---  are  each  equal  to  unity  ;  if  A:  ss  ?  and  4'=  —  IJ , 
dy         dy  x  x 

then  ---  =  X  and  -—  =  -  ,  and  so  on  for  other  cases. 
dy  dy       x 

As  this  transformation  is  of  great  and  frequent  use,  it 
may  be  convenient  to  observe,  that  if 

d"  z  _    ,       d^z     ^^d'z^.dz^    ;    dz  _    , 

du  dv        ,    du  . dv 

dy         '  dy  ^  dx  dx  * 

we  have 
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r  =  wV  +  2  wi  #»'/  +  m'W  +  ^p'  +  — V> 

(27).     Let  r  —  fl*  /  +  2^  6/;  +  2  a  i^jr  =  0. 

In  this  case^  k^a^  and  A'=  —  ^r;  making  -^^  =  l  ss *-«  , 

oj/  ^y 

we  have  ' 

(ftir=  ^1/  4-  A'c/jT,  and  dv  zndy  —  a^d^Xf 

particular  integrals  of  which  are 

u  zzLi)  -{-  aXf  and  v  =:y  —  ax\ 

f  -r'  ^2s'  -¥  t' 
p  =  a|/  —  o  y ,  and  y  a»y  -K  ji'  f 
consequently  the  equs^tion  becomes 

dudv        du 

du 

and    ,         «  =1  €*"  J  >^  14.  +  0  tJ  } 

=  £*(y  — ')  {  yj^{y  ^  ax)  +  il>(y^ax)\  . 
Euler,  /*.  Art.  316. 


•      ■  -     ■     •  U.J  •    * 

M.     1       ,      ■         ■ 


(28).     Let  r  -  «'  /  -h  f  -  p  +  -  .0  =  0. 

y        y 


468 

Sy  the  same  process  we  iind 

1  .-.   3  =  («  +»)>^'«  -+« 

=  2  J  +'(»  +  11)  -  +  (»  +  "  i)  +  *(S  -  '"IT 




I 


(29).      Let  f  -  ^.(  =  0. 

In  this  case  i  =U  ,   f  =—U, 

X  X 

dy  \  I       /  dy\    '        x       / 


xy,  and  r  = 


.  »i-y. 


1 


•^y"  J  j_t  f  ,  «s 


Z  =  tV  +  2  j'  +  i  .  i', 


lequently 


I 

I 


Euler,  lb.  Art.  S07. 


(30).    Let  r  -^-J  +  i  .  p  -  '  .  7  =  0. 
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In  the  tame  manner  as  in  the  last  Example,  we  find 
2  =  (.xy)h/{xy)-^y{r  (0  d .  (^)  +  ^  {xy). 
Euler,  lb.  Art.  318. 

(31).     To  integrate  the  equation 

d*z      .        a       dz   ,       a       dz    ,        bz 
dxdy       X  •\-  y  dx       x  ■{■  y  dy       {x  •\r  yY 

by  a  seriesj  and  to  assign  the  values  of  h  which  make  that 
series  terminate. 

It  is  evident,  that  x  and  y  must  be  similarly  involved  in 
the  integral,  the  form  of  which  may  be  conjectured  from  the 
result  given  in  Ex.  £6  :  we  may  assume,  therefore, 

z  =  il  {X  +  yfifx'-h  Fy)  +  B{x  +  y)"     \fx  4-  F'y) 

•^dx  +  yf^^ij^x^  F"y)  +  &c. 

or,  for  greater  simplicity,  omitting  the  functions  of  i/  in  this 
assumption  and  replacing  them  after  the  determination  of 
A,  B,  C,  jD,  &c.  we  have 

z  =  A{x+y)  fx-^-Bix-^-y)      /'x  +  C(x+^)    ^/'x  +  &c.; 

and  substituting  for  z,  —  ,  --— ,  -z — ~  in  the  equation, 
we  get 

0=*^(j?  +  j/)''yj-f^5(x+j/)^    ^(fx-\-bC(x+y)''^f'X'\-8cc> 
+  Q,a\A  -^-aA  {      ^aB  ^ 

i 

-fX(x-l)^       -\-2a{\-\-\)B,      +2fl(A+2)C 
*       +\A  '      -|-(\+l)B 

4-(AH-l)\B   /   .  + (A  +  2)(A  +  1)C, 


•       / 


I 
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we  from  hence  get    J,tAM*-^   'f  +  i  i*  ^  "^  f 


C  = 


-(n+J).<(       -A 

since  *  +  2  a 

-(a  +  »+l)B 

+  ( 

-nA 

e(2a  +  2J+i)      2 

.2 

(2i-l)' 

-(«  +  »  +  2'>t'_ 

— 

.■-2)^ 

p  = 


if  fl  +  A  =  - 


3  (2  fl  +8  A.  +  2)       2' .  2  .  3  ta  (-  1) 

-(fl  +  ^+3)-D_  -K«-2)(i-S)A 

4(2a+2\  +  3>      a^.a.3.4.C2i-l)(2»-8)' 

-  (a  +  A+4) U  _  -  (i-3)(i-4)^ 


3C2a+2,\++)       2*.  3.4.5.(2i-l)C2r 


■S) 


&c. 


The  series  must  terminate  wheftever  a  +  -\  +  »  =  m  —  i, 
is  a  whole  number,  «  being  the  denomination  of  the  last 
term  but  one  in  the  series  ;  the  constant  A  may  be  included 
in  the  arbitrary  functions  of  x  and  y. 

Thus  let  X  =  —  fl}  it  is  evidwit  from  the  formation  of  the 
»eries,  that  JS  =  0,  Cz:i%  &c. 

.-.    2=Cj:+i?)— (/jr  +  Z'j) 
Irft  A  =—  a  -  2,  and  therefore  i  =  (a  +  2)(o  —  3);    then 


The  series  will  terminate,  whenever 

6  =  (a  +  /)(a-;-  I).      - 
If  i  =  0,  the  equation  becomes 


-t-  -A 
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and  we  must  have  /i=:— i,  ox  u^i  4-  l»  or  any  positive  or 
negative  whole  number,  and  therefore,  x=:0|  or  Xas  «-2f--l : 
in  the  first  case  the  integral  is 

z  =/(*)  +  F(y)  -  ^(^  +  y)(J'x  +  F'y) 

and  in  the  second  we  have  (x  -f-  yT''^^  z  equal  to  the  satme 
series.    Euler,  lb.  Art.  3^2. 

(32).     Let^--.^  +  -^.^  =  0. 

If  we  transform  this  equation  by  the  method  given  in 
page  466|  we  shall  find 

«  =  -  X  +  -^  •  and  vss-x  —  — ^,  so  that  t£  -f-  v  =  x ; 
2  2a  2  2a  ' 

the  transformed  equation  is 

d*jr      .      m       dz    .      m       dz      ^      .* 


dudv      u  •{•  V   du      M  H- V   dv  ^^    / 

which  may  be  integrated  whenever  m  is  an  integer. 

Thus,  if  wi  =  —  1,  we  have 
If  iiis52>  we  have 
Euler,  3.  Art.  343. 


1 

W                              ^^^^^H 

1 

W       Transforming  the  equation,  as  in  the  last  Example,  we 

■hall  find 

b 

„  _  1  ^-.-.ir,  ^          *J 

,                                   3                     2(2™-  l)a'                          1 

I 

l„^              ,.      ij-.-^           H                          1 

>•     "°                       "a'                       3(3™-l)a'                                   1 

■o  that  u  +  V  =  x"'*"-';   the  original  equation  becomes 

1 

1 

■     .If  »,=0,wehavea=-!T-iS,and«=i.  +  ^.      1 
2         2a                    4          2a          1 

1 

•ncl                    x-/(a.<  +  by)  +F(tx-by).                                 1 

1 

If.=-,,.cha.e„  =  i,.-||,                                   1 

r^ 

.  =  i..^tf.                            ^H 

.■•   »  =/»  +  F.-  U  (/'„  +  i'-,,).        '^^ 

«„=,,,  „e  have  „  =  i.-S+ii,                 ^ 

^ 

=  i(/i.  +  if.,)-;iTyv  +  f„) 


/ 


•  C''  ' 

This  equation  is  evidently^  analogous  to  that  of  Riccati, 
and  integrable  under  the  same  circumstances.  Euleri  R» 
Art.  345. 


y 


(34).     Let  -— .  =  fl*  _:  +  ^^  . 


^  o*.      \        <, 


Make  u  =  y4-tfX9  tissT/  —  «iPi  and  the  equation  becomes 

d^z  bz 


dudv      (M  +  v)" 


=  0, 


this  becomes  a  case  of  the  equation  in  Ex.  $\y  when  n  r:  0^ 
and  is  integrable  in  finite  terms^  whenever 

i=-i(i  +  l). 

Thus  let  i  —  I,  and  therefore  A  =  —  2  ;  ^h^ 

-  \f(y  +'»*)  +  i?'(y— «x)}. 

Euler,  3.  Art.  333. 

d^  z 
(35).     Let  - — --  =  fl  z  ;   a  particular  integral  of  this 

a  xay 
equation  may  be  found,  by  making 

=  «  •       -^: —  =i  a  I        /  , 


»•  « 


dxdy  dy 

— --r-  ^  ady^     JT  ss:  i**  f  and  z  5=  •         •, 


or  more  generally 

;r  SE  y/j  a  ^  Bi         ^  4.  .Cf         >'   +  *c. 

.      3  0 


'•      V', 


.^c^-'- 


itf!itfft  iiini- 
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where  Ay  a,  B,  /3,  Cf  y,  &c.  are  arbitrary  constants.    Or  if 
mn  =s  a^  mf  rl  =  a^  &Cj  we  have  also 

z  as  -4 sin  (m  X  —  ny)  +  B sin  (m'*  —  n'y) 

+  C  sin  (iw"  X  -  n"  y)  +  &c. 

z  ^  A  cos  (m  j:  -  n  y)  +  B  cos  (w'  x  —  ny) 

+  C  co8(iw"a?  -  «"y)  +  &c. 
Euler,  /(&.  Art.  282, 

(36).    Let^  =  ^*;?.     Mzke^  =:kz'y 
^  dx^  dx 


eP  z       ,    dz 


v^^  and  jj  =  €*'^y  +  €--«*^y. 


i^   IX.         •     -  ■   '     ^  - 


(37).   Let  A~  +  p    ^^     +  C-^i-  +  D^  =0; 

ddc^  dx^dy  dxdy*  dy^ 

where  A,  B,  C^  D  are  constant  quantities. 

If  i|  t^f  k^y  are  roots  of  the  equation 

Al^  +  Ci*  +Ci  + jD  =  0, 
then  r^ 

;«  =  0(2/  4-  iar)  +  4>,{y  -f  A^a?)  +'0,(y  +  Kx). 
Euler,  /6.  Art.  421. 

(38).     Let  -y^  -  (2  «  +  *) 


In  this  case,  k^'iz  b,  k  ::z  k^zz  a, 

.'.  z  =  4^  {i/  •{-  a x)  +  X \l^i(y  -}-  a x)  +  ^  (y  +  b x). 
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Therefore  k  zz  k^  zzk^zz  a^ 

and       z  =  x//-  (y+ax)  +  xx^^Cy  +0:-)  +  x*\P'^(y  +  ao:'). 


»■■  7  - 


(40).    Let—^a^z.        Make4-^^i^; 


d^z 


^  1^  z  ^  a^  z\ 


and   ^^  ^^.  ^  .^  >>,  ^^'-v 

,2  2      . 

Euler.  JB.  Art.  395, 

(41).    Let  T-a  +  *  3~j 9,a.—  —a  *— -  -f  a*  a;  =  0. 

ax"         dxay  dx  dy 

Make  z  =  €«*r ;  after  the  proper  substitutions  and  dividing 
by  €*^f  we  get 

rf ar*  dx  dy 

.-.    z  =  €«  I  (p(y—ax)  +  "^y  \  . 
Euler,  /i.  Art.  403. 

(42).     Let(a  +  26)2-(2£H-3ft)4^  +  c^  -^  atl 

dx  dv         dx* 


dxay         dor  dx^dy 


Make  2:  s  e'  v,  and  proceeding  as  in  the  last  Example^  we 
get 

0  =  (rt  +  3  6)— -+*T--+^: 


dfr^  rfor^  rfT*^y  , 


O  ;  .^-^c.     - 


'  '   ^' 


f   V^  t-i  ,W    I   »  * 


•^  O        ^-r^-y  c-': 


A.* 
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Making  ^  =  ii,  and  integrating,  we  get 


(«_+-ii)y 


uss  €  <p"  (c  X  ^b  y), 

(•  +  3*) 


y 


). .. 


and  zs:€*{€  (p(cx  ^by)  +  Xip^y -k-  <p^y  \. 

Euler,  3.  Art.  404. 

(48).    Let^.^-r/fT^O,  orr*-^  =  0; 

-^   <«.        *-  .    • 

let  -  =  -  =  V,  or  r  =  v  /,  J  =  V  / ; 
^';     .*.   dps:rdx'^sdy=:v(sdx'{-tdy)ssvdqi 


and  the  complete  integral  is  found  by  eBminating  ^  froiH  die 
equations,  / 


X 

This  is  the  equation  of  all  purve  surfaces,  which  admit  of     ^ 
developement,   or  which  can  be  spread   fiat  upon  a   plane 
without  tearing  or  doubling  ;  of  this  kind  are  all  cylindrical 
and  cQnical  surfaces.     Monge,  Application. .  .  .p.  82. 

(44).     Let  r«- f»  =  f/ -  A     -  '        < .  ^''   -'-^-^      '^      / 

Make  q  zi<t>(p\     s:=:r  ip'{p\    tns  4/  Cp)zzr  {i>'(p)]^i 

A. 

,-.    r'  -  /^  =  r*  {  1  -  (<t>'p)^  {  =  0  ;  ;  ^^  ' 

by  last  Example  /'' 

/.    ^'p  =  1,    and  q  =:p  -\-  c, 

where  c  is  an  arbitrary  constant ;  the  integral  of  this  equation 
gives 

z  -  c  X  =  ^  (x  +  v)i 


P  =  (r /-/•)•  Q,   /^.  ..^ 
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a  particular  integral  of  the  original  equation,  involving  only 
one  arbitrary  function. 

This  method  of  solution  applies  to  all  equations  of  the  form 

C>^  ■ 

where  P  is  a  function  of/?,  q^  r,  /,  /,  homogeneous  with  respect  '^ 
to  r,  Sy  and  / ;  n  any  positive  number,  whole  or  fractional,  and 
(2  any  function  whatever  of  x^  j/,  2,  jp,  q^  r,  j,  if,  &c.  which 
does  not  become  infinite  when  f  /  —  j*  =  0 ;  it  was  given  by 
Pobson  in  the  Correspondance  suf  FEcole  Polytechnique.  VoL  II. 
p.  410. 

(45).     Let  t  +  ^ps  +  (p^-^a^)  r=0;    in  this  case  QaO. 


v> 


or  elq*  +  2pdpdq+(p''^a^)dp*iA0f 

/.    dq  =  —  (p±a)  dpf    /f-^^     "'  -^ 

and  therefore  5^  +  -  p^  ±  n/?  =  r, 

cbnsequently  by  the  method  given  in  p.  445,  we  find 
;?:  =px  +(f  ±  tf/7 jt7')j/  +  -^p 

which  is  a  particular  integral  of  the  equation.  This  equation 
expresses  accurately  the  law  of  the  propagation  of  sound  in 
an  horizontal  cylindrical  canal^  when  the  vibrations  of  the  air 
are  not  considered  as  infinitely  small  and  when  the  tempera* 
ture  is  constant.     Poisson^  tt. 

(46).     Let  (1  -f  j'*)  r  -  2/7  y  /  +  (1  +/»»)  /  =  0  ^ 
hi  the  Same  manner,  we  get 

(,l'\-q!')dp^-2pqdpdq  +  {\-{'p^)dq^=z0.         (1).- 


Y. '  -    //  ■''' ' 
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by  differentiating  this  equation,  considering  d  p  as  constant^  '; ; 
we  get 

</■  g  =  0,  or  g  ss  ap  +  6y 

where  i  is  determined  in  terms  of  a,  by  substitution  in  equa- 
tion (1),  which  gives  /?   /      . 

1  +^-+*«  =  0;    '     ^     '  '         , 

consequently  ^=^/?+v/(-  1  -a%    '  ^  ""^  ^"^  ^  ^^  ^        . 

and  2=0(j:+tf3/)+J/v/(-l-a*)  (2).^;?.^  4  i^.-^V. 

a  particular  integral.  *    -^'•-^  ^-^  tr.  rV 

The  original  equation  expresses  the  condition  that  the 
two  radii  of  curvature  of  a  curve  surface  are  equal,  and  upon 
opposite  sides  of  the  surface ;  the  second  equation  (2)  is  that 
of  a  cylindrical  surface  i  the  only  surface  which  answers 
both  these  conditions  i^s  vl  plane  which  is  obviously  included 
in  the  equation  (2),  and  which  indeed  is  the  only  surface  it 
can  represent.  ■'.'  ^'        '        ^  . 

The  complete  integral  of  this  equation  has  been  given 
both  by  Monge  and  Legendre  ;  under  its  most  simple  form, 
it  is  the  result  of  the  elimination  of  a  and  b  from  the 
equations 

X  zz  a  +  b 

y  ::z  (l>  a  +  \j/^  b 

Z  =/da  V  {  1  -  (0'  af  ]  +/db^  {  1  -(>/.'*)»  }  . 

The  extent  to  which  these  examples  have  already  pro- 
ceeded, compel  us  to  otnit  all  notice  and  illustration  of  many 
other  transformations  and  methods  of  solution  of  partial 
differential  equations  of  the  second  and  higher  orders,  which 
have  been  given  by  Laplace,  Legendre,  Poisson,  Monge, 
and  other  analysts ;  the  same  reason  induces  us  omit  the 
discussion  of  their  geometrical  characters,  and  what  is  of 
most  importance,  the  exemplification  of  the  methods  of 
determining  the  arbitrary  functions  which  enter  into    their 
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complete  integrals;  a  subject  which  has  been  noticed  by 
Mr.  Herschel  in  Note  P,  to  the  Translation  of  Lacroix^  but 
which  in  most  cases  belongs  to  a  different  branch  of  analysis ' 

Partial  differential  equations  occur  in  many  of  the  most 
interesting  and  difficult  researches  of  Natural  Philosophy, 
and  thus  the  most  important  results  are  connected  with  the 
improvement  of  methods  for  their  solution ;  amongst  these 
may  be  mentioned  |lie  vibrations  of  a  cord,  whether  of  uni- 
form or  variable  thickness^  in  media  both  resisting  and  Hon* 
resisting,  the  motion  of  waves  and  the  propagation  of  sound 
upon  all  hypotheses^  as  alone  sufficient  to  convince  the  reader 
of  the  importance  of  a  subject  which  is  hardly  noticed  by  the 
mathematical  writers  of  this  country. 


On  the  Particular  Solutions  of  Differential 

Equations. 

I.      Given  the  complete  integral  of  a  differential  equa- 
tion, to  find  it  particular  solutions,  if  any  exist. 

If  17=  0,  be  the  complete  integral  cleared  of  radicals,  and 
if  c  be  the  arbitrary  constant  which  it  involves,  we  must 
eliminate  c  from  17=0,  by  means  of  the  variable  values  of  c 

which  are  given  by  the  equation  -j—  =  0. 

(1),    Take   V(x*  +  y' -  «*)  =  jr  +  r, 
the  complete  integral  of 

Exterminating  the  radical,  we  get 

17  =z  a?*  -  2  r  2/ -  ^*  -  «^  =  0, 

-z— =  -^1/-  2r  =  0,  or  c=-j/, 
ac 


X    i 
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0 

and  therefore 

/• 
/>  x*  +  J/*— fl'  =  0,  "' 

which  is  ?i  particular  solution.  Lagrange,  Memoires  de  Berlin^ 
1774.  p.  199.     Calcul  des  Fonctions.  Ligon  14?. 

(2).    Take  x*  s  sin  (2  j/  +  <^),  the  complete  inte^l  of 

-/.-.    -—  =  COS  (2 w  +^)  =  0,   or  2y  +  ^  a?  -  or  --- : 
dc  2  J 

the  first  gives  1  -  a:*=:  0,  and  the  second  1  +  j;*=  0,  both  of    . 
vfhich  zre particular  solutions.    ,' '  -'•^^'  ^    '  ^^^-^      •^''^ 

(3).     Take  Ex.  67.  p.  345,  whose  complete  integral  is 

^X  ±  V  r  =  (^  —  J/)  v/(C  +  «),  where 

Exterminating  the  radicals,  we  find 

(^  —  ^)* 

and  therefore  -— j  =— SC  —  2ws=0,  orC  =  —  ti, 

a  C 

consequently  JT—  ]r=zOf  is  z particular  solution.  We  must 
except  the  case,  when  ^  =  0,  and  jT^iO,  as  in  Ex.  68.  p.  347, 
when  the  integral  appears  under  a  different  form,  but  of 
which  X  —  y*  —  0  is  a  particular  solution,  where  C  = 
—  2  h {x  -\' y)  —  c {x  •\-yf  :  and  also  that  in  which  two  pairs  of 
roots,  or  the  four  roots  of  J^  zr  0,  and  3^  =  0,  are  equal  to 
each  other  as  in  Ex.  71.  of  which  the  integral  involves  no 
radical,  and  only  the  first  power  of  C,  and  consequently  admits 
not  of  a  particular  solution.  Lagrange,  Memoires  de  Berlin^ 
1773.  p. 206. 


'  .'  £ 


f    I  »■ 


4S1 

(4),     Let  y-iaf.r -.iA«(f -a)*  +  ^'(c-.i)*=0, 
be  the  complete  integral  of 

1  h^  /  "  ' ' 

^  =-«»(«:-«)  +  h*{c  -  a)»=  0,     ■ 
an   equation   which   is  satisfied  by   making   ^  —  ^  =:  0,   or     ^^    C 


the  first  gives  "di  particular  integral^ 

y  —  a  X  tz  0  '^  : 

the  second  gives  a  particular  solution^  which  is 

x^ 
y  -^  ax =  0.       * 


/, 


(5).    Let  rt*  -f  A*  +  *  ^  +  ^  ^ X*— j^=0=l7,  be  the  com- 


^..     ^ , /^ 


plete  integral  of  the  equation  of  the  second  order  and  degree 

^         dx      2      dx^       \dx  dx^/         dx* 

OT  y  —  xp  -\-  -  X*  (J  -^  {p  -^  X  qf  —  q'^  zz  0. 

'    Let  d*  U  denote  the  difierential  of  17,  considering  a  and  i 
as  variable,  and  A  as  a  function  of  a  ;  then  we  have 

dU      , 

~—  =(tf  d?+  b)  —  »  =0, 

ax 

da        2  da 

dd'U  db      ^        db 

dxda  da  da 

3  p 


r 


'»     '; 


''         r>    if 


jr  .1, 
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a  variable  quantity ;  eliminating  0,  by  and  —  from  equations 

I 

U  =  0,  -^  =  0,   -—  =  0,  and  -j— j-  =:  0, 
ax  da  .      dxaa 

we  get 

by  solving  this  equation  (a),  with  respect  to  -i(. ,  we  shall 
readily  reduce  it  to  the  form, 

and 

•••  \/(16y+4*»+«*)=xV(l+j:»)  +  log{j?H-v'(l+^*)}+C, 

a  particular  solution  of  the  differential  equation  of  the  second 
order,  involving  only  one  arbitrary  constant.  Lagrange, 
Calcul  des  Fonctions,  Legon  14«. 

(6).    Let   {jp-(T-l)*}«-fpx-— -  j/  =  0=C/(l) 
and 

:t»        2  2        -        x^  a*  ^  »     V  / 

be  the  two  first  integrals  of  the  equation 

In  the  first  place,  taking  equation  (1),  we  find 

and  eliminating  h  from  17  :r  0,  and  — -  =  0,  we  get 

/  .V        jg         2  ^ 
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if  this  be  reduced  to  the  form 

2y(x  —  l)dx  _  x^dx 

^  ^~^)~'  ""  8(a:-l)(*  — 2) * 

and  integrated  (see  p.  320.)  we  get 

z  particular  solution  of  the  given  equation. 

If  we  proceed  with  the  second  equation  (2),  we  find 

da        2         ^       x^  x^  ' 

and  substituting  the  value  of  a  deduced  from  hence  in  equa- 
tion (2)  or  17",  =  0,  we  get 

{x^iyy  -ffl-&r-  1)(^^2)=0, 

the  same  result^  as  deduced  from  the  first  equation ;  this 
confirms  the  remark  of  Lagrange*,  that  it  is  indifTerent  from 
which  of  the  two  first  integrals  of  an  equation  of  the  second 
order,  the  particular  solutioji  is  derived,  ds  it  is  in  both  cases 
the  same. 

II.  Given  the  differential  equation,  to  find  its  particular 
solutions,  if  any  exist,  without  the  intervention  of  the  com- 
plete integral. 

If  o  =  -—  and  ---  =  —-,  where  M  and  N  are  in  their . 
ax         ay      N 

lowest  terms,  then  all  the  factors  of  N  made  equal  to  nothings 
which  satisfy  the  differential  equation,  zre  particular  solutions 
of  it. 

« 

There  may  however  exist  particular  solutions-  which  this 
process  alone  will  not  ascertain ;  as,  for  instance,  in  the  case 

vfhere  pzs/{x)  :  it  is  only  necessary  to  make  »,=  —  and  -2i 

d  y         d  X 


*  r. 


Calcul  des  Fonction\  Legon  1 1. 


4- 
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=  --4  and  proceed  as  before,  in  order  to  derive  all  those 

solutions  which  are  not  determined  by  the  other  trial. 

If  U  =f{Xy  y,  p)  =  0,  where  the  equation  is  not  solved 
with  respect  to  /?,  then  we  have 

/;    ,  .     ,  dU  dU 

dp  ^       dy         dpi  ^      d  X 

dp  dp^ 

the  particular  solutions  are  determined  by  eliminatmg  jp  from 

- —  =  0  and  [7  =  0,  provided  always  that  these  solutions  do 

dp  '     ' 

J  jr 

not  make =  0 ;  they  may  likewise  be  similarly  derived 

dy 

by  eliminating  p^  from  - —  =  0,  and  t/  =  O. 

dj?i 


dp 
d^ 


Lagrange  remarked  that  particular  solutions  render  --^  or 

99    I 


^  =  - ,  a  test  which  is  a  necessary  consequence  of  the 

preceding,  since 

.                I  _ —  dA  +  -5; —  dy  }  ^.   <.-' 
d    =  ^  =  -  ay        >^ 

^ "  itx      ^      m       ' 

dp 

of  which  the  numerator  and  denominator  must  be  equal  to 
nothing  respectively,  in  virtue  of  the  equations 

dU.     ^dU.     ^dU.         ^       .dU      ^ 
—  dx  +  -i — dy  +  - — dp  =  0,  and  -— -  =  0. 

dx  dy  dp         *  dp 

It  is  amongst  equations  of  a   degree  exceeding  the   first, 
that  we  must  look  ior particular  solutions;  for  if  the  first  power 

of  p  alone  enters  into  V  =  0,  it  will  not  appear  in  -- —  n  0, 

dp 

which  will  not  therefore  enable  us  to  eliminate/?  from  [7=0 
upon  which   the    determination   of   the   particular    solution 


/ 
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depends ;  the  same  remark  extends  to  equations  which  are 
linear  with  respect  to  p,  but  which  involve  radicals,  for  we 
can  only  consider  such  equations,  as  factors  made  equal  to 
zero  of  equations  of  higher  degrees,  depending  upon  the 
number  and  nature  of  the  radicals  involved.  Corresponding 
processes  for  determining  the  particular  solutions  of  equations 
of  higher  orders,  will  enable  us  to  extend  these  remarks  to 
such  equations  ;  and  we  may  assert  generally,  that  no  linear 
equation,  properly  so  called,  whatever  be  its  order,  admits  of 
a  particular  solution, 

(7).     Let  dy  =  dx\/(y  —  a)  ;  in  this  case  we  have 

P  =  v/(2/  -  ^)  and  -^  =  -_ .  =  oo, 

dy       ^s/iy-a) 

when^  =  a,  which  is  therefore  z  particular  solution. 

The  complete  integral  is  a?  =  2  \/(y—a)  4-  ^>  which- gives 
the  particular  solution,  by  making  c=zx,  z  variable  quantity. 

,rs\      r       J  xdx  dx  >s/(l— it'*) 

.-.    U'TLX'-p^-  1  +  x"  =  0; 

.-.    -; —  =  2  ^*  p,  =  0,  and  -Jk^  =.  2  »,*  x  •\-  ^x^. 
dp^  dx 

If  p^  =  0,  we  have   1  —  a:*  =z  0,  which  does  not  make 

z. —  =  0  5  it  is  therefore  a  particular  solution,  since  we  have 
d  X 


-X  =  - »  and  therefore  v  must  be   variable,  otherwise  -^ 
dx      Or  ^  ^ 

would  in  this  case  =  -  .     If  j;  =  0,  we  have  also s=  0  : 

0  dx 

V;  also  in  this  case  dj/=0,  orj/  =  c  a  constant  quantity;   :r=0, 
is  not  therefore  a  solution  of  the  equation. 
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(9).    Let  ydx  —  x^(dx^  +  dy^)=:0, 
or  l/  =  j/«— x*- j?V  =0, 

ap  ^ 

If  p  =0,  we  have  j/*  —  :r'  =  0 ;  but  since  jp  =  0,  we  must 
have  ^  and  therefore  in  this  case  Xy  a  constant  quantity :  it  is 
not  therefore  a  solution  of  the  equation. 

If  arstO,  we  have  also  ^=0,  to  which  the  same  remark 
applies. 

The  complete  integral  of  this  equation  is 

Euler,  Calc.  Integ,  Tom.  I.  Art.  681. 

(10).     Let  !/•/>'  ^  2xyp  +  ^  a*  +  *^  =  0  =  U  \ 
dU 


dp 


=  2j/^/?-2j?i/  =  0. 


the  elimination  of  p  ^om  these  equations,  gives  us  a  a?  -f 
hy  —  x^  ^Oy  which  does  not  satisfy  the  differential  equa* 
tion :  it  is  therefore  absolutely  necessary  to  examine  in  all 
cases,  whether  the  equation  which  is  the  result  of  the  elimU 
nation  of/?,  be  a  soliition  of  the  original  equation  or  not. 

(U).     Let  2/ -*jB  -  <j(l  +/;*)  =0  =  I/j 

dU 
...  __=_,._2a^  =  0, 

and  4*  ay  ~  A  a-    |-  i'  =  0, 

is  2i particular  solution. 

Or  thus,  /)  =  ~  --    ±  y~- ^ y 

•  '2  ^/  ':  a 


48T 

and  '^P-^ L 


—  00, 


when  J?*  -h  4  0 1/  —  4  /I*  =  0. 

Euler,  Ji,  Art.  701. 

(12).     Let  (a?  —pY^x^'-Q.xyp  +  a«)  =  0  =  I/; 
dU 


«     4 


=  2  (a:  —  f )  (a*  -h  ii«  -  iT  j/p  —  :r'^)  =  0. 

If  p  zz  Xf  we  get 

(a:  —  x)\x^  +  fl*  -  2  .a?*  y)  =5  0  ; 

.  from  the  first  factor  (x  —  a?)*  =  0,  nothing  can  be  inferred  : 

the  second  factor  jt*  +  a*  —  2  a?*  y  n  0,  is  no  solution  of  the 
equation. 

If  we  wish  to  extend  this  method  to  equations  of  the 
second  order,  we  must  consider  two^cases;  1st,  when  it  is 
proposed  to  determine  a  particular  solution  of  the  equation 
which  involves  p,  Xf  and  y  only,  or  whose  integral  involves 
one  arbitrary  constant,  or  2dly,  when  the  particular  solution  is 
a  function  of  x  and  y  only,  and  involves  no  arbitrary  constant 
whatever, 

d^  V 
In  the  first  case,  if  j  =  y^^ ,  we  must  eliminate  q  from 

0  X 

17=0,  and =  0  ;   in  the  second  case,  we  must  eliminate 

dq 

p  and  g  from  17  =  0,  --—  =  0  and  -^ —  a^  0,    and    in    both 

dp        .  dq 

t   cases,  we  must  try  whether  the  equation  which  is  the  result  of 

'  elimination,  satisfies  the  original  equation  or  not. 


(IS),     htt  y  --  xp  -{^  -^q^pq  -k-xq^  =  0  =  17  ; 

2 


•  • 
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dq        2 
eliminating  from  these  equations^  we  get 


x^ 


4  JT^  —  Spx""  -  p^ =  0.         (a). 

z  particular  solution,  since  it  satisfies  the  original  equation. 

This  equation  admits  of  no  particular  solution   of  the 
second  kind,  or  which  is  a  function  of  <r  and  y  only,  without 

an  arbitrary  constant,  since  the  equation  - —  =  0,  does  not 

involve  jp,  and  therefore  do^s  not  enable  us  to  eliminate  it ; 

<                 x^ 
but  y  H s  0,  is  z particular  solution  of  the  Urst'particular 

solution  (a),  but  which  does  not  satisfy  the  original  equation 
U  ssO;  an  important  remark  the  truth  of  which  has  been 
demonstrated  generally  by  Lagrange,  Calcul  des  Fonctions 
Legon  14. 

The  complete  integral  of  the  equation  17=0;  is 


x^ 


(14).     Let  y  —  xp  +  -^q  —  jp*+(2  x  —  \)p  a 

-^{x"  -X  ^'  1)^'=:0  =  [/; 
dV       1 
dq        2  ^ 


Eliminating  q  we  get 

a  particular  solution  of  the  first  order,  ^ 


By  eliminating  p  and  q  between  the  equations  U  =  0, 

■'/=o/j;=o, 

dp  a  q 
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:r* 


we  get  2/  +  —  .(a:*-2^  +  4.)==0, 

which  is  no  solution  of  the  original  equation.  ^ 

The  complete  integral  of  the  equation  is 

a*  H-  a  ^  -i-  ^'  +  *^  +  i a  a*  —  1/  =  0. 

(15).    Let  J/  -  xp  +  ^  —  i-T  —  p«  +  2p  jf  X  -  1?*  **-- 
/)r:r*  +  grr.r' =  0  =  f/, 

where  r  =  --J: . 

Eliminating  r  from  the  equations  C^=0,  and  -—-  =0,  we  get 

2p  X        X^Q    ,      x^         ^ 
•^3  6  36  ' 

a  j9/ir//ri//ar  solution^  .being  a  linear  equation  of  the  second 
order  only,  whose  integral  is 

a* 
If  =  ^  j:^  +  r,  1*  -  --  (1  +  log  x). 

The  differential  equation  admits  not  of  a  particular  solution, 

whose  order  is  lower  than  the  second;  for  the  equations  ~ —  =  0, 

dq 

and  --—  =  0,  are  inconsistent  with  each  other,  and  with 
dp 

-—  =  0,   and   therefore   cannot  exist  simultaneously ;   the 

reason  of  this  is  evident  from  the  complete  integral  of  the 
equation,  which  is 

y  ^  ax  -^-^ «-  -.o»  =  0. 

3  o 
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III.  Given  a  solution  of  a  diiferential  equationj  to  find 
whether  it  is  included  in  the  complete  integral  or  not. 

Let  ^=^^  be  the  given  solution ;  in  the  equation  reduced 
to  the  form  dyzzpdXf  substitute  X+A  for  y  j  if  the  expan- 
sion involve  a  power  of  A,  whose  e^onent  is  a  proper  frac- 
tion, then  the  solution  in  question  is  a  particular  solution ; 
otherwise  not. 

If  the  given  solution,  involve  x  alone,  we  must  reduce 
the  equation  to  the  form  Jx=  pidy,  and  substitute  a  /±  h 
for  X,  where'  a  is  the  value  of  x  deduced  from  the  solution 
X  =  0 ;   the  test  is  the  same  as  before. 

From  the  principles  explained  in  Note  jF,  it  is  obYious 
that  when  the  solution  y  =  JT,  answers  the  preceding  con- 
ditions, it  must  also  make  -^  =  oo  in  one  case,  or  --£i  =  oo 

ay  ax 

in  the  other ;  or  if  17=0,  be  the  given  equation  and  a  rational 
function  of  x,  y^  and  je7,  then  if  the  solution  y  =  X,  makes 

~ —  =  0,  and  not  -; —  =  0,  it  is  a  particular  solution :  other- 
dp  dy 

vjrise  not. 

In  equations  of  the  second  order ;  if  jt;  =  X,  be  a 
solution,  which  involves  ^  or  y  or  both :   for  q  substitute 

-£  +  hf  or  JT^  +  A,  in  the  equation :  if  the  result  involves 

no  power  of  h  whose  exponent  is  a  proper  fraction,  p  =z  X 
is  a  particular  solution,  otherwise  not :  or  more  simply  thus ; 
/;  =:  X,  is  a  particular  solution  when  it  makes  U  zz  O  and 
dU 
dp 


=  0. 


If  the  solution  does  not    involve  /?,   it   is   a  particular 

solution,  when  it  makes  f7=  0,  - —  iz  0,  and zz  0. 

dp  dq 

It  would  perhaps  have  been  more  natural  to  have  made 
the  problems  considered  in  this  section  precede  those  given 
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in  the  last^  such  at  least  being  the  order  which  they  occupy 
in  the  works  in  which  they  are  investigated^  and  the  proposi- 
tions are  obviously  the  converse  of  each  other ;  in  the  exem- 
plification of  them^  however,  it  does  not  seem  to  be  a  matter 
of  great  consequence  to  adhere  to  the  precise  order  in  which 
they  are  deduced,  as  the  student  must  be  in  possession  of  the 
theory,  of  both  the  propositions  before  he  can  proceed  to 
apply  either  one  or  the  other. 

(16).     Let    a^dy  +  y^dx  =  a*dx  +  xydxy  which  i& 
satisfied  by  making  y=-x. 

In  this  case  p  zz  I  +     ^  "["'^  j   for  y  put  x  +  k; 

I             xh      h*    ,        . 
.'.  /?'=!- ^ J,  in  which  no  power  of  h  is  involved, 

whose  exponent  is  a  proper  fraction ;  j/  =  a:  is  therefore  a 
particular  integral,  as  is  evident  from  other  considerations. 

In  order  to  find  the  complete  integral,  nniake 


'  f 


this  gives  v  =  e^^  ^M  ^  +  /  ^     '^^^  dx\y 


it« 


a^  .  tf*6-2a« 


andj/  =  a:+-*  =  A;  + p =:  x, 

\c  ^fr^^dx\ 

when  r  =  00.     Euler,  Calc.  Integ,  Tom,  I.  Art.  54?4. 

(17).    Let  w  =  tf— ^ .  -^  ,    which  is  satisfied  by 

making  y  ^  x^\ 


•  .*     «  ■ 


/  ' 


\ 


:'  i  ^ 


•')  y 
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dp         '  2*^  dy 

by  making  ^  =  07%  we  satisfy  the  equation  -j-  =  0 ;   it  is 
therefore  a  particular  solution. 

( 1  a).    Let  dy  =     /^^     , •  which  is  satisfied  by  making 
1  -  X*  =  0. 

;•.  j3,  =:  ^^   """^  ^  ;  make  ar  =  a— A,  where  o  is  one  of  the 

X 

roots  of  1  —  o:^  =  0  :  we  hence  get 

,        s/  \  1  -   1   +4a»A-6a»*»  +  4aA«-A*} 

p,^ ^zri 

=  2  ahy/h  +  &c.f; 
consequently  1— •jr*  =  0,  is  2i  particular  solution. 

(19).     Let  ady-adx^dx ^(y^ - x^),  which  is  satisfied 
by  making  y  =f  x. 

r —  =  a*  (p— 1)  =  0 ;  which  is  satisfied  by  making 
dp 

1/  3:  JT,  which  is  therefore  a  particular  solution. 

(20).   Let  {xy  ^  1)  (2  X  t/  g  -y  p  +xpy'' X  y  (y  -{-  jc pY  =:0j 
which  is  satisfied  by  ^i/— 1=0, 

T —  =  2(xi/  -  I)  (qxp  -'i/){^xyq  -  yp  +  x p^) 

-^x'y{y  +xp)-0 
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d  TT 
a  q 

and  both  these  equations  are  satisfied  by  making  xy-^\  =0^ 
which  is  therefore  a  particular  solution. 

rV.  Every  particular  solution  must  render  infinite  a  muU 
tiplier  of  a  differential  equation ;  but  the  converse  of  this 
proposition^  that  every  solution  of  a  differential  equation 
which  renders  a  multiplier  infinite,  is  a  particular  solution,  is 
not  generally  true*.- 

(21).    Take  Ex.  p.  479,  of  which  --;— — ?- is  a 

V^(a:»  +  !/•  -  a») 

multiplier^  which  the  particular  solution  a'  +  j/-  -  a*  =s  0, 
renders  infinite. 

(^).    Take  the  equation 
whp3e  integral  is 

in  this  case  j/  =  -  v^(l  +  a'),  which  renders  the  multiplier 
-; ; -—7-  infinite,  is  a  particular  integral  correspond- 

ing  to  c  =:—  00. 

(23).  Take  the  equation  in  Ex.  62.  p.  343,  whose  mul- 
tiplier 


(X  -  a^)  >/(j^«  +  Qay  +  x) 


Laplace,  Metnoires  de  I* Acad,  des  Sciences,  1772. 
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becomes  infinite  by  making  a?— a*=0,  or  j/'-hQdiy+amO  ; 
both  of  these  solutions  are  particular  integrals,  one  corre- 
sponding to  r  =  00,  and  the  other  to  ^  =  0. 

(24).    Take  Ex.  17.  p.  357,  of  which  the  multiplier 

1        

becomes  infinite  by  making  a:*  + j^*— «'=:  0>  or  j:*^a'=0; 
the  first  is  a  particular  solution ;  the  second  does  not  satisfy 
the  original  equation,  and  is  therefore  no  solution  whatever. 

Legendre"*^  has  shewn  that  every  differential  equation 
admitting  a  particular  solution,,  may  be  so  modified  that  the 
particular  solution  mat/  become  a  factor  ofit\  and  Poissonf  has 
shewn  that  any  given  particular  solution  may  be  introduced  into 
a  differential  equation,  by  multiplying  it  by  a  factor  con- 
taining that  solution,  and  subsequently  effecting  a  change  of 
the  variables  ;  though  these  problems  are  extremely  interest- 
ing in  the  theory  of  particular  solutions,  yet  as  they  are  of 
little  use  in  the  practical  parts  of  analysis,  we  shall  not 
exemplify  them ;  we  shall  conclude  with  a  few  remarks  on 
the  particular  solutions  of  partial  diff^erential  equations. 

"\.V.     X     ^.      .       ^  - 

V.  Given  a  solution  of  a  partial  difl^erential  equation, 
to  find  whether  it  is  included  in  the  general  solution  or  not. 

If  U  =  f{xj  y,  z,  p,  q)  •=.  0,  be  an  equation  of  the  first 
order,  then  the  solution  z  =  F(.r,  y\  is  a  particular  solution, 

if  it  makes  -^ —  =  0,  and =  0  ;  otherwise  not. 

dp  dq 


'"''   Memoircs  cic  VAcademie  des  Sciences,   1790. 

t  Journal  dc  CEcole  Polj/tcchnujuc,  Cah.  Xlll.  p.  73. 
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If  U  zz.fijJCi  y,  2,  p,  qy  r,  /,  t)  =  0,  be  an  equation  of  the 
second  order,  then  the  solution  z  =^  F{xy  y),  is  a  particular 
solution^  if  it  makes 

dp  dq  dr  as  dt 

or  if  z  zn  F  {Zi  yy  Pf  q\  be  an  equation  of  the  first  order  and 
a  solution  of  UznO,  then  it  is  a  particular  solution,  if  it  also 
makes 

dr  ds  dt 

The  mode  of  extending  this  rule  to  partial  differential 
equations  of  all  orders  is  obvious. 

The  solution  of  this  problem,  immediately  suggests  the 
solution  of  its  converse  ;  namely,  to  find  the  particular  solu- 
tions which  a  partial  differential  equation  admits,  without 
knowing  its  general  solution ;  thus,  in  the  case  of  equations  of 
the  first  order,  if  F=  0,  be  the  result  of  the  elimination  of  p 

and  q  from  the  equations  17=0,  - —  =  0,  and  -. —  =  0 ;  the 

dp  d  q 

factors  of  J^sO,  which  satisfy  these  equations,  are  particular 

solutions;   a  similar  method  is  applicable  to  equations  of 

higher  orders. 

(25).    Let  z^px-\-qy-\-pqf  which  is   satisfied  by 
i   ,  making  y  s=— a:j/. 

^  =  -  J?  -  ^  =  0,  if  2  =  -  JT^f    j  /,  ^./ 


r 


J  '  •  ■' 


dp 

dU  ^    .r 

the  requisite  equations  are  therefore  satisfied,  and  z^^xy 


*  •*. . 
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Is  a  particular  solution^  not  included  in  the  genera]  solution^ 
which  i3  the  result  of  the  elimination  oi  p  from  the  equations 

y 

M      -     0 


OU 


z  =px  +  y<t>p  +  p<l>p  ) 

0=    x+y<pp+     <t>p  +  p<t>  p.)    '^''  '     r    "    '   ^ 


'■    <'  '  .  ■-■■■■■■.,,{  y  -'  y . 

(26).    Pros,    To  find  the  nature  of  the  curve  surface^ 

so  that  the  perpendiculats  drawn  from  a  given  point  upon  its 

tangent  planes  may  be  always  of  the  same  length. 

Let  the  given  point  be  the.  origin  of  the  co-ordinates^ 
afi  j/,  %y  the  co-ordinates  of  the  tangent  plane,  and  x^  y,  z, 
the  co-ordinates  of  the  surface ;  the  equation  of  the  plane  is 

■  •  *  *       • 

z'  =  a  +  *  a/  +  r  y', 
and  at  the  point  of  contact^  we  have 

2'  =  z,  x'  =  .r,  2/'  =  y, 

and  therefore  its  equation  for  that  point  becomes 

OTa  =  z  —px  —7^. 

Again,  if  u  be  the  distance  of  the  given  point  and  the 
point  of  contact,  we  have 

and  since  this  line  is  perpendicular  to  the  given  plane,  it  is 
a  minimum^  and  duzzO  y   consequently 

udu  -zz  x  dx  +  \f  dy  +  z'  c?  z'  =  0, 
but  dz  zz  b  dx  -f  c  dt/ ; 

therefore         (r'  -f  h  z)dx'  +  {y   +  c  z)  dy'  szQ, 
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oir  x'  +  *  z'ssO,  and  7/  +  czf  ^0, 

or  :v  ^-r-  6z,      and  1/  s  —  ^  z 

at  the  point  of  contact : 

.;  z  ss  a  —  b*z  — c'^z,     or  z  = 


1  +  t,"  +e**      ■< 

and  «  =  *=_ e. =    z-^p-ytf      " 

V(l  +  ^'  +  ^)      i/(l  +  i»*  +  ?*) 


»      /     * 


or       z  —  xp-yq  —  h  V(l  +  p*  +  1?')  =  0  =  17, 

dU  hp 

dp  v^(l  +  p*  +  y') 

dU__  kg  ^^, 

and  the  elimination  oi  p  and  ^^  gives  us 

X*  +  2/*  +  a*  =  A* 

which  is  the  equation  of  a  sphere^  and  z  particular  solution  of 
the  differential  equation. 

The  general  solution  is  derived  from  the  equations 
Zzzhx-Jtyiph  •\-h  ^  {\  +  6*  +  (0i)M  (1). 


^^^    ^Ji  +*'+(* ^)M 


(2). 


If  in  equation  (1 .)  we  make  <pb:=z  c^vre  get 

z  :=:  bx  +  cy  -k-  k  V(l  +  **  +  r*),  (3). 

the  equation  of  a  plane,  involving  two  arbitrary  constants  and 
which  is  evidently  a  solution  of  the  differential  equation,  as 
it  gives 

dz  ,  ,    £22 

"T-  zzp  zzbf  and  .^g^  zzq=  c. 
ax  dx 

3  R 


i 


f 
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The  surface  given  by  the  particular  solution  ^  always 
touches  this  plane^  whatever  be  the  value  of  the  constants 
h  and  c.    See  the  remarks  in  p.  358,  359* 

Lagrange  has  denominated  the  equation  (3),  the  complete 
solution  of  the  differential  equation,  to  distinguish  it  from  the 
general  solution^  which  involves  an  arbitrary  function  ;  under 
this  form  alone  the  theory  exemplified  in  p.  479,  by  which 
the  particular  solutions  are  deduced  from  the  complete  inte- 
grals, admits  of  application  in  the  case  of  partial  differential 
equations^ 

The  connection  between  the  complete  solution  and  the 
general  solution  is  very  simple  in  the  case  of  partial  differential 
equations  of  the  first  order,  and  the  second  may  be  always 
deduced  from  the  first,  by  making  c  ^  ^h\  thus 

jg  =  a  x  +  ^^  +  a*  +  ^*  . 

is  the  complete  solution  of 

If  we  mate  i  =  0  a,  we  get 

and  d?+j/^'fl+2fl-i-20 

a  system  of  equations  from  which  the  general  solution  is 
determined.    ..,  '  r .  c    -  c    o    ^~  ^  *%    , ,  ~     ^  y,  >  '  -^    • 

For  equations  of  the  second  order,  the  complete  solution 
17=  0,  will  involve  ^v^  arbitrary  constants ^  the  elimination  of 
which  from  the  equations 

will  give  the  original  equation  ;  but  in  this  case  the  passage 
from  the  complete  solution  to  the  general  solution  involves  con- 
siderable difficulties,  even  in  the  most  simple  cases ;  it  is  on 
this  account,  that  we  can  derive  very  little  advantage  in  the 


pa<p'  a=i  0,/ 
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determination  of  the  general  solutions  of  equations  of  the 
second  and  higher  orders,  from  a  knowledge  of  their  coffih 
plete  solutions f  which  in  some  cases  can  be  determined  very 
readily.  For  further  information  on  this  subject,  the  reader 
may  consult  a  Memoir  of  Lagrange  in  the  Berlin  Acts  for 
1774,  p.  266. 

(27).     Letr'-2rj(^-^p£_) 

^eliminating  r  from  f/  =  0,  and  ----  =  0,  we  find 
■  dr 

and  since  the  factor        p =  0, 


makes 


-Th(F-TT->^' 


it  satisfies  both  the  equations,  and  is  therefore  a  particular 
solution^  its  integral  being 

Poisson,  Journal  de  PEcole  Foltjtechniquey  Cah.  XIII.  p.  1 15. 
(28).     Let  r»- <•  H-/?-i!\2  -:r-2/)  =  0=  £7; 

dr  at  dp  x 

,  dU      z—'x  —  y 

and  -J—  = ^ ; 

dq  z 
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and  all  tHese  quantities  vanish  by  making  z  nx  -^ y\  it  is 
tfiecefore  a  particular  solution  ihvolviilg  no  arbitrary  function* 

(29).    To  find  whether  jf=! p*+^p  +  ii»  which  is 

a  Solution  of 

t  +  9.ps  +  (p*  -  c*)  r  =  0  =  17, 
is  a  particular  solution^  or  a  particular  integral : 

dU       ,       ,     dU      ^.        dU      , 
dr  as  dt 


i   /  > 


which  the  solution  in  question  does  not  render  severally 
equal  to  nothing ;  it  fs  therefor^  a  particular  integral-  See 
Ex.  45.  p.  477. 

There  are  many  circumstances  in  which  the  ahaTpgy 
between  the  arbitrary  functions  which  enter  into  the  integrals 
of  partial  differential  equations,  and  the  arbitrary  constants 
which  enter  into  the  integrals  of  differential  equations  of  two 
yariables>  is  not  maintained,  some  of  which  have  been  already 
noticed  (p.  462.) :  one  of  the  most  remarkable  of  these  ano- 
malies, occurs  in  a  class  of  equations,  whose  integrals  ex- 
hibited in  a  series  by  means  of  the  theorem^  of  Taylor,  involve 
a  number  of  arbitrary  functions  less  than  the  order  of  the 

equation;   thus  in  the  equation  -r—  =-r^,  not  integraWe 

dy^      dx 

under  a  finite  form  by  the  ordinary  methods,  if  we  assume 

dz     d"^ " 
where  Z^,  Z^,  Z,    &c,  are  the  values  of  js,  -— ,  i&c. 

d  X     dx^ 
when  r  =  0,  we  shall  find 

J.      ^     ,    d^Fy       x^   d'Fy   ^  ^  ,    . 

z=Fy  -|-.i^— ^  +        -^+&c.  :  {a.) 

dy^         2       dy^ 
which  involves  only  one  arbitrary  function. 
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Biit  if  i^  Zi,  2?a>  ^c,  arfe  the  values  of  j«,  ^ ,  -—  &c. 
when  2^=  0,  by  proceeding  as  before  we  shall  find 

which  involves  two  arbitrary  functibhs. 

But  thia  sblutioh  (fi)  is  not  more  complete  than  the  first 
(  a)j  as  the  arbitrary  functions  may  be  reduced  imo  one,  and 
the  solution?  made  to  coincide  with  each  other;  thus,  assume 


"5       1.2.S 


/a:  =  -rf  +  JBj?  +  ^  +  ,""^"  ^  +  &c. 


C'x*   .    Ua» 
1  .2.3 


^x  =  J'  +  B'l  +  f^  +  4^^^  +  &c. 


+        ^/         +  8CC.  ■ 


o:' 


1.^2 


(C  +  Cj^  +  &c.)  +  &C. 


which  is  identical  with  the  first  solution. 

And  whenever  the  differential  coefficient  relative  to  one 
of  the  variables,  is  of  a  higher  order  than  it  is  relative  to  the 
other,  the  number  of  arbitrary  functions  which  enter  ipto  the 
integral  of  the  equatioUi  exhibited  in  a  series,  is  equal  to  the 
exponent  of  the  lowest  order,  or  they  may  be  always  reduced 
to  that  number,  even  when  the  integral  in  the  first  instance 
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involves  a  nomber  of  arbitrary  functions  equal  to  the  ex- 
ponent of  the  highest  order  *. 

A  question  may  naturally  be  asked,  whether  such  inte- 
grals are  particular  solutions,  or  not ;  in  one  sense  they  might 
be  considered  as  such,  though  in  reality  the  most  general 
solutions  which  the  equations  admit  of ;  they  more  properly, 
therefore,  constitute  an  exception  to  a  proposition  which  is 
generally  true,  that  the  number  of  arbitrary  functions,  which 
enter  into  the  integral  of  a  partial  di£Ferential  equation,  is 
equal  to  the  exponent  of  the  order  of  the  equation. 


♦  Poisson^  Journal  de  VEcole  Pqhf technique,  Cah.  XIII.  p.  10^. 


ADDITIONS  AND  CORRECTIONS- 


PART  I. 
Page       line 

2.       3    from  bottom^  for  du  ^    read  —  = 

^  u 

21.  13.  This  theorem,  though  usually  attributed  to  Mac- 
laurin,  is  certainly  due  to  Stiriing,  who  gave  it  in 
page  32  of  his  Linea  Tertii  Or  dims  Newtonianay 
published  in  1717,  two  years  after  the  appearance 
of  the  Methodus  Incrementorum  of  Brook  Taylor : 
he  has  given  several  applications  oir  it,  including 
the  Binomial  theorem  and  the-  series  for  an  arc  in 
terms  of  its  cosine. 

67.       8.  This  theorem  is  deduced  as  follows  :   if 

X  \  I  I 

tan  a=  -,  tan  i=  -,  tan  ^j=s—  ,  tan  *,=  -  ^  &c. 

then  since 

b  =z{b  -  b^  +  *i,  &c. 
it  is  obvious  that 

:r       1 

tan-'- =  tan-' S! l  +  tan-'i    ^ 

=  tan-'*-^^^  +  tan'— i, 
ey  +  X  e 

I  _  1 

tan-'i  =tan  — -f !L+tan-'i 

1  +^ 

=  tan-'4i^I^-f  tan-*  i, 
3  s 
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Page       line 

^  -  i 

tan-»i  =  tan-'  ^'      ^  +  tan—i 

&C.  &C. 

and  substituting  successively  for  tan""*-,  tan""*-, 

tan  *~  *^,  8cc.  their  values  given  in  each  succeeding 

equation,  we  shall  get  the  expression  in  the  text. 

90.  5  ^Z  from  hotttom.    We  cannot  consider  these  equations 
as  ariihmeiicallif  true  in  all  cases ;  this  is  obvious,  if 

we  make  2*=  -<  •  in  the  first  of  the  series  to  which 

we  refer :  the  reader  will  find  an  explanation  of 
this  paradoxy  which  has  long  been  a  source  of  em- 
barrassment to  Analysts,  in  some  series  of  this 
kind,  in  a  Paper  by  Mr.  Babbage  in  the  Philoso- 
phical Transactions  for  1819. 

108.       4.  for  M=— 27,  read  «=-26. 
.     123.     18.  for   — \^ ,,  read         ^^ 


—  19.  for    a:-  =  - ,  read  a:  =  -  . 

c  2 

—  last  line,     for  w  =,  read  3 1*  =. 

127.       5  Jrom  bottom,    for  Prop.  16i  read  Theorem  16. 

129.     10.  for  w  =  i\/('ifYreadw=  -\/('-ii^y 

132.     21.  for  CM,  read  CM: 

142.     ll.for  y=~i*.r',  ready'  =  -.^4^'+— • 

^  x"  ^  X^  X    , 


/   / 


^^^         -    -       /^'        S      -€-      -  ^^  "^  ^ 


•it' 


tiji.  - 
l  f 

■■■4   ■ 


.^    -•     ■/  'J^  •'   ••       xV'7       '■//••<■      ''^'^-'    '^■.  !' 
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Page       line  ^    /     .'■  '^  J 

148.     17,  18.    Instead  of  the  expressions  in  the  text,  read  \\\  :^:i 

152.     19.  for  y=  ±  ^/(—f)  ,  read  j,=  ±  \/ {-f)  .      j 

168.  15.  for  M  =  a  cos  3  fl,  read  »'  =  a*  cosS  fl. 

175.  17.  for  TJli,  read  Tm. 

176.  20,  21.     for  MH  rfead  Jf  r,  and  for  -AT read  JY.     | 
183.       2.  Ar  in  both  these  cases,  read  in  the  two  first  cases.  .    . 
186.  20.  for  A  EM,  re^d  A EQ. 

188.       5.  for       ^»     ,  read     ^^     . 

^^^^^  Stant 

190.       5.  Where  a -is  the  radius  of  the  generating   circle, 
and  b  the  distance  of  the  describing  point. 

210.     14.  for p---,  read  ———--, 

«y  "2/ 

262.    20.  yjr  equal  to   the  square  of  the  diameter,   read 
equal  to  twice  the  square  upon  the  diameter. 


.ir 


»    I 


J! 


f  /'■*.  "^  7  -»«■  .   ^    -       "^  (    »,.v        ' 


<^'  .3.1'         Z-  er: 


i .       ^ 


?•>.  t. 


'>  ^'  --c 


r      >     ,.'  -        ■  •/  /^    ■/  . 


/r    •>   .   '  ■•.  ••  '  ^  '^      ■     .-V    C. 


r 


-^  ;V 
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PART  II. 


Page  5^.  Ex.  3.  It  ought  to  be  remarked  of  this 
integral  and  of  many  others,  which  are  contained  in  this 
collection,  that  its  form  is  modified  by  the  addition  or 
subtraction  of  some  constant  quantity,  in  order  to  render  it 
more  simple:  thus  the  ordinary  process  of  integration,  would 
give  us 


/ 


X*  dx  — x^  9t  X      2 II ,      /         f     N 


(a  +  bxf      b{a  +  bx)        h^        A» 


and  by  subtracting  -~  from  this  result,  we  get  the  expres- 
sion in  the  text ;  a  similar  process  is  followed  in  Examples  4, 
7,  &c. 

In  Ex.  B6.  p.  276,  the  constant  quantity  added  is 

IT 

COS  - 

-  sm  ^  .  tan     * . : 

3        3  .IT 

sm  ' 
3 

similar  additions  are  made  in  Ex.  57>  58,  59>  62,  G4,  and  dS. 

We  have  been  prevented  by  the  short  time  which  has 
elapsed,  between  the  printing  and  the  publication  of  the 
latter  part  of  this  Work,  and  other  occupations,  from  giving 
a  sufficiently  minute  examination  of  it  to  form  a  list  of 
errors,  of  which  it  is  very  probable  that  the  number  is  con- 
siderable J  we  hope,  however,  that  they  are  not  so  numerous, 
or  of  such  a  kind,  as  to  cause  much  embarrassment  to  the 
student. 
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